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On a Stability Criterion for Visco-Plastic Bodies
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1. Statement of the problem

Phenomena of local instability are very often observed in visco-
plastic bodies under high-speed thermomechanical processes. Such are the cases
of necking in bars subjected to dynamic tension, of forming of thin zones at
cutting of metals [1| and dynamic torsion of bars 2] etc.

An energetic stability criterion for such kind of processes in dynamically
loaded bodies under temperature field is proposed in this paper. A thermody-
namic method of investigation as well as the Liapunov’s stability definition are
used. The thermodynamic method is often used in the cases of equilibrium
stability problems of elastic bodies [3, 4, 5 etc.]. The consideration of the dyna-
mic character of the process involves essential changes in the statement of
the stability problem. '

Consider the body B occupying the region @, of the three-dimensional
Euclidean space E; at a certain moment £, The volume of the body at that
moment is V and it is bounded by a closed regular surface S. At the moment
¢, the body occupies the region Q, of £, We assume &, to be the reference
configuration with the rectangular Cartesian coordinate system {X}; €, is the
actual configuration with the rectangular Cartesian coordinate system {x}; the
law of motion is x-= x(X, £). The body is loaded on the part S, of the boun-
dary surface with dynamically applied traction TN, varying according to a
given programme in the time interval (¢, £,). On the remaining part S, of the
surface (S,UUS,=3S) the velocities v are prescribed. The surroundings are-under

a constant temperature f. ,
The boundary conditions of the process are:

TN - T(X, )N, X €S, L€(t, 1),
(1) v=v(X, t), X€S,, t€(ty 1)
Q.N=—(t— H) hey X€S, (¢ (to, t)).

T is the first Piola-Kirchoff stress tensor; N is the outward unit normal

to the surface S in Qy; v=x(X,?) is the velocity in terms of the material
variables (X, 7);Q is the heat flux vector in Q,;0="60(X, {) is the absolute tem-
perature; Ak, is the heat transfer coefficient,
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The body is considered as a closed thermodynamic system, consisting of
an infinite number of local thermodynamic systems — the infinitesimal neigh-
bourhoods of the particles X, having mass dm. The full thermodynamic state
of any local thermodynamic system (X, dm) is described by the following system
of ordered functions {x, o, E, n, X, u, G, h}(X, f).¢is the density in ;5 is the
entropy per unit mass; X*Ne=1,2,..., n)are internal state variables, describ-
ing the visco-plastic properties of the material. G=0y0 is the temperature

gradient; h is the entropy displacement 1'1:'1—:; Q; E= ; (F'F—1) is the strain

tensor ; F=0yx is the deformation gradient; I is the unit {ensor; u is the
internal energy per unit mass [6]. In the case of visco-plastic todies, the visco-
plastic strain tensor is often used as internal state variable X()=Ea[7].

Taking into account the character of the considered process and the rela-
tions between the functions describing the full thermodynamic state of the local
system, we can reduce the description of the process to determining the fol
lowing system of functions

My () ={v, E, 5, XX, ), X €2, t€(ly 1))

Knowing My we may obtain the remaining functions of the process by
means of the first group constitutive equations, the geometrical relations and
the law of mass conservation ‘

(2) u=u(E, n, X', T-p,0eu, 6=0u, P“=— 0,0 (i,
FFT - 9E-1, o= g,/det {F},

T is the second Piola-Kirchoff stress tensor; P® are the dissipative

forces, corresponding to the internal state variables X
The local thermodynamic process is now described by My (). The time-
change of My () is given by the following system differential equations

0V DivT,

E- ) (F'"F+F'E), F=0dyv(X, )
®) )
QUTI o= I)]V (% Q)+ —é' Q()(sv

X@=p“E, 5, X@) (a=1,2,...,n),
where
Q- AE, b, X)G,

@) "
00=G . h+ Xtr (PIX@}= 0,
=1

Equ. (3), is the equalion of motion, neglecting the body forces. Equ. (3),
is the geometrical relation between the material time derivatives of the strain
tensor and the deformation gradient; equ. (3); is the balance of entropy; equs.
(3), are the equations of evolution of the internal state variables; (4), is the
heat condiction equation; (4), represents the energy dissipation which must be
nonnegative, according to the second thermodynamic law. In the particular
case of X(W=E?equs. (3), may take the form|6]
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(3) E*=B(T, 6, E)f(42), E*+0, dz=2—2,>>0,

E*~0, .12=0,
or [7] ;
(6) E*=y(6) ®(FYM(T, 4, E*), (@)=, F>0,
(@)=0, F=0.

