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for a Singular Surface*
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1. Introduction

In the recent years considerable attention has been given to
thermodynamic properties of singular surfaces in continuous medium. Green
and Naghdy [1] developed a rather general thermodynamic theory in which
. surface sources were involved. Recently Wilmanski |3, 4] presented a new
form of Kotchene’s condition in which the surface sources were taken into.
account. This form of Kotchine’s condition was used to obtain Clausius-Du-
hem inequality for a singular surface.

In the present paper a somewhat more different point of view is adopt-
ed, although the approach taken is similar to that of the earlier papers |3, 4).
Using the formulation on Meixner’s theory wherein the local Clausius-Duhem
inequality is replaced by the so-called fundamental inequality a new local
thermodynamic inequality for a singular surface is obtained.

The definition of singular surface, the generalized balance equation for a
continuous medium and Kotchine’s condition are given in the second section.
In the third section we derive a new local thermodynamic inequality for a
singular surface. The fourth section isdevoted tothe particular case ofthe ma-
terial at rest before being reched by a singular surface.

2. Preliminaries
In [4] the following generalized form of balance equation is given

21) S [eao=Glutwas s JCaEaT?
s do v

where the surface sources are denoted with star.

The eq. (2.1) is assumed to hold for any subvolume v and for any field
quantity ¢.

Definition of Singular Surface. Let a surface o, oriented by a unit vector
n, be a part of the region dv—Ndv*, Fig. 1. Let the field ¢, described by
the balance equation (2.1), is smooth in o~ and v+, i e. it is continuously di-

* The paper has been presented at the Euromech 93 Colloquim Nomnlocal Theory of Ma-
terials, Jablonna, 29. 08. —2.09, 1977.
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fferentiable in v~ and o™, it approaches limits
¢~ and @* for every point X¢o, both limits
are differentiable on any path on ¢, and grad
@ approaches limits (grad ¢)—, (grad ¢)* ono.
For the fields 4, A* continuous in o~ Uwv*
and u, u* X approaching limits u—, ut, p*—
urt, f(“, xt on o we say, that the surface
¢ is singular with respect to the balance
equation (2.1), if at least one of the listed
quantities has a jump on o,i. e. the limits of this
quantity on o are not equal [4].

We consider a medium, in which a singular
surface ¢ is moving with a velocity u(x), x¢o,
and the balance eq. (2.1) is fulfilled o.

It is deduced in [4]

(2.2) [p(X— )] — ) = [1e¥],

which is called the generalized Kotchine’s condition for a singular surface.
The following form of Clausius-Duhem inequality for a singular surface is
obtained [4]

(2.3) [on(X,—us)]—[#)=0 almost everywhere s on g,

where: o — mass density, n —entropy density and % — entropy flux.
It is interesting to note that the surface sources of entropy %% vanish in
eq. (2.3). The standard notation of Christoffel is used

[gn().cnﬂun)]l =Q+77+(;V,f "un)“g_’?—()&;_un)
[2]: =ht—A.

3. A Local Thermodynamic Inequality for a Singular Surface

The base of our investigation is the fundamental inequality given
by Meixner [2]. Starting from equilibrium state at f=—occo, we have

(3.1) f{g(A,,(s)~V)£+ 7 A.qpd =0 for all = and v.

The following assumptions are introduced:
A 1. There exists a thermodynamic temperature function 4= A(e, é) [6] with
the properties

1
Bt

(3.2) Aig=

and an energy flux q—=—Kk(s &), where 0 is the Kelvin temperature and & —

an independent variable (energy density),
A 2. There exists only entropy function in equilibrium state

(3.3) n5:€) 1 =1 (&, 0)=n(e, ),
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where the relation between Ag(e) and 5s(e) is given by
(3.4) Ag(p) =20,
Bearing in mind the relation (3.4) and the first law of thermodynamics[2].

e+v .q=0
we can rewrite the inequality (3.1) in the form

(3.1), f{Q;?u(e)—FV (4q)} dt=0 for all z and o,
or
(3.1), [teiter+v . (aqyaw=0,

since the process is fast.
The local formula of inequality (3.1), yields

(3.5) onsde)+ V- (4g)=0.
Comparing eq. (3.1), with eq. (2.1) we conclude that

(3.6) p=onse) and —(ut+u*)=4q.n,

ince the vector q is pointed inwards.

There are two possibilities to obtain the local thermodynamic inequality
for a singular surface.

