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1. Introduction

It has been experimentally established that when a fluid is set
into oscillations, as in the presence of a sound source or an oscillating boun-
dary, steady streaming motions are generated under certain conditions. Stream-
ing of this kind had already been reported by Faraday [1] and Dvorak [2]
in the last century. A theoretical explanation of the phenomena associated
with the above experiments was given for. the first time by Rayleigh [3] and
Carriére [4]. .

In 1932, in a theoretical work, Schlichting [5] found out a solution perio-
dic in time by the approximation method of the two dimensional nonsteady
boundary layer equations. It was found that the boundary conditions at the
oscillating cylinder can be satisfied,and that at the large distance the tangeu-
tial component of velocity is finite but not zero. Unable to satisfy that condi-
tion he relaxes it to a stipulation that the tangential velocity remains bounded
at the edge of the boundary layer. This result indicates that the flow in the
boundary layer which is periodic with respect to time induces a steady motion
at a large distance from the wall of the body. Following the same method of
analysis Lane [6] has studied the problem of an oscillating sphere in an un-
bounded viscous fluid.

If a body of typical dimension a oscillates with velocity U. coswyf in a
fluid of kinematic viscosity », which is otherwise at rest, we can display the
four dimensionless parameters which have appeared

U, — U,a L2
== 2::—0 = haid = 2
P M —, Re=——, Res s

We are concerned furthermore with the situation e<1. Physically this condi-
tion implies that the amplitude of the oscillation is small compared with a.

In 1965 Wang [7] examined the case of an oscillating sphere when
Res=0(1), but he did not determine the structure of the outer steady streaming.

Recently Riley [8—11] has studied many problems related with the vibrat-
ing bodies in an unbounded fluid. However, many points remain to be
answered. One of them is what is the behaviour of the steady streaming in the
case of the bounded flow?
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In 1976 Di Prima and Liron [12] have solved the problem of torsionally
oscillating sphere in an unbounded viscous fluid.

In this paper an examination of the transient motion of the fluid contain-
ed between two concentric spheres is presented. The outer sphere is assumed
to. remain at rest, while the inner one is forced to-execute a torsional oscilla-
tion. The unsteady motion of the viscous fluid due to the torsional oscillation
of the particle (inner sphere) in a container (outer sphere) is of interest as a
guide to the importance of wall effects in the motion of a single particle. Of
particular interest is the behaviour of the steady streaming in the case of the
bounded flow.

2. Formulation of the problem

Let a viscous incompressible fluid be contained between two
concentric spheres of radii r==a and r=& (a<<b). The inner sphere is forced
to execute a torsional oscillation with frequency w, and angular amplitude ¢; thus,
the angular velocity of the particle is Q,=ew,e’>?, where £ is the time. Here
and what follows the real part of any complex quantity is to be understood.

It is convenient to use spherical polar coordinates 7, 6, ¢ fixed in the
container, which is assumed to remain at rest. Here r is the radial coordinate,
B is the latitudinal angle, and ¢ is the longitudinal angle. We shall suppose
that the amplitude of the oscillation is small and seek a solution of the equa-
tions that is independent of ¢.

The velocity components (v, v;) are related to the stream function y by

, 1 oy , 1 oy
(1) U= Vasme o0 YT " Fsime or
Non-dimensional variables and parameters are now introduced according to the
scheme

w0a2

(2) r=ar, t'=wg, V=tdPw,¥, v=swav, M=

The governing equations of unsteady-state motlon for an mcompressmle
Newtonian fluid in terms of non-dimensional variables are :
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Here
sing 0 1 o7 e
DQT’“ drl 2 "56_( sin® 09 )' Q=rsinb w,
and w is the rotational speed.
The boundary conditions are
v - = L
)] y="=0 at r=1 andr=i= —
©®) Q=r?sin’0e!<(w=rsinbe’s) at r=1
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(7 Q=0  (w=0) at r=..

Reference to equations (3) and (4) shows that except the primary tlow in
torsional direction there will be a secondary flow in the planes containing the
axis of oscillation. Mathematical complication of the problem (3)—(7) do not

permit an analysis for arbitrary frequency. The parameter %/I measures the

thickness of the Stokes layer O(V——;) relative to the radius of the inner

sphere. When M1 the space between the spheres is divided into three sepa-
f 172§
rate but overlapping regions: i) two Stokes layers of thickness O(( 5, ) ‘ ad-
jacent to the particle and container, and ii) an intermediate region between
the two boundary layers.
We introduce the following variables

7 —1 pe P -'
(7) - (r— 18 \/? v
in the boundary layer around the particle and
_ . M M
&) = (A- r':/_2., zp*'F[_, w

in the boundary layer at the container.
For small ¢ and large M , the boundary value problem given by equa-

tions (3)-—(7) can be solved by expanding in ¢ and /:4 . We suppose that

) 1
9) FzFoo“‘“""M’:‘Fm'f'w (Flo 4F11+ ) T
where
 Felw, ©, o,
(10) G| Goot e Gorot - |+ Grot g Gt [+,

where

G::IW) III’ W"
3. Construction of the solution and results

Substituting (7) and (9) in equation (4) and equating the terms of equal
powers of the angular displacement ¢ and frequency parameter
the equations:

G Ve obtain

(1) : 2 .,";'fo - 030;30 =0
(12 G0
(13) R T 2(1—;,2)‘*’“’09
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14 =t | €=0, 1,9,

First, the zero approximation of the circumiferential velocity is computed”
Using the method of matched asymptotic expansions we have found

(15) woo=E(1—pe",. wy=0, wo=—(1—)nE(1—ue's

Qoo = 901 = 902: 0, }-000 = 501 = f—l;oz =0,

where u=cos § and E=e—(1+in, -

Then, these results are used in computing the first approximation to the
pumping motion. S

The stream function of the secondary flow satisfies the equations

(16) T o0 e =Sy o
a7) e
+2s‘i:§:90 @oo d:;:l ﬁﬁ?ﬁoﬂ"“ 01 d;;m —s?::/ 3 @oo 537900
(18) R pre S (B S BT ) G
12y Do+ 0 S
" %ﬁ%& wnz‘%”%g% woo'%ﬁ‘f“‘sis—r;z; woo‘aa—czoﬂ‘

The equations for xg, 16, and z, are like equations (16)— (18).
In the region between two boundary layers we will have

d 1
(19) D)= D,
where _
i 1
Y= Too'-f*m—l- 3[’01-#]—;4? Yoot ...

We expect ¥, to contain a term independent of « in addition to the oscillat-
ory ome: -

(20) | o= P 1 et P,

where the superscript (s) denotes steady and (u) unsteady. The equations for
the unsteady and steady parts of ¥, are

(21) DWE=0, DPP=0, DV~ = DAww
DWER=0, k=0, 1, 2.

The corrections w,, Q; and w, of the circumferential velocity of the pri-
mary flow hold the equations B aE s
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Some terms of our solution are given by the next equatlons

(29)

(30)

(31

where

(32)
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Fig. 1. M=50, A=oc TIME==[2 .
The secondary flow streamline pattern

For conciseness the other terms of the solution are not recorded here.

It is interesting to note that according to the equations (15) and (29)—(33)
the rotational speed is not equal to zero only in the Stokes shear layer at the
surface of the oscillating particle. At the same time the secondary flow in the
planes containing the axis of oscillation has the velocity components which
are not equal to zero in the two Stokes boundary layers and between them.
The reason for this is the existence of the steady streaming in the periodic
boundary layer. At a large distance from the wall of particle the velocity of
this streaming does not vanish.

Fig. | shows the secondary flow streamline pattern at M=50 in the case
when there is no container. Since the centrifugal force is greatest in the neigh-
borhood of the equator of the oscillating particle, the velocity of the fluid
is directed  inward along the pole (#=0) and outward at the equator

0 =i;—) In the case when there is a container (fig. 2) the fluid is sucked in

along the poles, expelled at the equator to the container’s wall and after that
again approaches the poles. In this way, combined with the motion about the
axis, there will be a circulatory motion in planes containing the axis of osci-
Hation. ;

At leading order the induced secondary ilow consists a steady streaming
and a flow proportional to the first harmonic of oscillation, exp i2s. Figs. 3
and 4 show the stationary streamiine pattern at M=20, 1=1,5 and M= 20,
1=2,5, respectively. The effect of finite amplitude on the torque exerted on a
torsionally oscillating particle in a viscous fluid in a container is given by the
equation. ’

T: T0+ A,
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M=20
i=15

Fig. 2. M=50, d3= o, TIME=x/2
The secondary flow stre mline pattern

= M=50
' h=15
{(IME=n/2

Fig. 3. M=20, =15
The siationary streamline pattern
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Fig. M=20, 1=2,5
The stationary flow streamline paitern
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Fig. 5 M=20 TIME=a/4 [W“ﬂ_—x]

The forgue N, as a function of 4, where N, is the torque for i =



where 7To= — i

unbounded viscous fluid and
A= T, r3r{0.33146(1 — 424259 274474

| M| 12
8 68290 0, 00579 5,85319
*m?‘) COS(t‘Jral)'-*- (] — lMl )

. €0S (3t4=a2)+0(|M|2, 713—)}

Here . ,
002285 _ 141197 084705 o L 1
=TT T T M TR B
and
")85319
Q=N +0( M a)

N [Mi is the torque of the torsionally oscillating sphere in

This formula gives us the wall effect on the torque of the particle which is
too weak. Fig. (5) shows as we can expect that when 4 increases the effect
of the container’s wall on the torque decreases and asymptotically tends to the
torque of the torsionally oscillating particle in an unbounded flow. So, our
analy51s of the flow field induced by the torsional oscillations of a small par-
ticle in a spherical container includes the Di Prima and Liron’s analysis as a

particular case — when 1 — oo,
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