B and M are tensors characterizing the direction of the anelastic strain
rate in the stress space; f and @ are functions characterizing the viscoplastic

properties of the material; 2(T, 0, E%) is the free enthalpy per unit mass; z, is
the boundary value of z; (T, i, EY)=0 is the static yield condition; y is the
viscosity coefficient.

The linear Fourier relation may be assumed for the heat conducton equa-
tion (4);

(7) Q'*,%,G,
#,=const is the heat conduction coefficient.

Let us consider thermomechanic processes in the body B, described locally
by means of equs. (3) and (4), boundary conditions (1) and initial conditions
My (¢,) leading to sufficiently smooth functions My (£), x € £y, £€ (£, ¢;). The
functions composing My (f) may have discontinuties on certain lines, surfaces
or points in ©,. The total thermodynamic process in B must obey the first
and second thermodynamic principles.

4 [(90u+~;—v.v)dV= /v.TNdS+ [Q.Nds,

() i ' § ki

d / « T1 1

. ondV ~ % Q.NdS= §edd V0.
Vv S Vv

Let us introduce the space R composed of the elements M={a, A, ¢,
Y“)(X, #). The functions composing M are:a — vector; A — second order sym-

metric tensor; ¢ — scalar; Y _tensors of an order corresponding to the
order of X, All these functions are sufficiently smooth with respect to X¢ Q,
and ¢ (%, ¢;). We introduce the metrics in R by means of the distance bet-
ween two elements My, My€ R

9)  RY(My, My)=RXa,, a;)+ R2(A,, Ag)+ R (cy, c)+ D RAY(E, Y,
a=1
where

R:(ay, a,)= ]al aydm, R2 — [ tr {AAgbdm,
% 1%

(10)

vV

Ri(€1, €2) = [“152 dm, R’= {tr {YOY@P}dm.
’ J

The appropriate norm of the element My ()¢ R for each X¢&, and
te(ty ty) is

n

(1) My (B)}1% = Ri(v, v)+RI(E, E)+ Ry(n, n)+ é\? RA(X@), X(@).
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2. Stability criterion

The stability of a thermomechanical process described locally by
equs. (3) and (4) will be investigated with the boundary conditions (1) and initial con-

ditions Mx(¢,),leading to trajectories My(z), X ¢ 04, L€ (2y ;) in the space R. In order
to obtain a stability criterion for the process at the moment ¢ ¢ (¢,, #,), we consider
another thermo-viscoplastic dynamic process, described also by means of equs. (3)
and (4). For each t¢(#, ¢,), the second process obeys boundary conditions (H

and leads to trajectories My (t) in the space R, differing little from AR(£) for

t=t, (The assumption that{My (f)}is a process with viscoplastic deformations,
is stmmllar to the Shanley and Hill’s assumption in the theory of plasticity [11]\.

The disturbed process {Mx (¢)} as well as the basic process {Mx(t)} are really pos-
sible ones, obeying the thermodynanuc prmcxples (8). Let us mtroduce a ficti-

tious process {Mx(?)}, where Mx(t)~ My (£)— M (¢) for X€QoLe(to ty). My (£) = My (%)
if Mx(t) Mx=-0. According to the second Liapunov’s method we reduce the
stability problem for the process {Mx(t)} to a stability problem for the ficti-
tious equilibrium state {Mx} with disturbances given by the fictitious processes

{Mx(t)} at =1, The fictitious process {Mx(t), is locally described by means of
the following differential equations system

oV*=Div T# T*=T'—To,
E* - 5 (B F+ F L P+ FY P T FY), P =F - FY,
(12)

e e (1, 1
O : 7’—DlV (97 Q’ 'Ae‘o QO) '1_ fi[o; '0 9 QO() 90 Qo )7

2 AD D, 4D B (B, o, XO) — DYED, 50, XY (a1, ..., ).
The corresponding boundary conditions are
T*N=0, X€S§,, tct,t)),
(13) vi=0, X€S, te(ty ty),
s - Q'N=—0*, XS, t¢ (ta 1),
where '
(14 Q" =Q—-Q, b*=¢

The initial conditions are My(%,). The fictitious process obeys total rela-

tions, obtained after subtracting the expressions in (7) for the disturbed and
the basic processes.

