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I. Introduction

The steady one-dimensional condensation of a vapor on a plane surface
has been numerically investigated by many authors [I—4]. The methods by which
the problem has been approached can be divided into two groups:

i) Solution of a set of moment equations derived from a suitable Ansatz for the dis-
tribution function of the streaming vapor [1, 2].
ii) Numerical solution of the Boltzmann equation [3] or B. G. K. model equation [4].
The various methods agree in predicting that if the downstream vapor velocity is sub-
sonic only two variables among the downstream temperature 7., pressure Po, and
Mach number M., can be arbitrarily prescribed.

The situation is quite different when downstream supersonic motions are consi-
dered. In fact, the surprising outcome of the moment method by Oguchi and Hata-
keyama [1] was that, in complete analogy with the subsonic case, a relationship among
Te, P and M. is to exist in order to obtain a steady solution. However, it is to
be expected that in the case of supersonic motions, the disturbances originated at the
surface cannot affect the equilibrium solution at infinity. Accordingy, 7w, Pw, and M.
should be three independent parameters. The numerical investigations described in Refs
3 and 4 provided the evidence that other solutions exist in addition to Oguchi and
Hatakeyama’s. In Ref. 4 steady solutions of the strong condensation problem are found
within a region of three-dimensional P.-T- M. space.

In this paper an analytical: approach to the problem is attempted following the
method proposed in Refs 5 and 6 to study a similar problem arising in the theory of
evaporation. The method is based on the linearization of the solution of a one-dimen-
sional B. G. K. model around the downstream equilibrium Maxwellian distribution
function. The solution of the linearized equatirn will be a poor approximatian of the
solution of the full non-linear equation. Neverthless, it will retain some of the proper-
ties of the latter as far as the number of free parameters is concerned.

II. Basic equations

The problem to be examined is the description of the motion of a mo-
natomic gas that occupies the half-space x>0 and moves towards a plane surface lo-
cated at x=0 with downstream velocity U.. It is assumed that the temperature and
pressure at infinity are 7. and P. respectively. The mathematical analysis of the
problem is greatly simplified assuming that the fluid motion is described by the fol-
lowing one-dimensional B. G. K. model [5, 6]:
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In Eq. (1) f(x, &) is the distribution function of the single component of the mole-
cular velocity &. The density, temperature and bulk velocity of the local Maxwelliall
M(x, &) are to be calculated from the density, temperature and bulk velocity of f(x, &)
Since it is assumed that the molecules reaching the surface from the vapor phase are
re-emitted according to the wall Maxwellian distribution function

@) fu= e exp { =g
VorRT, 9RT,
the boundary conditions for f(x, &) are
(3.1) 70, &=1, £>0
(32) lim fix, §)=f=-piz e exp {—Lr=t )
The following normalized form of Eq. (1)
4) (e+Sw) -5 =M, €)—f(x, €)
is obtained setting
£E—Us XV Ux

= eRr. YT Ria T RTw
The solution of Eq. (4) is now written as
(5) F (s ©)=fule) [1+2(Y, c)].

Substituting the expression above into Eq. (4) and keeping only first order terms, the
following linear integro-differential equation is obtained:

(6) (c+Sm)gf,—+h=(l,h)+2c<c, hy+2 (02——%) <c“’———;~, lz>
In Eq. (6) the inner product (®¥) is defined as
. o
™ @ =L [ eoE) ¥
Following case [7], solutions of Eq. (6) are now sought in the form
oy
(8) Ky, c)=0n]c)e ™.

Substituting the expression above into Eq. (6) and taking into account the conserva-
tion equations, the following equation is obtained:

) M—c)@(n|c) =ﬁ— (M+Sx) g(c) e,
where
(10) g(0)=1—-28c+2 (szow;_) (c"—%).
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The function ® has been normalized according to

(11) f o(n|c) e Pde=e".

The solution of Eq. (9) is the ordinary function

_ 1 (n+Sw)glc)en?
(12) o)== F—0

if n is not a real number. In this case, owing to the normalization condition (11) the
speed ratio S. and the separation constant n are related by the following dispersion

equation :
(1) 0, So)=1+{+52) gz ()+2 (N+52) [n (S—5)=S5. | =0,
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where z(n):—:t_— f j_tn dt.