P 1. We use the generalized Kotchine’s condition (2.2), relations (3.6) and
the second law of thermodynamics (3.1).

P 2. We apply directly the definition of singular surface to the inequality
(3.1), and afterwards we take a limit s(c) — O.

We choose the second possibility. At first we rewrite the inequality (3.1),
in the form

(3.1), f ons:(e) dv+ P(Aq) .nd s=0.
z v
The first term of eq. (3.1); can be written as
(3.7) ddt f@'}st(«?)d - f dﬂsz(f) d'ZH-f a77st(8) do
+ § onVadst P ensde)Vads,
av ou™

where V, is the normal component of a velocity of an arbitrary point on

either 0v— or du+. If the point is lying cn dv, then V= X and V,=X, while
for o we have V=u. Separating the common part of dv— and dv*, we obtain
from (3.7)
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(38) A fenteyan= f RLIFCRN f o) 4

- f onee)¥nd e+ f onsle) tnd s+ f en@unts— [ onfiouacs,

where we have taken into account the change of orientation of the surface
vt No.
The second term of eq. (3.1); can be written in the form

3.9 Aq).nds=— |} (4q).nds+ 4q).nd
(39) $q).nds MJ_(“)“S [4q).nds

0
—r—f(Aq)—.nds—f(Aq)Jf.nds,

where we have taken into account the change of orientation of surface v+ nNo
However, the third and fourth terms are zero in relation (3.9) since q is the

energy flux vector through the surface d‘U:dE‘LUd@ﬁ
Substitution of egs. (3.8) and (3.9) into eq. (3.1); yields

(3.10) oD g4y f Onsle) g o f onsi&)xnd s

+ f onsi(e)%, d s+ f 01 (etn d s— f ont(e)unds

0%\—!— o G

— f(Aq) nds+ f(Aq) nds=0.
07—

Under our assumptions the inequah‘ty (3.10) must hold for any w. Then
we are allowed to take a limit v —0 in eq. (3.10) and we shrink down

07— and 0v+ to 6. Hence v~ — 0, v~ — 0, preserving o. Bearing in mind the
definition of the singular surface, we obtain

(8.11) - j on(e)x, d s+ f on(e)x+ d s-f-f o (e)unds

——fgn;;(s)und s;f(Aq)—.nds—}—f(Aq)Jf .nds=0,
where (.1q)— is the limit of (Aq) from v— and (4q)* —from o+,
Using the standard notation of Christoffel
[oned(e)(xu— )12 = e ()0} — ) — () iy —1ta),

[Aq).n: ={(4q)*—(Aq)~}.m,
then the inequality (3.11) can be written in the form



(3.12) f {{ons:(e)(x,— )] +[Aq . 0]} d 5=0.

a

The function 4 may be accepted as a continuous scalar function for all
values of ¢, ¢, i.e. [4]=0. Then the inequality (3.12) yields

(3.13) f {{ens(e)(Xn—1un)]+ 4]q . n]} d §=0.

Assuming the continuity of the integrand onm o, we can take a limit from
the relation (3.13)

i b [ llonte)a— )+ Alq. ]} d 50,

S(o)-0

where S(o) is the area of surface o. Hence the relation (3.13) is equivalent to
the following local formula

(3.14) [ons:(e) (X, —ttn)]+ A[q . n)=0 almost everywhere S on o.

The inequality (3.14) is the main result of our investigation. In comparison
with inequality (2.3) it has some distincts:

i. The inequality (3.14) does not contain the entropy function » and en-
tropy flux 4,

il. The inequality (3.14) contains the entropy function in equilibrium state

ns; and thermodynamic temperature function 4. Also it contains the energy
flux vector q.

4. Material at rest

We consider as [4] a material which has been at rest before being

reached by thesurfaceo,i. e.x=0 at any point of o*. In this particular case
the inequality (3.14) takes the following form

(4.1) [Qns,(s)]un—[—Q”“ns_t(e);cn_—/l[q .n]=<0.
If we assume that [q]=0 then the following inequality yields
(42) [Qnst(e)]un+9_n; (5) xngo .

Bearing in mind the balance of mass — (6.4) from [4]

—2
el
we can write the inequality (4.2) in the form
(4.3) 0 [ns:(€)]%=0.

But in equlibrium state {5,(¢)]>>0 and therefore the inequality (4.3) takes
the form

i

(4.4) [e}x-=0.

The result (4.4) has been obtained previously by Wilmanski on other basis.
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