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Elastic-plastic torsion problem of a cracked plate
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1. Introduction

Elastic — plastic analysis of near crack tip stress fields is of
immediate relevance to the fracture mechanics. Progress has been made in
some important two-dimensional problems of tensile loadings opening a crack
in a hardening material (Rice and Rosengren, [1]; Hutchinson, [2]) with the
aid of an analytical technique, based on asymptotic considerations and the
usage of the well known energy line integral J, proposed by Rice [3].
Recently a certain path independent energy integral Jp has been suggested
for the class of problems of pure bending of thin cracked plates and succes-
fully used in the frames of an analogous technique in solving the small scale
yielding problem of pure cylindrical bending of an elastic-plastic cracked
plate [4].

The present investigation concerns the plastic stress and strain concen-
tration in the vicinity of the tip of a crack in an elastic-plastic plate with a
power type hardening law of the material, subjected to pure torsion.

2, Path independent integral

Consider the equilibrium state of a thin plate containing an in-
ternal straight crack of finite length subjected to pure bending (or torsion).
A Cartesian coordinate system Ox,x, is introduced in the midplane of the
plate so that the crack line lies in the Ox, axis.

The well known geometrically linear Kirchhoff plate bending theory is
applied, i. e. the relations between the curvatures of the plate mean surface
ki/(x;, x,) and the deflection function of the mean surface w(x,, x5) are

: _ azw(xI»xZ)
(1) ki/(xl» x2)*"" ax,-dxj *

Throughout the article indices i and j are assigned to values 1 and 2
(and 3 if specified explicitly). Index doubling implies, as usually, summation.

The bending moments M;,(x,, x,) and the transverse shear forces N;(x,, X,),
defined according to Kirchhoff’s plate bending theory, satisfy the equations
of equilibrium
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=0.

The material of the plate is isotropic and elastic which implies that the
energy density U(k;;) excists as a single-valued function in the curvature space
and is defined as

k i

(3) U(k,]):f IMm,, dkmyz

1]

The crack surfaces are traction free.

Let L be a simple curve in the plate midplane connecting two arbitrary
points of the opposite surfaces of the crack and encircling the tip of the
crack. n; and ¢; are the direction cosines of the outward normal and the tan-
gent unit vectors of the path L. & denotes the arc length of the curve L.

Then as shown by Mihovsky [4] under the above made assumptions the
line integral
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has the same value for all paths L surrounding the crack tip.
Furthermore a detailed proof excists [5] of the validity of the relation

or
5 Jg= =
< ) B aLc

where P is the potential energy of the bended plate and L, indicates the cur-
rent crack length.

3. Basic assumptions

The plate under consideration is assumed to be infinite in both
directions. The interval [—/,, L, along the Ox, axis is assumed to imitate
the real crack. A system of external uniformly distributed purely torsional mo-
ments is applied to the plate at infinity (as |x; — o) so that the only non-
trivial components of the stress state are the moments Mo(x,, o0)=M, where
the constant M represents the linear density of the applied torsional moments.

The material of the plate is elastic-plastic. Let 7, and E, be the equiva-
lent shear stress and shear strain respectively defined by the deviatoric stress
and strain components s;; and e;; as 273:3[.-,5,-, and E?:Qe,-,- e;; (this is the
only case in which the indices i and j assume values 1,2 and 3). Besides being
incompressible, the plate material is assumed to harden according to a law of
the type used by Hutchinson [2], namely

1

A1+ 7,\"
(6) Eo= X0 7y agl (1),

e

where 1/m=1 is the hardening exponent, A is a small non-dimensional para-

meter, £ is Young’s modulus, » is Poisson’s ratio (incompressibility implies
5] C ] 5 s 5 .

v=1/2) and T, and E. are the yield stress and strain in shear, respectively.
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Since this study deals only with the near crack tip zone of stress and
strain concentration the elastic strains are meglected. Thisresults in the follow
ing short form of the hardening law (6) )

(7) T.=VEZ,
where V is a material constant defined as
®) V= TAAE) ™.

Note that incompressibility is not expected to be a poor approximation
for moderate strain hardening as plastic strains are incompressible.

