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1. Introduction

Elimination of the bending state in shells, if it is possible with
respect to mode of loading and support, constitutes a certain step towards
optimization. Since it leads to the uniform stress distribution in any cross-
section of a shell and under the additional condition of equalized reduced
stress at every point of middle surface, to the shell of uniform strength (fully
stressed shell). A detailed survey on shell optimization is given by M. Zycz-
kowski [5].

The first papers assumed the simplest form of equalization of stresses

1) 05 =0 ,=0y,

which is called here “the condition of uniform strength in the narrower sense”.
In many cases the use of the condition (1) is an unjustified simplification of
the problem and this condition should be replaced by the more general

(2) 0red =1(07) =0,

where oreq denotes reduced stress according to assumed hypothesis, o, — the
allowable stress; (2) is called here “the condition of the uniform strength in
the broader sense”. It should be noted that whereas the condition (1) and two
equilibrium equations determine uniquely for example an axially symmetrical
shell then the broader condition (2) is an insufficient condition of optimality
because it leaves one function “free”. The remaining “degree of freedom” per-
mits to apply an additional variational optimization.

M. Milankovi¢ [3] was the first (in 1908) who designs optimal axially sym-
metrical shell in the membrane state loaded by the own weight and hydrostatic
pressure. He applied the condition (1). Drop-like shells, spherical shells [2] were
designed using the same condition. On the other hand, the condition of the
type (2), namely the Tresca-Guest condition was applied by H. Ziegler [4]. He
looked for the optimal change of wall thickness of the spherical shell loaded
by its own weight. P. Csonka [1] determined the optimal wall thickness of the
hyperboloid shaped shell.

In the present paper the more general problems are discussed, namely two
problems of minimum weight optimization of axially symmetrical shells loaded
by body forces (own weight, rotation) and external loading (pressure) under
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the broader condition (2). The first deals with the optimal change of wall thick-
ness and the optimal form of the middle surface which assure the membrane
state of the shell under arbitrary axially symmetrical loading. The second one
is concerned with choosing of external loadings which transform the optimal
shell of the uniform strength in broader sense into the shell of equal stresses,

=0, =0,

Ogp 6

2. Formulation of the problem

Consider an axially symmetrical shell loaded by internal pressure
p(r), own weight and rotating with a constant angular velocily w. The shell is
supported at a circular rim of a given radius “a”, Fig. 1.

We look for the optimal change of the-wall thickness and the optimal
form of the middle surface which assure the membrane state of the shell. In
the problem mentioned as the second one we additionally look for such distri-
bution of pressure p(r) which transforms the shell of the uniform strength in
the broader sense into the optimal shell of equal stresses. The design objective

is the minimal volume of the shell.
We formulate the problem of optimization of the shell as the classical

problem of calculus of variations. Thus, we are looking for the minimal value
of the functional — dimensionless volume of the shell
1

v oh s
3) Goz%——fv—fcosq)dg—mm
0
with subsidiary conditions in the form of the two equilibrium equations
(4) G,=h[ss 0 D cos D+ g sin D—o(y cos D+w gsin D )] —e plo) =0,
(5) Gy=h(ss —56)+ol hSs +hSs)+ ho(wo—y tg D)=0,

w 4
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and with the HMH condition of uniform strength

(6) Gy=$2+52 —ss5¢ —1=0,
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sure, specific weight of the shell material, angular velocity squared, meridional
and circumferential stresses respectively.

The condition (6) can be replaced by other formulations. For example, the
assumption of the uniform strength in the form o..q=max(ss, s¢)=1 leads to
optimal shells with respect to the time of brittle creep rupture according to
the Kochanov theory.

The equations (3), (4), (5) were derived in the more convenient (o, @) coor-
dinate system which allows, in comparison with the usual (g, 2) coordinate
system (é:tg @), to reduce the second order equations to the equations of
the first order.

In order to solve the problems we shall apply the Lagrangian multiplier
method. Thus, the new functional can be written in the form

1

3 1
(@) =] (Go+ 2 0) do = | Fedp,
i=1 0

0

where 1,(¢) — Lagrangian multipliers, and the appropriate Euler — Lagrange
equations have the form
OF%  d 9F%

®) oy; degy, 7
where y,=®, &, s4, S¢ and C,=0 for A, s4, So, whereas C, may be different
from zero for y,=® since @ depends on the derivative of z and then (8)
should be regarded as the first integral. However, it can be shown (using suit-
able transversality condition) that for the considered functional even this
constant C; is equal to zero hence all C,=0.

