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1. Introduction

Free convection flows past vertical plates and cylinders have
been a subject of research for a long time due to their applicationsin techno-
logical fields [1]. In plane flow, self-similar solutions of the equations for steady
laminar free convection were discovered by Pohlhausen [2] in 1930 for a semi-
infinite vertical plate at constant temperature, and by Zel’dovich [3] in 1937
for an infinite horizental line source of heat. Ostrach [4] presented the first
numerical results for free convection past a vertical flat plate for isothermal
case. Sparrow and Gregg [5] have solved the equations of free convection for
a non-isothermal vertical flat plate for two families of wall temperature for
various values of the Prandtl number (Pr) using a similarly transformation in-
volving Grashof number (Gr). Takhar [6] presented a numerical solution for
free convection from a semi-infinite plate which is uniformly heated up to a
length ¢ from the base and insulated for the rest of its length.

In axisymmetric flow self-similar steady solutions were found by Yih [7]
and others for a point source of heat, and by Millsaps and Pohlhausen [8] for
the field outside of a vertical circular cylinder with linearly increasing surface
temperature. Other full solutions corresponding to cones, kettle shapes and
parabolic nosed bodies are given in [9].

The unsteady free convective flows are also important. Three recent con-
tributions to the subject are those of Elliott L. [10], Pop I. [11] and Merkin J. [12].

The body may be assumed {o be both non-porous and porous. In the
case of a porous, infinite plate free convective flows were studied by Nanda
and Sharma [13].

In all these investigations, the bodies were assumed to be stationary.
If they are assumed to move steadily or unsteadily in the vertical or down-
ward direction, then how is the flow of air or water affected by the free con-
vection currents? This is the motivation of the papers by Soundalgekar V. M.
[14, 15] and by Soundalgekar and Cupta S. K. {16]. The purpese of this paper
is to investigate the laminar free convective flow past an unsteadily moving
vertical circular cylinder. The velocity of the cylinder and wall temperature are
supposed to vary as some power of the time. The determination of the Nus-
selt number is the main point of interest in this investigation.



2. Formulation of the problem

It is well-known that in heat transfer through viscous fluid flows
the Prandtl number representing the connection between the viscous and tem-
perature boundary layer plays a very important role. In order {o obtain ana-
lytical approximate solution, in this paper we shall restrict ourselves to the
analysis of such fluids for which Pr-=1.

For extreme values of the Prandtl number (Pr->0, Pr— oo) the boundary
layer of free convection approaches a singular character so that a direct re-
gular perturbation technique cannot be applied for obtaining insight in free
convection under such conditions.

We assume a large Reynolds number and a short time of investigation,
so that
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where » is a coustant of order unity and ¢ is a small parameter. The Rey-
nolds number Re and the Strouhal number .S are calculated by a characte-
ristic length ¢ — radius of the cylinder, a characteristic velocity (/, and a
characteristic time v,.

The great success of the investigations into flow of viscous fluids along
solid surfaces has to be contributed primarily to the concept of the boundary
layer as proposed by Prandtl. In free convection this idea has persisted that
the condition

Gr= gﬁa ”‘3>1

has to be satisfied if the solutions are to be drawn from boundary layer equa-
tions. Here g is acceleration due to gravity, 8 is coefficient of thermal expansion

ATy== Ty — Ty

where T, is the wall temperature at /=0 and » — kinematic viscosity. It has
been shown in [17] that for boundary layer problems of free convection the
Grashof number varies from 10* to 10° We suppose Gr:-ﬁRzS, where g is a
constant of order unity.

Besides the equation of state there are four equations governing the phe-
nomenon of free convection in unsteady state viz.,, the equation of continuity
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Here we use cylindrical coordinate system (7, @, 2), 8_—T—T:u and w ate r
and z components of velocity. Now we suppose that
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where a>0. The initial and boundary conditions for the velocity and tempera-
ture are

(5) u--v-=0, 0=0 at £=0 and r -1
(6) u=0, w=rt*+!, 0=0,(¢) at r=1 and £>0
(7 u—0, w—0, -0 as r—cc and £>0.
We may satisfy the continuity equation (1) by writing
o 1 oy 1oy
(8) b==roz’ o

The problem (1--7) is solved by means of regular parameter expansion.
We assume

re14e -
(9) 020, + 60,4 20,5+ - - - U elly+ ety -
W==W, + Wy + Wy + - - - W=y eyt -

Substituﬁng (9) into equations (2—4) and comparing like powers of ¢ we find:
the first order equations

(10) v Za 0

(1 By B8,

the second order equations

(12) %%3——1 g;;z—-a g? u, g? w, (;9;

(14) ”{;‘; g—do

and the third order equations
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5. Construction of th2 solution
The solutions of (10) and (11), satisfying the conditions’
B, =ts, w,=¢+! at r=1 and (=0
6, -0, w;,—»0 as r—o and (=0
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are:

(18) B =2%I"(a+ 1)g.(r))t
(19) @, = [(1 = A22 2 (a4 200 1(r1) + A2 (ot 1)g )}
where
2
= 20p—r2 s, &
20 &= r<2 +1) f orfeedn n=srm

It is easy to find that the solution of the equations (14) and (17) satisfying
the conditions (5—7) are u,=0 and u,=0.