As long as the resulting near crack tip solution involves proportional flow
and unloading is not supposed to occur the deformation theory of plasticity
will be applied, i. e. the relations between the moments M;; in the plate and
the curvatures k;; of the plate mean surface will be

) M= Dk (ks + k),
where J,, is the Cronecker delta and
(10 k="Fydy,
vamte
(D D=stmray
(12) k?=R3 + k2, + R2,+ Ry oo,

. The quantity %~ in (11) means the plate thickness.
The present analysis will be restricted to the case of small-scale yielding.
In this case a special boundary layer formulation is known to be possible for
defining the near crack tip elastic-plastic field (Rice, [6]). This implies that the
actual boundary conditions at infinity may be replaced by a boundary layer
type requirement for an asymptotic approach to the elastic stress distribution
at large distances from the crack tip. It follows from the above and from the
applicability of the deformation theory of plasticity (which is in fact a non-

linear elasticity) that the following equation is valid:

(13) Jae=Jgp

The quantities Jz, and Jg, in (13) are the values of the integral J, for
the paths L, and L, of integration chosen in a way such that L, is entirely
in the elastic region at some distance from the ¢rack tip and L, lies within
the near tip plastic zone.

Choosing a circular path of radius » for evaluating the vintegral Jz one is
led to the conclusion that the product M;;k;; of moments and curvatures re-
sults in an 1/r singularity at the crack tip as »— 0. Within the range of this
assumption and keeping in mind the possibility of an asymptotic power series
expansion of the solution, it is assumed in addition that the following presen-
tation of the moments M,, and the curvatures k; in the vicinity of the crack
tip is valid (as expressed in a polar coordinate system r, 6 with its origin at
the crack tip)

(14) Myy=r fPO), ky=r=fD (0),

where the power exponents s, and s, and the sets of functions f{) () and f2(5)

are to be determined. Equations (14) actually represent only the dominant
terms of the above mentioned expansions., These terms will be considered.
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Finally it is assumed that the crack surfaces are not in contact with one
another.

It should be noted that all the above made assumptions under which the
problem will be considered are quite common in the fracture crack mechanics
and their applicability is considered in detail by a number of authors such as
Rice [6], Rice and Rosengren [1}, Hutchinson [2], Mihovsky [5]. Because of
this their analysis will not be discussed in detail in the present paper.

4. Crack tip singularities

With equations (1) and (9) in mind it is easy enough to prove that
expressions (14) are nothing else but a result of the deflection function pre-
sentation in the form

(15) w(r, 0) = KrsF(0),

where K is a certain multiplication constant introduced for convenience. It is
quite natural to inlerpret the right side of eq. (15) as a dominant term of the
asymptotic expansion of the deflection function w(, 0).

In view of eq. (15) the elastic-plastic torsion problem of the considered
cracked plate is reduced to the problem of determining the constants K and s
and the function F(0). With the function w(r,6) already determined the distri-
bution of the momenis M, ,(r, 6) and the curvatures k;(r,) could be obtained
on the basis of equations (1) and (9).

Let L, be a circle of a sufficiently small radius R (with a center at the
crack tlp), which lies within the region where eq. (15) is valid. Then eq. (4)
yields

(16) Jp=Risevs [ fioya,

where f(0) is a certain function depending on F(8). According to the path in-
dependence of the integral Jp it should be required that

1+5;48,=0,
which together with eqs (7) and (1) implies that
bl om o 1
(17} S=TFT ST T arr ST Ty

Inserting the moments M,;(r, 6) (expressed with the aid of eqs (1), (9)
and (15)) into the equations of equilibirum (2) leads to the following fourth-
order non-linear differential equation for the function F(h):

(18) P+ G P e (P Q)+ 4 QY2+ 2~ 5)F)

H+O

[(28° — 452 138) F - (4 —8)F"] + ”"’,3 HH?+ Q)rz}___O,

where

(19) p:mgl’ He—- 1, {S('SS_I)F+F11 , Q:%£F2+F’2.

s—1
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. The multiplication constant K is determined from eq. (13), where accord-
ing to eqs (1), (9) and (15)
(20) Jgp=DK"t(s —1)mt1]
with / defined as

% m+1
2 5 1 . P
@ I= f{?an HI4+Q) ¥ cosbt o (sF cos 0—F sin6)[(3—28)7,

7

—My+ 2/171;0]} df

and the “moments” /W,,(e) defined according to the relations

(22) Myy=—Myr " DKm(s—1)m.
The value JB, can be calculated as
2
Jg, KUt
¢~ "3E@3+»)

or for the case of an incompressible material (»=1/2)

hK?
7E

’

(23) Jpe=

where K,=6Mh”2\/az[,g is the stress intensity factor for the similar pure elastic
problem.

Eq. (18) is solved over the interval [0, ). The boundary conditions which
are to be imposed must provide a solution of eq. (18) corresponding to a de-
formation asymmetric to the crack line. This asymmetry requires that both
w(r,8) and kg(r, 0) should vanish at 6=0, which (according to eqs (1) and
(15)) is to say that

(24) F(0)=F"(0)=0.

