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Abstract. This work addresses the evaluation of the seismic wave field
in a graded half-plane with free-surface and/or sub-surface relief subjected
to shear horizontally (SH)-polarized wave, radiating from an embedded
seismic source. The considered boundary value problem is transformed
into a system of boundary integral equations (BIEs) along the bound-
aries of the free-surface and of any sub-surface relief, using an analyt-
ically derived frequency-dependent Green’s function for a quadratically
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inhomogeneous in depth half-plane. The numerical solution yields syn-
thetic seismic signals at any point of the half-plane in both frequency and
time domain following application of Fast Fourier Transform (FFT). Fi-
nally, in the companion paper, the verification and numerical simulation
studies demonstrate the accuracy and efficiency of the present computa-
tional approach. The proposed BIE tool possesses the potential to reveal
the sensitivity of the seismic signal to the type and properties of the seis-
mic source, to the existence and type of the material gradient and to the
lateral inhomogeneity, due to the free-surface and/or sub-surface relief
peculiarities.
Key words: SH wave, graded half-plane, seismic source, surface relief,
site effects, Green’s function, BIEM, synthetic seismograms.

1. Introduction

Wave propagation through complex geological profiles is of paramount
importance in earthquake engineering, due to the ground motion amplifications
that may be produced. It is known, that the physical soil and rock properties
change from one position to another, focusing on the material inhomogeneity
of the geomaterials. The spatial scales over which these properties vary have a
direct effect on the seismic wave field. On the other hand, graded geomaterials
are challenging regarding modelling and numerical simulation of their inhomo-
geneous structure and it’s strongly influence on the complex seismic field. The
mathematical background of models, describing the elastodynamic behaviour
of graded materials involves difficulties with the solution of partial differential
equations with spatially varying coefficients. That is why in the most of the
cases, the discrete models treating inhomogeneity by stratified geological media
are used. The discrete models usually are accompanied with the computational
techniques as ray theory [1, 2], generalized ray technique [3], mode mathing
methods [4, 5, 6], matrix propagation method [7, 8, 9], reflectivity method [10,
11], wave number integration method [12], discrete wavenumber method [13],
finite difference method [14], finite element method [15, 16], boundary integral
equation method [17, 18, 19] and hybrid methods [20, 21, 22, 23, 24].

The number of works devoted to dynamically loaded continuously in-
homogeneous soil or rock materials is rather limited. The most common used
types of inhomogeneous functions, describing the variation of material proper-
ties are exponential [25, 26], linear [27], quadratic [28, 29], trigonometric [30].
Manolis and Shaw [31] derived fundamental solutions of wave equation for 2D
and 3D inhomogeneous continua, using appropriate algebraic transformations
that are valid for certain restricted classes of inhomogeneous materials. Basing
on this approach, some results on wave scattering have been produced by cav-
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ities and cracks in continuously inhomogeneous solids [29, 32, 33, 34, 35, 36],
using the BIEM. These results were based on the use of closed-form fundamen-
tal solutions that were derived by an appropriate functional transformation on
the displacement vector, followed by application of the Radon transform.

The presence of different type of heterogeneities as free-surface and sub-
surface relief peculiarities in inhomogeneous background provokes a new set of
difficulties, since wave signals no longer travel undisturbed, but are subjected to
amplitude changes and phase angle shifts because of scattering and diffraction
phenomena. What can be summarized from the short review in the field is a
certain lack of results for seismically-induced ground motion scenarios, when the
material properties along the wave path are considered to be smooth functions
of the spatial coordinates. Current approaches seem to favour the multi-layered
model over the continuously inhomogeneous model, possibly because of inherent
difficulties in the latter case that require solving boundary-value problems for
differential equations with variable coefficients.

In evaluating the state-of-the-art, we will concentrate mainly on 2D
BIEM based mechanical models, describing continuously inhomogeneous in
depth elastic isotropic half–plane with topographic peculiarities under time-
harmonic or transient SH-waves radiating from an embedded seismic source.
In 1904, Lamb [37] studied the elastic wave produced by the application of the
time dependent line load acting normally on the surface of an elastic half-space.
Many authors have subsequently viewed and reviewed the problems which deal
with the disturbance produced by a point or line source, acting on the surface
or buried in an elastic homogeneous half-space with flat free surface. Among
them is Pekeris [38], who derived the exact expression for the vertical and
horizontal components of the displacement on the surface of a uniform elastic
half-space due to a point load with step function time variation, situated on
the surface and also at a finite depth. Guan et al. [39] presented a transient
Green’s function, caused by suddenly applied line load in an isotropic and ho-
mogeneous half-space. Antonio and Tadeu [40] presented analytical solutions
for computing the 3D displacements in a flat elastic stratum bounded by a rigid
base, when it is subjected to spatially sinusoidal harmonic line loads. These
functions are also used as Green’s functions in a BIEM code that simulates the
seismic wave propagation in a confined or semi-confined 2D valley, avoiding the
discretization of the free and rigid horizontal boundaries.

