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A method for treating two-dimensional thermophysical
problems in regions with complex geometry

J. Popov, St. Bushev

In paper [I] a method was developed to treat the filling of a cavity with
a viscous uncompressible fluid. The substantial part of it was the construction of a
metric mapping from the Euclidean space of the real process into a Riemannian space
so as to geometrize the continuity equation. Along with this a boundary {fitted coor-
dinate system is obtained, which carries some information about the peculiarities
of the flow.

In the present work the method of construction of coordinate systems, developed
in [1}, is applied to regions with complicated geometry. In it the thermophysical pro-
blem (this implies cooling and crystallisation) for a cast is treated and numerically
solved. The joint treatment of hydrodynamic and thermophysicl problems in one coor-
dinate system is convenient for practical applications.

In order to do the presentation self-sufficient,
in section I we describe the method of constructing the
coordinate system and metric from [I]. The components of
the metric tensor in the whole region are obtained as
functions, defined on one of the boundary surfaces
which further is called basic (the surface S!' on
Fig. 1). In section 2 these components are obtained in
an explicit form in two-dimensional region with a
static geometry.In sections 3and4 the finite difference
scheme and the form of the boundary conditions of
II and III kind are obtained for equation of heat trans-
fer. The presence of coordinate effects requires in-
creased accuracy in the realization of the numerical
scheme. That is why the coefficients of equation (II)
are computed on an auxiliary grid with smaller step
and afterward are averaged between the points of the
principal grid. In section 5 the process of crystalliza-
tion in an interval is described by the method of the
equivalent heat capacity. In order to evaluate Cx(T)
from (24) at the ends of the interval of crystallization
(where it’s influence on the process is stronger), a
phenomenological model, developed in [5], is used. In  _.
the last section the results from the numerical compu-
tations are presented. Fig. 1
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i. Construction of the Riemannian space. Equation of heat transfer

.  Further the Greek indices o, B; ... take values @, B,... =1, 2; the Latin
indices £, j, k... =1, 2, 3.
) Let us consider a medium, bounded by two surfaces S' and S2 at a distance
h(x!, x?), measured on the normal of S', where x! and x? are the curvilinear coordi-
nates on S. The metric space is constructed as a direct product of a one parameter
family of surfaces § with metric, congruent with the geometry of S' and S2, and the
field of the normal to S! vectors. Let r, are vectors in S, tangent to the coordinate
= ZR“’ where R is the vector from an external coordinate system K to

X

the point Q on St The metric on S* will be g,s=(r, 75), where the scalar product is

curves x%: 7,

oX?

defined by the external Euclidean metric in K, Then A/]Q=r : P is the unit vector
&7

at the point Q on S'. The components of the second quadratic form on the basic sur-

face S! are b,p=—(N,, 7P), [4]. We parametrize the intermediate surfaces S by x,0<x

=<1. Then for two points 4 and B on S, located over P and Q on 8%, is deduced:

Rp=Rp+xhNp; Rp=Ro+xhNy.
Let P and Q are located on the coordinate curve x® It follows that on s

= _ x{hgNg—h,N,)
) Fa=rot I =207

=r,—xhbir.+xN(V h, 1,)

The metric Gop on S is derived from (1):
@) Gup=Twr Tp) = Qut—25hbap + X220usb}+ X7 bty 1N(TH, 1)

We choose x as the third coordinate. The metric of the Riemannian space
1

(3) becomes: Gap=(Ya ?ﬁ); Gop =— Xk (Th, fa)/GoE: Gyz=H2.
The equation of heat transfer, written in the metric (2, 3) is:

@) ep L MG T+ GT, - 2G2T, )+ G T+ GO T 1,

1 1 1

L L L 1 1
+G(T, b+ ka,x)+7~[(02 @) T+ (G* @), T, +(G° @) T, +(G* G*9),, Tm]/ G .

2. Derivation of the metric

1
Let r=(x2+ y2)? =0(2) is the coordinate curve on S', with values in K.
We compute the differentials of coordinate curves:

5) dr=B(2)dz; dn®=dz%(1+ B?).
If dr' and dr? are two orthogonal vectors on S, their components in K, are:
drt=r(—sing, cos g, 0)do
6
© dr2=—LT_—(B cos 9, Bsine@, Ddnl
(+82°
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The scalar products of dr' and dr? define the components of gup:
1
g11=72, g22——_—1, g2 =Y.