It should be noted that the multiplication constant K introduced in eq. (15)
allows the value of F(0) to be chosen arbitrarily, for instance

(25) F(0)=1.

The traction free crack surfaces require that the terms M, and N,+ odM,,/0r
should vanish at 8=n. It is not difficult to check that these two boundary
conditions imply one another in the frames of the assumptions made above.
A more detailed analysis (Mihovsky, [5]) shows that it is sufficient to use the
condition

(26) H(m)=0,

where A is determined according to (19).

As a result of.the above the problem of evaluating the function F(8) ap-
pears to be a boundary value problem for the fourth-order differential equation
(18) with boundary conditions (24), (25) and (26).
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5. Numerical computations and results

For the numerical solution of the boundary value problem for
the differential eq. (18) Hamming’s predictor-corrector method (Ralston, [7]) of
integration was used. Since this method is not self starting a fourth-order
Runge-Kutta procedure was used for the first three steps of integration, thus
providing the starting values for Hamming’s method of integration. Because
of using the Runge — Kutta method the boundary value problem was reduced
to an initial value problem, i. e. starting values of F"’(0) were selected such
that together with equations (24) and (25) a shooting procedure should result in

H(m)=0,

thus satistying equation (26).
The integration in (21) was performed by using a simple trapezoidal rule.
In the course of the numerical computations the quantities F(8), M;;(6)
and R(H) were evaluated for a large set of values m, of the hardening expo-
nent m (0<m,=1), where the function R(0) was determined as

@7) RO)= VIzih [RK(s—1) (H?+Q) Tm+ 1.

It is not difficult to prove that if 7,=T¢ the function R(U) determines
the shape of the boundary of the near crack tip plastic zone on the plate surfaces.

Fig. 1 shows the dependence of the function F(6) on the hardening ex-
ponent m of the material of the plate. It can be observed that with the va-
lues of the exponent m decreasing, a noticeable smoothing of F(J) or of the de-
flection function w(z, 6) (see eq. (15)) takes place. This smoothing effect is ana-
logous to the one observed in the case of pure bending of a cracked plate
(Mihovsky,[4]). This effect is quite natural and can be explained by the re-
duction of the plate stiffness due to the plastic stage of the material. It is
further noted that the function F(9) is symmetric about the point 6=w/2 (and
respectively 6=—=/2) and assumes an almost sine-shaped form for small values
of m, which approximately corresponds to the case of an elastic-perfectly-
plastic material.

An analogous case of smoothing is also observed in the distribution of
the “moments”/M;;(0) as shown in Fig. 2a, b, ¢, d. It should be noted that with the
values of m decreasing, the stress state exhibits a well pronounced steady
approach to the state of stress drawn in Fig.2d. The latter is defined by

asymmetric M«0) and M,,(8) and symmetric AM,(6) distribution with respect to

= +ax/2. Since the values of M, and M, are
close to zero in the regions surrounding the
axes 0= +n/2, the stress state in these regions
can be interpreted as pure bending. This stress
state can be accepted as an approximate solu-
tion of the elastic-perfectly-plastic problem, since
the further decrease of the values of m does
not affect it significantly (computations have
been performed for m decreasing to 0.0005).
In Fig. 3 the dependence of the func-
0 x2 o b tion R(6) (eq. (27)) on the hardening expo-
. : nent m is shown, i. e. the correspondence bet-
glflg. slt}aif”"ﬁigﬁmgeixﬁfﬁﬁf {;lzme ween the boundary of the plastic zone, appear-
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Fig. 2 (a), (b), (¢) and (). § — variation of “moments” /ﬁ;—, at
crack tip for different values of strain hardening exponent m

ing at the crack tip and the different values
of m is exhibited. It is well observed that
the decreasing of m is actually a process,
which implies a permanent almost isotropic
contraction of the plastic zone. Accord-
ing to the computations the plastic zone
is symmetric with respect to 0==En/2
for values of m equal to 0.005 and smaller.
With this in mind, together with the fact
that the plastic zone is also symmetric with
respect to the-crack line it should be con-
sidered that for small values of m the
elastic-plastic boundary has the shape of

Eig. 3. Location and shape of the near
crack tip elastic-plastic boundary

a flattened circle with a centre

located at the crack tip and with aratio between the smallest and the largest

values of its radius approximately equal

to 0.6. This result could also be

usefull when the corresponding elastic-perfectly-plastic problem is solved.
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