Mainly, two approaches are proposed [41] by BIEM developers for solu-
tion of wave propagation problems in half-space and they are based on: (a) the
fundamental solution of the governing equation in elastodynamics, see Sanchez-
Sesma and Campillo [42, 43] Dineva and Manolis [44, 45] in frequency domain



90 I.-K. Fontara, S. Parvanova, P. Dineva, F. Wuttke

and Kamalian et al. [46, 47, 48], Dineva et al. [49] in time domain; (b) the
Green’s function for half-plane which more over satisfies the boundary condition
on the free surface, see Dravinski [50], Ohtsu and Uesugi [51], Ausilio et al. [52],
Hirai [53], Belytschko and Chang [54], Panji et al. [55], Wuttke et al. [56]. The
BIEM procedure based on the Green’s function is mesh-reducing technique, as
far as it avoids discretization along the flat free surface, where it satisfies the
traction free boundary condition. The development of Green’s functions for
elastic wave propagation in solids is of engineering importance, because these
functions represent fundamental solutions to special types of disturbances (such
as the point force and the unit dislocation) and under rather broad boundary
conditions (such as the Sommerfeld radiation or free surface condition). The
published results in the literature are very limited, when the half-space is contin-
uously inhomogeneous and subjected to waves radiating from a seismic source
embedded in the geological media. The most of the papers, concerning wave
propagation in a graded half-space consider the seismic load as an incident
plane seismic wave, not as wave radiating from a point or line source. Only
known to the authors results are in [25], where dynamic response of an inho-
mogeneous, linear-elastic half-space to a time-harmonic tangential line force on
the surface was examined.

To the authors’ best knowledge, there are no results concerning the eval-
uation of the seismic field in a quadratically inhomogeneous half-plane with re-
lief peculiarities and with embedded line seismic source radiating time-harmonic
or transient SH-wave.

The aim of this work is to propose an efficient numerical BIEM, based
on analytically derived Green’s function in Rangelov and Manolis [57] for com-
putation of seismic signals in a quadratically inhomogeneous in depth half–
plane with free-surface and sub-surface relief and with an embedded line seismic
source radiating time-harmonic or transient SH waves. The goals concern cre-
ation of the corresponding software, its verification and its usage for intensive
simulations revealing the key role that the material inhomogeneity and hetero-
geneity plus the type, the properties and the location of the seismic source play
on the seismic field.

The paper has following structure: Starting with the problem statement
in Section 2, following with the BIEM reformulation of the posed problem in
Section 3 and its verification in Section 4. Finally, illustrative numerical exam-
ples and accompanied parametric study given in Section 5 serve to illustrate
the present methodology and to highlight the differences observed in elastic
waves as they propagate through a heterogeneous medium that is no longer
homogeneous. Conclusions are discussed in the last Section 6.
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2. Problem formulation

Fig. 1. The problem geometry

In a Cartesian coordinate system
Ox1x2x3 is considered continuously inhomo-
geneous in depth half-space with free-surface
relief in the form of a canyon Vcan and sub-
surface relief as a cavity Vcav of arbitrary shape
containing an embedded line seismic source
radiating wave of SH-type. The anti-plane
deformation state is considered in the plane
x3 = 0, where the half-plane G = R2

−
\V is

situated, here R2
−
= {x : x = (x1, x2) , x2 < 0}

and V = Vcan ∪ Vcav. Denote with Scan the
boundary of the canyon, while S2 is the part
of the free surface line x2 = 0 out of the
canyon, so the boundary S is defined by S =

Scan

⋃

Scav

⋃

S2, while the free surface boundary is Sfree surface = Scan

⋃

S2.
The geometry of the problem is presented in Fig. 1. The seismic load coor-
dinates in the plane x3 = 0 are x0 = (x01, x02) and the concentrated seismic
body force is F3 (x,x0, t) = f03g(t)δ (x,x0), where f03 and g(t) are its mag-
nitude and time function, respectively. We will consider transient and time
harmonic load with frequency ω, where in the latter case g(t) = eiω t. For the
state of anti-plane wave motion, the only non-zero field quantities are displace-
ment component u3, stresses σi3 = µ (x2) u3,i, i = 1, 2, all depending on the
coordinates (x1, x2) and on time t or frequency ω.