Also in K, we obtain the components of the normal vector NV and of it’s derivatives
along the new coordinate lines:

N= drlfdrz o e —(cos ¢, sing, —B)
(7 0N = 1 —(—sin @, cos@, 0)
(1 —1—32)2—
0N =— B < (Bcosg, Bsing, 1),
(1+89>

where B=0,B; 0On= ! —0z. The second quadratic form is derived from (7) with

(1-+B2)
the formulae buﬁz——(N,a,rﬁ):

1 B

®) by=——, b= bn=iygs Oi=bw

(1+B2)? (14 B

From (5)=-(8) the components of the metric tensor (3) in the region are computed as
functions, defined on S':

2 B 2 .
Gll=(l'+x h l-_) H Gggz(]._x —"l_l_hB' 2) +(xh)2‘
(1487 _
033: h?; 023= xhh
3. Finite difference schemes for the equation of heat transfer

The equation (4) is written down in a coordinate system (x, n), applying
a three point discretization with a varying step, [3, 6, 8]. The points along n are mark-
ed by the indices J=1,..., NY, and along X — by indices K=1,..., NX.

o ofRUFD)—RM)  RUH—RUI—~1) !
BU) =2 F7 =200 — 20201

©)

1
(ZU+1) —Z (J—1)) (14-B3)?

(10) W)= (R(J+1)—h(J—1)/(An(J+1)—An(J))

1
AN =((Z()— AT+ D))+ (RU)—RI+ 1)) .

From (10) the components of the metric (9) are determined. For the internal points of
the region and at A=const, we obtain from (4):

(1) ¢p % Ky=—r——————{| AU+ LRNTU+1, K) =T, K)—AU; KXT(, K)
G? (J+i,1<+7

—TU—1, K|z + [BU K+1)(TU;, K+D—TU, KN—BU, KXTU, K)
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— T, K=D)L+ [CU—1, KN TU—1,K—1)—T(J—1, K+ 1)—CJ+ LK) (T(J+1,K—1)
Ax
—T(J+1, K+1)+C(J, K=1YT(J—1, K—D)—T{J+1, K—-1))
—CC, K+)(TU, K1) =T U+1, K+ Do)

The components of the metric (9) are computed in an auxiliary and more dense coor-
dinate grid, and then are used to obtain the coefficients 4, B and C:

AU+1, K)=24(Gur( S5, K) G [T+ K))%/(AH(J)G;Z (, K)+An(J/+ 1)0;“(/+ 1,K))
BUJ, K+1 )=2x(0;1(1, K+ ) Gon (4, K+ %))%/Ax(ai () K+1 )+Gl‘§3 (h K))

1
CU, K)=2G2(J, K)G (J, K)/2Ax.
For the boundary points in the direction of x we deduce:

(12) Cogy (s K)o {[AU+ L K) (U1, K)=TUL K) = AU KXTU, K)
og (J+—2-. K+

—TU—1, K)A)+[BU K+1XTU;, K+D)= T, K)—=DWs KXTU, K) — TS0

+[CU—1, K)(TU—1, K—1)—T(J—1, K)—CU+1, K)(TU+1, K—1)—T(J+1, K))
+C(, K—1)(T(J—1, K-1)—T({J+1, K—1))—C(J, K(T(J—1, K)

1
—T(/+1, K))] An (J=1)=An() }’

1
where D(J, K)= Gn((J, K +—;—~) Ggg(j’ K+ —é«))g The other boundaries are treated

similarily. Let 7S() be the temperature of the surface, which is determined by the
boundary conditions, which are in the general case:

(13) AL o FouTls=agT%
After a three-point approximation of %%:IS* by Lagrange polynomial:

_ A AT, 1)—T(J, 2) 3 A
a T8 ()= (00T 57 = (@ T D= )

where 7¢ is the external temperature. On the suface S% the expression for 7T5(4) is
more complex. It will be derived in the next section.

4. Coordinate effects

It could be seen from (9) that the coordinate system is not orthogonal.

This creates fictitious heat fluxes, which are compensated by adding to every element
complementary sources, described in (11) and (12) by the terms, containing C(J, K).
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Another problem, resulting from the coordinate effects, is the derivation of the
boundary conditions of I and Il kind. The normal derivative (77, n)|s: does not coin-

side in direction and value with the derivative % Let:

1 or 1 _or
(15) (VT Ms=—5zle; (VT Wl =—1 57ls

6332 G222 .
The derivative (77, n) |z could be represented as a linear combination of ‘the two de-
rivatives (15):

or Afx, n) oT Ay(x, n) oT
(1) T S TR G Y
Ggs? (x,1) Gay® (1, M)

In order to determine the coefficients A;(x, n) and Ay(x, 1), we introduce the distance
R(x, m), measured in K, to a point on S? with coordinates (¢, 1, x), R(9, n)=r(, n)
+xk(M)N(m). Then two basis vectors on S$% will be:

(17) Ra(p:rs(p“_kaycp; Rm:r,n'i-Xth‘i‘x}l,n]v.
From (5)+(7) we obtain:
Nio=(N+Bry)/(1+B?)

18 . .
e Nin=—NBB/J(1+ B?* + BB(BN—r.)/(1+ B?.