After application of equations (8) to (7) and elimination i3 we obtain the
following system of equations:

9) ho sin @+ 1,{h[(s¢ —S5) cos D—o(wp cos D— y sin P)]
— {8 l-Ss /'z) o cos @} cos? @ —-21le5¢ cos? G—Ayy ho=0,

(10 ﬁ—[— 4[S 0D cos B+ s sin — oy cos P+ we sin T)]+

+Aolo(we—y tg D) —s¢] — Ay084 =0,
(11) 2,[o® cos B(2sg — 55)—sin D254 —56)]+15(255 —S5)
—129(2S¢ —3Se ): 0,

which are the basic relations in both cases urder consideration.

3. Shell of the uniform strength in the broader sense

For a given value and distribution of the pressure p(o) the equa-
tions (9), (10), (11) together with the equilibrium equations (4), (5) and the
condition of the uniform strength (6) constitute the sufficient system which
evaluates the unknown functions of the shape: D= P(g), h==h(g); distribution
of the stresses ss =54(0), So =So(0) and 4,(0), A,(¢). The shell defined in this
way will be the structure of the uniform strength in the broader sense which
has the least weight.
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The simplest example of optimization in this way refers to the shell sub-

jected only to the constant internal pressure, p(e)=p, (w=y==0). Then the
derived system of equations can be reduced to one differential equation of the
second order

o 2 252 .
(12) x_g 3x2+40%x2—3px x

3 X (20 ¥—3x)3x—0X)
T3 ou(l—x?) ’

3 9% — o vy
(Bx3—20x— 0 xx2+3x)+ Tor2

where x=sin@. The relation sin @®=Ap which describes the shape of a sphere
does not satisfy the equation (12) and hence it turns out that a spherical shell
is not the optimal structure.

The equation (12) shows singularity at the point ¢=0. To investigate this
singularity we expand the function x=x(g) into a power series in the vicinity
of 0=0. It turns out, that a simple ordinary expansion holds

(13) x= 2 ad.

Substituting (13) into (12) we can express the coefficients a;, i=3,5,...
in terms of the coefficient a;, which remains arbitrary (subject to optimization).
The procedure of integration was as follows. For 0<¢=<0.01 the series (13)
was used. Then (12) was integrated numerically, using the Runge-Kutta method
for various values of the parameter «,. Finally a; was evaluated from the
optimality condition V-=min.

4. Shell of uniform strength in the narrower
sense as the optimal shell

As it was mentioned previously the shell of uniform strength in
the narrower sense is determined uniquely from the equilibrium equations and
the strength criterion but, in general, they are not optimal. On the other hand,

the condition of the uniform strength

za} in the broader sense is insufficient con-

' W ax =2:3624 dition of optimality and should be

14 - ' completied by the Euler-Lagrange equation.
Lgglope wee s s o e An interesting theoretical problem is
Lo _ to find when an optimal shell reduces
to a shell of wuniform strength in

LoF - narrower sense (1). This reduction takes
places for a certain external loading;

08 hence we are going now to evaluate the

corresponding function p(p). In this case
p (o) is an additional unknown func-
04k ) tion but the distribution of the stresses
are assumed in the form

06}

- ~~ z(p)

260 (14) Ss¢ =1, so =1.

Substituting (14) into (4), (5), (9),
dur. 2 (10), (11) we obtain the system of equa-



tions which determine unknown functions: @(o), #(¢), p(e) and 4,(e), i:(e).
After elimination of 1, and 1, we obtain the differential equation of the
second order with respect to @ which determines the middle surface of the
optimal shell in this particular case.In view of the fact that equation obtained
is very long, it will not be quoted here in its general form.
As an example we consider the rotating shell (w=0, y=0), where its own
weight is neglected. In this case the optimal shape is described by
w cos P

5 Wer—2 e
(15) $="2 ““tgo+2 Lo

and the change of wall thickness is given by

_ we?
(16) ha}zoexp(——f),
where /s, — wall thickness for o=0. The relation which determines of pressure
ple) has the form
plo) _ w2 pcos2dh  sind
(17) hy “eXp(_,_}Z_)(?w sind @ )

The equation (15) shows singularity at the point o=0. To investigate this
singularity we expand the function ®=®(g) into power series in the vicinity
of 90=0

i=1,3,5,...
The equation (15) was integrated numerically using the Runge-Kutta
method. It turns out that angular velocity w cannot be arbitrarily large. The
maximal value of w was evaluated from the condition

(19) d(1)=n/2

and equals wyax=2.5624.

The optimal shape of the shell and distribution of pressure p(o) are given
in Fig 2.
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