:tf(QoLm“*“ 5 Qov LVEL QoVO ”)dV:[v*deS

Sp

(15) + [ V.T*NdS— f 0%h,d.S,
A _ y

Sy

Hemav [¥ has= j dadV,
v S 14
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where

(16) A= (B, ', XY — u(E0, 70, X, 7= > >0.
9
From (15); and (15), we obtain

(17) df(gzlu e ) A A —goen )dV
= [v.iNas+ [v.T*Nas+ [ (§_11)h,e*ds»-f 6o V.
y Sy s 4

The energy dissipation is the only heat supply in the case under considera-
tion and therefore 82>, 69>f" and (-~~ 1) <0.

We expand the internal energy per unit mass for the disturbed procebs
2(EO+E*, 50+ 7%, X“"+X) in Taylor’s series in the neighbourhood of My
Taking into account that Mx were assumed to be of small values, the terms

in the series consisting My of the order higher than two may Dbe neglected
and we obtain

(18 godu = tr { TOE*} + 008%™ — D7 tr {plry@Flp Ltr {T9E*E*
o s sy 2
a=1

oy vl L3 (BN,

a==1
where
(19)  I9=00e(0e) o, 15=0n0n) |0 s BY=000,w(0, ) g

Substituting (18) in (17) leads to

(20) A=d4D +WN,

where
l1

A= f (tr{l"gE*E* o0+ Yt (BIX@F X} ooV v* )dv
74

a=1

+ tr {TOE*} + 0,400 — ‘ tr {PE'X %4 gv0 . V¥ |dV,
0

o= 1
.1[)=f(7-— 1)9 nas— [ 1odV,
3 3

WY = [V*".:l\‘NdSi [V T*Nd ', 41°=1°—6.

An expression is obtamed consisting the measure of alteration of the total
energy of the fictitious process A, the power of the nonconservative forces

e A% 4
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during the fictitious process W and the difference 4/) between the dissipat-
ive and thermal terms of the basic and disturbed processes. This result is
similar to the result corresponding to the case of equilibrium state stability of
bodies, loaded with nonconservative forces [9]. As the load in the considered
case is time-dependent, the term W% appears in equ. (20). All {M,(#)} obeying
conditions (13) form the manifold K¢R We assume that the basic process
{MY(#); is known; .1 is then a functional of M(#), having the range of definition

3

K. We consider the r-neighbourhood of the fictitious equilibrium state My, de-
termined by {A/I,}{t)}‘lf';’g<r. According to Liapunov’s stability definition, the
fictitious equilibrinm state will be locally stable if for each 0<le<(r there exists
a 0<0(e)<r such, that {Mx(t)} i<Te if | {Mx(to)} R<d(e) at each t¢ (£, t,).
[n that case the basic process {My(#)} will be stable too.

The value of r is to be chosen according to the specific character of the
process. Ii the condition of the definition is violated with respect to the norm
| {Mx(2)} |i=>>7, the process is thermo-mechanically and structurally unstable at the
certain moment . If Ri(v¥, v¥)>r at £, € (£, t,), the body looses its stability of motion
at moment #; if Rf (E*, E*)>v, it loqses stability of the form; if R12u(77*, ¥,
thermal instability occurs; if Riy(X", X" >>r, internal structural instability
occurs. (The internal structural equilibrium state instability with constant E and
n and v=:0 is investigated in [10, 7]).

In order to establish the sufficient conditions for stability of the consi-
dered process, theorem 12 [8], will be applied [9]. In order to fulfil the condi-
tions of the theorem, the following requirements have to be proved:

a) the functional A(Mx(f)) must be positive definite with respect to the
norm [ {Mx(t)} | at each f¢(ty, t)), e. g

b) The functional A(M;(t)) must be decreasing with respect to ¢ in the
interval (¢,1¢,), e. g.

(23) AD+ WY <0.

¢) The functional .1 (Mx(#)) must be continuous and upper bounded.

Ii anyoue of the mentioned above conditions is violated at a certain mo-
ment g€ (¢, ), the process is unstable at the moment £

Thus an energetic criterion is obtained for the local stability of visco-
plastic bodies under dynamic thermo-mechanical processes. In the particular
cases of determining the stabillty, an essential significance has the shape of

the functions T(X, 1), v(X, #), as well as the way of applization of the external
load and the assumed visco-plastic model.
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