It follows from (6)aud (7) that reXrm=|7|N; reXN=|r|tm; rmXN=|r| e For the
normal vector n to the surface S? we deduce that:

(19) RuoX Run=(1—xhBJ(1+ B2) | F|N—x(h+ kBBI(1+B®)+ k) | r| 1
1

R, XR ? ; 2
X550 (1 — xhBJ(1 -+ BY)N — xhr )| Gon

N=—g—am—
| R’(PXR,T] !

Now the flux of the vector sy T across S? can be computed:
‘ 1

O, [GY¥h(1—xBA)(1 +B2) T, — G2xhT ] /(G2 .

on|s2

{20)

It follows from (9):
Gp=(1 "XhB/(l +B2) + G/ Gy

1
(21) B, = (1—xhB|(1+ B2))/Gz:
1 1

xh|Gh= (1 — B2

The derivative could be determined from (20), (21):

or
on s

(22) Lt

1
ol =GB T —G2(1—B2Y T,n.

‘When the rélations G2= L 5 and ng:G 1ﬁ2 are applied to (22) we come to the expres-
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sion for the boundary condition of the Il kind on S2:

) 1
3 oT RPN
@) MO Ly, T =, 205 G 2E
Now the temperature on S® can be computed:
1 1 1
7 7 AT(J, K)—T(J, K—1I 3MG33)?
Fhom [T 10 G (9 T e tsJ oyt 10-30F)

5. Description of the process of crystallization

In the present work the process of crystallization is described by the
method of equivalent heat capacity. Let L be the latent heat of crystallization and xg—
the solidified volume fraction in the two phase region. From (4) follows:

or ox
Cpa—=v7».vT+pL—a—£—g
(24)
aus oT
p( c—L W)Yz vAr. T
Consequently the equivalent heat capacity is (12):
0
Cp=C—L 2

In order to obtain an expression for x((¢, 7), we use Kolmogorov’s formula:
t

(25) %s(t)=1-—exp (—- J’ Jw (t-«t)dt),
0

where J(f) is the velocity of appearence of new nuclei of crystallization, and w(f) —
the volume of the solid phase, [5]. Let 7 is the temperature of crystallization and
8T=T,—T is the temperature of overcooling. In (5) the dependence of J(¢) and w(f) on
8T was determined. To the first term of the power series expansion of xuy(T) in re-

spect to 87
#s = BAST)STo (At)
0 |8T | >AT
(26) J@T)= {
A8T? |8T|<AT

where Af, is the time from the beginning of crystallization, p and A are constants.
We suppose that the process of crystallization is over at temperature T=T,—AT, AT
is determined in the experiment and the constants A and f — from the requirement
of energy conservation. The expression for Cg is derived from (26):

Co=C+6LAT+STISTIAT? To—AT<T<T
i T>Tg; T<To—AT

6. Results

A computer program for the numerical solution of (4) was realized. Solu-
tions were obtained for some cases. The model example of cooling of a ball, Fig. 2, is
interesting because it demonstrates the coordinate effects, described in section 4. The
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solution without the additional terms differs from the exact one by scores of per cents.
When these terms are accounted for, the accuracy rises and becomes comparative to
that of the solution for a cylinder (orthogonal coordinates and trivial metric). The dia-
gram on Fig. 2 gives the relative errors of the solution. On the surface of the ball
the solution practically does not differ from the analytical one, and near the axis Og,
where the grid is rarefied, the error rises to 19/, Fig. 3 and 4 illustrate the solution
of the thermophysical problem in the case of a bell. On the left picture the fronts of
crystallization are drawn at different times from the beginning of the process (in se-
conds) and on the right one — the isothermic curves at the end of the process of
crystallization. The coefficient of heat transfer is designated by e, where a=0,=0a;
from (14) and (23). On Fig. 3 and 4 the effects of different coefficients on the solution
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are seen. On fig. 5 the solution of the problem for a wheel is given. The fronts of
crystallization up to the 18 th second from the start of the process, and the isother-
mic curves at the end, are drawn. One can follow the formation of cavities with mol-
ten metal, where usually the defects emerge. In both cases the metal is conventional,
with T,=660°C, latent heat of crystallization L=95 cal/g, with initial temperature
Ty,=700°C and external temperature 7+=0°C.

7. Conclusions

Many authors treating the problems of mass and heal transfer, have sug-
gested more or less complicated methods of construction of boundary fitted curvili-
near coordinate systems (2, 7, 9, 10, 11). Most frequently these coordinates are obtain-
ed as equipotential solutions of an elliptic differential system with Dirichlet boundary
conditions (9, 10). The shortcomings of such an approach are: a) the coordinate system
does not reflect the peculiarities of the treated differential equations, b) when the
boundaries of the region alter in the process, the problem of updating them becomes
too cumbersome.

In the present work we have demonstrated another approach, in which the coor-
dinate system is generated by algebraic means in the Riemannian space in order to
geometrize the continuity equations. We have shown that it can be applied to the
thermophysical problem. We shall note that greater variety of problems of heat and
mass transfer can be treated in the framework of this approach.
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