In order to solve equations (12) and (13) we substitute (18) and (19)
and obtain
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Using conditions 0,(0) =w,y(0)=0 and 6y(co)=1w(c0)=0 we find
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Substituting (18—20) and (23) into (15) we obtain the following equation
for 0;:
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The solution of this equation that subjects the boundary conditions 04(0)=

by =[Agu11(r1)+C 1&ar(r1)+Coalry)Jte !

where
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For w, we have the equation

"2‘”3+2 8 — 4t %5 — 4] Pga(r)+ Qui(r)+ Rl

where P=A—v(1 —ﬂ)22a+3al’(a+2)—2\/L_’

Q:cl+ﬁv'22a~lr<a+1>~—’jf,.

R=Cy-+v'(1—8)2%+' '(a+2)— /3»’22“F(a—§—1)—— \/_
Hence
——i’B ; b w(:) : _& !tq-[—?
wS'—[ guTQ(r1)+ ng(rl)+ 3 ga——l(rl)"l‘ 2 ga(rl)j

where
B 4P. I(a+3) 64Q.I(a+3) 8R.I(a+3)

Ie+2) — 3[@  I(a+1)

Now, we can check that w, satisfies the conditions wy(0)=ws(c0)=0. Fourier
law gives an expression for local heat transfer

== k(a”' )r’=a

where k is the thermal conductivity. The local Nusselt number is given by
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After some algebra we obtain

where

5o B8y o) e ey
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The method of regular asymptotic expansion is systematic and we shall not
go into higher orders in this paper.

16.

References

. Ulauxruur, . Teopus norpanuusoro caos, M, 1974.
. Schmidt E, W. Beckmann. Techn. Mech. and Thermodynamik, 1930 1, 10.
.3eabnosuy, . B. [lpenesbHble 3aKoHb CBOGOIHO-BOCXOASINMX KOHBEKTHBHHIX MOTOKOB.

XKoo, T. 91937, 7:12.

.Ostrach,S. An analysis of laminar free-convective flow and heat transfer about a flat

plate parallel to the direction of the generating body force. NASA Rep.
1111, 1933.

.Sparrow,E. M., J. L. Gregg. Similar solutions for frece convection from a mnoniso-

thermal vertical plate. Trans. ASME, 80, 1958.

. Takhar,H. S. J. Fluid Mech. 34, 1968.

Yih, C. S. Free convection due to a point source of heat. Proc. Ist U. S. Nat. congr.
Appl. Mech. 1951.

. Millsaps,K, K. Pohlhausen. The laminar free-convective heat transfer from the

outer surface of a vertical circular cylinder. J. Aeronautf. Sci. 25: 6, 1958.

. Moore.Theory of laminar flows. Princeton Univ. Press, 1964.
. Elliott,B. Free convection on a two-dimensional or axisymmetric body. Quart. J. Mech.

and Appl. Math. 23, 1970.

. Pop,l. Unsteady laminar frec convection on an axially symmetric body. Studii cerc. matem.

22, 1970.

. Merkin,J. H. Oscillatory free convection flow from an infinite horizontal cylinder. J.

Fluid Mech., 30, 1967.

. Nanda,R. S, Sharma. Free convection laminar boundary layers in oscillatory flow.

J. Fluid Mechanics, 15, 1963.

. Soundalgekar, V. M. Free convection effects on the oscillatory flow past an infinite

vertical, porous plate with constant suction. I. Proc. R. Soc. A 333, 1973.

.Soundalgckar, V. M. Free convection effects on the oscillatory flow past an infinite

vertical, porous plate with constant suction. Il. Proc. R. Soc. A 333, 1973.

Soundalgekar, V. M, S. K. Gupta. Free convection effects on the incompressible
fluid past a steadily moving vertical plate with constant suction. Int. J. Heat
Mass Transfer, 1975, 18.

. Herman, R. Wirmebetragung bei freier Strémung am Waagerechten Zylinder in Zwei-

atomigen Gasen. VDI Forschungsheft, 1936, 379.
Received 10.111. 1976



