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Introduction

The method of caustics was developed by Theocaris [1], initially
for the estimation of stress intensily factors at crack tips in plane isotropic
elastic media under generalized plane stress conditions. The equation of the
initial curve of the caustic on the specimen was at first determined by zero-
ing an appropriate Jacobian determinant [1] expressed in real form. Also the
equation of the caustic itself was initially expressed in real form. In reference
[2], Theocaris proposed the expression of these equations by using the com-
plex potential Z(z) of Westergaard, so popular in plane elasticity. This func-
tion is equal to the double of the complex potential @(z) of Muskhelishvili.
The expression of the equations of caustics through the use of these complex
potentials permitted the direct and free from undue calculations application of
the method of caustics to a series of engineering problems, most of which
are reviewed in reference [3].

On the other hand, the method of caustics was recently applied to isotro-
pic elastic thin plate problems [4—6]. In such problems the classical or the
Reissner bending theories (the second being more accurate than the first) are
generally used [7—9]. In both these methods the deflection w(x, y) of the
points of the plate can be expressed in terms of two complex potentials @(z)
and x(z), exactly as happened with Airy’s function in plane elasticity |7—9].
In this paper we will express the equations of the initial curve of the caustic
and the caustic itself in terms of these potentials, hoping that this will lead
fo an easier application of the method of caustics to bent plate problems. For
simplicity, the plate will be assumed under pure bending conditions, free from
any normal loading distribution. '

Derivation of the Equations
In accordance with the developments of references [4—5], the co-
rrespondence between the points (x, y) of the plane of a thin isotropic elastic

plate and the corresponding points (#, v) of the screen, when illuminating the
plate by a light beam, is established by [4, 5]
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where w—w(x, y) denotes the deflection of the points of the plate due to
bending, 4 is the magnification ratio of the optical set-up and C is the over-
all optical constant of the experiment. Furthermore, in order that a caustic
be formed on the screen, it is necessary that [4, 5]
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By taking into account egs.(1), eq. (2) can be written as
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The points (x, y) of the plate for which eq. (3) is satisfied (if such points
exist) form the initial curve of the caustic on the plate. The corresponding
points on the screen form the caustic itself and are easily determined by
using egs. (1).

Now, we take into account the fact that both in the classical and in the
more advanced Reissner theory the deflection w(x, y) of the potnts of the
plate can be expressed (in the absence of normal loading of the plate) in
terms of two complex potentials @(z) and x(2) [7—9], where z=x+iy, that is

(4) w(x, ) = Re[2g(2) + 1(2)]| =5 [20(2)+ 20 (2) + 1(2) +7(2))

By taking further into account that
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we find that
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Thus egs. (1) can be written as
(7) uA-iv=2{z+Clzp~(2)+¢() + 1 (@)}

This equation will determine the form of the caustic on the screen after the
points z=x+4iy of its initial curve on the plate are determined.

Hence, we have to take into account eq. (3). By using egs. (4, 5), we can
easily find after some algebra that the equation of the initial curve of the
caustic (3) can be written in complex form as

(8) | 14+-2CRep~(2)|= C [29"(2)+2"(2)]
Equations (8) and (7) can completely determine the shape of the caustic if

such a curve is formed on the screen. Evidently, in several cases eq. (8) may
have no roots.
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An Application

As an application of eqs. (8) and (7), we consider the problem
of an equilateral triangular isotropic elastic plate of height 3c and flexural rigi-
dity D loaded by bending moments of intensity M uniformly distributed
along its boundary. The deflection w(x, y) in this case is given by [9]
€ w(x, y)= Tét—fbv(xf”—ch?—3xy?—3cy?+4c3), M>0.

By inserting this expression into egs. (1) and (2), we find
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From eq. (11) it is clear that the initial curve of the caustic on the plate is
a circle of radius

2D
12) r=cC—M~—ll,

The same results can be obtained more easily if egs.(8) and (7) are used
together with the expressions

(13) PO=—"p D= igp(+4e?)

for the complex potentials @(2) and x(z) [9].

Some Remarks

The use of complex potentials for the solution of bent plate
problems is well-known long ago [7—9]. Besides the theoretical results con-
tained in these references, a series of stress concentration around holes, where
caustics are generally created, have been treated by this method (by assuming
the validily of the classical theory of bending of thin plates) in ref. [9]. Re-
cently, Tamate [10] has considered crack problems in the theory of bending
of thin plates on the basis of the theory of Reissner and using complex po-
tentials. The results of Tamate are interesting not only because the method of
caustics is particularly appropriate for the study of crack problems, but also
because he formulated these problems through complex functions by using the
concept of dislocation distributions. Such a formulation can be proved quite
effective for the treatment of almost all general plate bending problems, simi-
larly to what has happened in plane elasticity problems. The method of caus-
tics seems to be one of the most powerful experimental techniques to be used
together with theoretical results (e. g. for the estimation of stress intensity or
stress concentration factors).

50



©o® N o W

References

. Theocaris, P. S, Local Yielding Around a Crack Tip in Plexiglas. — Journal of Applied

Mechanics, Vol. 37, Trans. ASME, Vol. 92, Series E, 1970, pp. 409—415.

. Theocaris, P. S, Constrained Zones in a Periodic Array of Collinear Equal Cracks. —

International Journal of Mechanical Sciences, Sciences, Vol. 14, 1972, pp. 79—94.

. Theocaris, P. S,, The Topography of Entirely or Locally Curved Surfaces Studied by

Caustics. Scientific Publication of the National Technical University of Athens,
Athens, 1977.

. Theocaris, P. S,, Gdoutos, E. E., Experimental Solution of Flexed Plates by the

Method of Caustics, — Journal of Applied Mechanics Vol. 44, Trans. ASME, Vol.
99, Series E, 1977, p. 107—111.

. Theocaris, P. S, Caustics Created from Simply Supported Plates Under Uniform Load-

ing. — International Journal of Solid and Structures, Vol. 13, 1977, pp. 1281 —1291.

. Theocaris, P.S, Kafritsas, J, Symmetric Bending of Cracked Plates Studied by

Caustics. — Experimental Mechanics (under submission for publication).

. Green, A  E, Zerna, W.,, Theoretical Elasticity (2nd edition), Oxford University Press,

Oxford, 1968.

. Solomon, L., Elasticité Linéaire, Masson et Cie, Paris, 1968.
. Savin, G. N., Stress Concentration Around Holes, Pergamon Press, Oxford, 1961.

10. Tamate, O., Two Arbitrarily Situated Cracks in an Elastic Plate Under Flexure. — /n-

ternational Journal of Solids and Structures, Vol. 12, 1976, pp. 287-—298.

Submitted 28 October 1978

o1