The function z(n_)mcoincides with the plasma dispersion function for Im (1)>0. When n
is a real number, the solution of Eq. (9) is

(14) ¥(n|€) =M dn—e) = (1S2) gl P 75 e,

and the normalization condition (11) is now used to obtain

(15) 7&(1‘[)= Q“(n);rQ‘(n) ,

where Q+ and Q- are the limit values taken by the sectionally analytic function Q
when n tends to the real axis from the upper or lower half-plane respectively. The
application of the principle of the argument shows that Eq. (3) has no zeroes for Sw. ¢ R
Therefore, the result found in Ref. 6 for positive values of S. is also valid in the
case of condensation (S.<<0).

Ill. Half-space completeness

The key step in the present solution method is the possibility of expand
ing the A(0, c¢) for & positive as
(16) W0.0= [ AmE@,dm).  c>[Sa].

| Seo !

Taking into account the expression of y as given by Eq. (14), Eq. (16) is transformed
into the following singular integral equation:

< _n2
(7 MO, )= AONO Hqle) = [ OESRIETAD. gy
Ve | Seo | e
Following Muskhelishvili [8], the solution of Eq. (17) is found in terms of the section-
ally analytic function
1 (N+Sw)e—*A(n)
(18) M= iz | RSO
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which satisfies the following inhomogeneous Hilbert problem:
(19 N+Q+— N=-Q~=(c+8..) e~ #(0, ).
The function M) is then found as

oa

(20) MO =10 gy [ G e,
S

Q—(c) X—¢) c—2

oo

where X(2) is a bounded sectionally analytic function solution of the homogeneous
Hilbert problem:

2n QtXT—Q~X—=0
It is easily shown that the fnnction X(2) is given by the following expressions:
1

! - dc} S°<,<<%)7

1
2

(22.1) X(2)=(z+S..) exp {——Q-f? f 1

oo

1 ) o+ 1 3
(22.2) X(z)-——exp{ o [ 0e 2 ae s.>(3)
| Ses |

In the subsonic case (S.<C\/3/2), the behaviour of X{(2) for large values of z is such
that N(z) will not vanish for 2— oo unless the following condition is satisfied:

(C+Soo) 6—02 _
(23) m—(—c')— h(O, C) dec=0

[ Soo
Since
fwl©)
0, ¢)= Fol) -1,
Eq. (23) represents a constraint on the parameters To/T gy Moo/My S. In the supersonic
case N(z) automatically behaves in the correct way. Therefore, no costraint is imposed
to the downstream parameters from the present linear analysis.

IV. Conclusions

The results obtained from the linearized analysis of the one-dimensional
B. G. K. kinetic model can be summarized as follows:

— The calculations confirm the numerical results obtained in the case of subsonic
condensation. It is found that a steady solution exists only if the three driving para-
meters Pu/P,, To/T, and S.. satisfy the condition expressed by Eq. (23). Of course,
it is to be expected that the results obtained from Eq. (23) will not compare favour-
ably with those presented in Refs 1—4 because of the intrinsic inadequacy of the
model and of the linearization of the problem.

— The linearized analysis of supersonic condensation has shown that the bound-
ary conditions imposed to the solution of Eq. (6) can be satisfied for any combina-
tion of the parameters.

It is worth remembering that the numerical study described in Ref 4 has shown
that, in the case of supersonic condensation, steady solutions do not exist in certain
region of the three-dimensional space of the parameters. The determination of the
conditions on Tw/T,, Po/P, and S., that seem to exist in this case, is apparently
beyond the capabilities of the method presented in this paper,

22



PNOG; mw N

References

.Oguchi, H, M. Hatakeyama. — Rarefied Gas Dynamics, edited by S. S. Fisher, AIAA, New York

(1981), 321.

. Hatakeyama, M. —Rarefied Gas Dynamics, edited by H. Oguchi, Univ. of Tokyo Press, Tokyo

(1984), 509.

Abramov, A. A, M. NNKogan.—Sov. Phys. Dokl. 29 (1984) 763.

Sone, Y, K. Aoki, I. Yamashita, — Rarefiet Gas Dynamics, edited by V. Boffi and C. Cercig-
nani, Teubner Verlag, Stuttgart (1986), 323.

Arthur, M. D, C. Cercignani.— Z. angew. Math, Phys. 31, 634 (1930).

.Siewert, C. E, J. R. Thomas., — Z. angew. Math. Phys. 32, 421 (1981).
.Case, K. M.— Ann. Phys., New York, 9, 1 (1960).
.Muskhelishvili, N I. — “Singular Integral Equations” (Noordhoff. N. V., Groningen 1953).

23



