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The basic disadvantages of all analytical methods, emiployed for
the solution of systems of linear partial differential equations, lie in the sig-
nificant difficulties that one could come across, attempting to satisfy the boun-
dary conditions. The existing methods are applicable for simple boundary sur-
faces, defined in corresponding coordinate systems. What is proposedis a me-
thod of obtaining a great number of particular solutions, involving a lot of
free parameters and constants of integration. These particular solutions are the
basis for formal building of a general solution and can satisfy boundary con-
ditions on complicated surfaces or contours.

One of the basic methods for solving linear partial differential equations
appears to be the Fourrier method. It isbased on applying Cartesian or cur-
vilincar coordinate systems with subsequent separation of variables. However,
in the Fourrier method as well, the basic difficulty lies in the satisfaction of
given boundary conditions.

For better understanding of the main idea in the method proposed, let
us consider the simple case of a system of Q second order linear partial dil-
ferential equations with constant coefficients, involving functions of two argu-
ments x and y:
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According to the method proposed in [1] and [2], we look for particular
solutions {u,}9_, of the type

m—1 )
(2) Uy(x, y)= 31 X0 (). Yol 3),

i=0
where m is an arbitrary infeger number, chosen according to our requirements.

Function X(x) in (2) is the general integral of the following ordinary differen-
ial equation:
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m—1
(3) X(x) = N, XO(x),
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where ¢, =const (parameters).

Let us substitute (2) and (3) in (1) and consider coefficients preceding X“)(x)
(i=0, 1,.,., m—1) equal to zero. Thus we obtain a system of m.Q linear
ordinary differential equations with constant coefficients for m.QQ unknown
functions Y,(y):
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(=2, 3,...m=—1); (g==1,2,..., Q).
The solutions },(y) of the above system could be easily obtained and stbsti-
tuted in (2). Solution of (3) could be easily obtained as well. However, for a
special choice of ¢(i=0, 1,..., m—1), solution of (3) could be obtained, ex-
pressed in terms of hyperbolic or trigonometrical functions. For the special
casc ¢;=0, the expression for X(x) is a polynomial.

Regarding functions of more arguments, the already described operation
must be repeated several times, aiming at a gradual reduction of the number
of arguments, until there will remain only one argument. Hence, a system of
ordinary differential equations, considering the remaining argument, could be
obtained.

For example, for arguments x, y and 2 we look for an unknown function
of the type:

m—1
(5) w(x, ¥, 2)= 31 XO(x). 0,49 2), (p=1,2,..., Q)

=

where X(x) is the solution of (2) and o,/y, z) could be obtained from

pis
n—1

() w0, 31 2)= 3 YO(9) . Zyif2),
J=0

where function ¥{(v) is the solution of
n- 1

@) FO(y)= N b ),

=0

b;=const. (parameters),
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Thus, a system of m.n.Q number of linear ordinary differential equations
for 2,,{z) is obtained. Its characteristic determinant is of m.n..Q order and
has P.Q number of roots which are m.z times multiplex (P is the order of
the partial differential equation). If one’s aim is to determine those roots and
to find out solutions for functions Z,(2). it is not necessary to perform all
laborious operations needed to obtain a system of ordinary differential equa-
tions and to solve a corresponding characteristic determinant of quite a high
order.

The following simple and convenient rule cen be defined. Roots of the
characteristic determinant of the system of ordinary differential equations of
m.n.Q order for Z,(2), are equal to the roots of a “basic characteristic deter-
minant” only of Q order, which is to be taken m.n times. “Basic characteristic-
determinant” of the sytem of partial differential equations is the one, obtained
by using the following formal substitution:
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If we consider the important special case when
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the basic characteristic determinant is obtained formally by a substitution
2y
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in the given system of partial differential equations. The roots of the basic
characteristic determinant are to be taken m.z times multiplex.

Let us consider now the application of the method to the anisotropic cla-
sticity. Lamé equations in the case of total anisotropy with 21 moduli of ani-
sotropy are as follows:
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We look for particular solutions of (13) according to (5), (6), (10)
and (11). Using (12), we obtain the basic characteristic determinant

By By B i
(14) By By By |=0— np=--- (k=1,2,,.., 6)
' By, By By m.n times multiplex roots,
where
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Biz=Ba = Agsr® +if(A13+ Ags)o + (Ass+ Ags)Blr —[A 1502 + AP+ (A + Ase)aB s
Bz =By = Az + i[(Aze+ Ags)0 + (Ags+ Ay )Blr—[Aze0% + Ag B2+ [Ags + Asg)uf].

Obtaining roots of the characteristic determinant (14), according to the already
described procedure, one can easily obtain expressions for particular integrals
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of the system (13). They well depend on two parameters o and B, m constants
of integration for X{(x) according to (10), n constants of integration for Y(y)
according to (11) and m.n.P. Q constants of integration for Z,,{2). All cons-
tants of integration are functions of a and B. The final general integrals of
(13) are sums or integral of these particular solutions as in the Fourrier me-
thod. Constantsof integration are to be obtained, using the problem boundary
conditions.

In the case of orthotropic bodies (which is very common in practice) the
basic characteristic determinant is of the form :
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Let us finally consider application of the method to the case of micropo-
lar continuum. Lamé equations for the Cosserat continuum, according to No-
wacki [4], are of the form:
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The corresponding basic characteristic determinant is of the form:
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Its roots are necessary for building particular solutions for the unknown func-
tions, namely displacement and rotations u(x, v, 2), ©(x, ¥, 2) w(x, y, 2),
Ulx, v, 2), Vix, v, 2), W(x, y, z). After some transformations in (18), one ob-
tains

’ DJI Dl‘2 DI3
Dy Dy Dy |=0—~ rp=-:-- (k=1,2,...,12)
| Dy Dsy Ds m.n  times multiplex roots
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In conclusion we can say that what is presented is a method for reducing
linear partial differcntial equations to ordinary linear differential equations, in-
creasing the number of functions. There are no principal difficulties for a form-
al application not only to problems of mathematical elasticity theory, but
also to solutions of an equation or a system of equations which are linear
and involve partial derivatives of any rank, whereas coefficients are constant
or depend only on one argument. It stands clear that for obtaining complete
solutions of practical problems, modern computers will be of great and effective use.

Received 10. 12. 1952.
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