It is considered the case of small deformations and the material is elas-
tic and isotropic. The conservation of linear momentum, i. e. the dynamic
equilibrium equation is as follows:

(1a) σi3,i(x1, x2, t) = ρ (x2)
∂2u3(x1, x2, t)

∂ t2
− F3 (x1, x2, x01, x02, t)

for transient load

(1b)
σi3,i(x1, x2, ω) = −ρ (x2) ω

2 u3(x1, x2, ω)− F3 (x1, x2, x01, x02, ω)
for time-harmonic load

here:ρ (x2), µ (x2) are density and shear modulus, comma subscripts denote
partial differentiation with respect to the spatial coordinates, while the sum-
mation convention over repeated indices is implied. It is assumed that material
properties vary with respect to the depth in the following manner:

(2) µ (x2) = µ0h (x2) , ρ (x2) = ρ0h (x2) ,
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where h (x2) = (bx2 + 1)2 is the inhomogeneity function, b ≤ 0 is the inhomo-
geneous coefficient, µ0, ρ0 are the reference constants. Note, that h (x2) > 0
for x ∈ R2

−
.

The boundary value problem for the graded geological media is defined
by the partial differential equation Eq. (1) with variable coefficients, depending
on the depth and the following boundary conditions:

(3) t3 (x) = 0 for (x1, x2) ∈ S,

where: t3 = σi3ni is the traction and n (n1, n2) is the outward to G normal
vector on the boundary S. Additionally the Sommerfeld radiation condition is
satisfied at infinity.

The solution of the problem for transient waves is solved by the usage
of the following well-known numerical procedure, see Chaillat et al. [58]: (a)
direct Fast Fourier Transform (FFT) is applied to the governing equations and
the corresponding boundary-value problems in frequency domain are solved by
BIEM based on the frequency dependent fundamental solution-Green’s function
for discrete values of frequencies; (b) inverse FFT is applied to the solutions in
frequency domain and finally solutions in time-domain are determined.

3. BIEM formulation in the frequency domain

The defined in Section 2 boundary-value problem is solved by BIEM
based on the integral representation formula (Dominguez [18] and Manolis and
Beskos [17]) and the frequency dependent Green’s function for inhomogeneous
in depth half-plane. The wave field in inhomogeneous in depth half-plane with
an embedded seismic source can be described by boundary integral equation
along the boundary of both heterogeneities canyon and cavity Sh = Scan∪Scav

as follows:

(4)

cu3 (x, ω) = −

∫

Sh

t
g∗

3 (x, ξ, ω) u3 (ξ, ω) dSh

−

∫

Sh

g∗3 (x, ξ, ω) t3 (ξ, ω) dSh + f03ĝ(ω)g
∗

3 (x,x0, ω) ,

x ∈ Sh

where: x and ξ are the vector-positions of the source and field points, re-
spectively, ĝ(ω) is the Fourier transform of the time function, c is the jump
term depending on the surface geometry at the collocation point, g∗3 (x, ξ, ω)
is the frequency-dependent Green’s function for quadratically inhomogeneous
in depth half-plane and t

g∗

3 (x, ξ, ω) is its corresponding traction. Once, having
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displacement along the boundary Sh we can find displacement at any point in
G by the representation formulae:

(5)

u3 (x, ω) = −

∫

Sh

t
g∗

3 (x, ξ, ω) u3 (ξ) dSh

−

∫

Sh

g∗3 (x, ξ, ω) t3 (ξ) dSh + f03ĝ(ω)g
∗

3 (x, ξ0, ω)

x ∈ G

Green’s function g∗3 is the solution of the following boundary value prob-
lem in frequency domain:

(6)

∣

∣

∣

∣

σi3,i (x, ω) + ρ (x)ω2g∗3 (x, ω) = −δ (x, ξ) for x ∈ R2
−
; ξ ∈ R2

−

t
g∗

3 (x, ω) = µ (x) g∗3,i (x, ξ, ω) ni (x) = 0 for x2 = 0
,

here: (x1, x2) is the running point, (ξ1, ξ2) is the source point, δ (x, ξ) is Dirac’s
delta function. Note, that the derivative in the expression for the traction
of the Green’s function is with respect to (x1, x2). In Rangelov and Manolis
[57], this Green’s function was derived in a closed form by the usage of the
smooth transformation of the type g∗3 (x, ξ, ω) = h−1/2 (x)G∗

3 (x, ξ, ω) and thus,
reducing the boundary-value problem with variable coefficients presented by
Eqs. (6) to one with constant coefficients with respect to the transformed
Green’s functionG∗

3 (x, ξ, ω) available for analytical derivation by the usage of
a suitable integral, see details in Rangelov and Manolis [57].

Here, for the completeness of the text, we give the Green’s function and
the corresponding traction below:

(7) g∗3 (x, ξ, ω) = h−1/2 (ξ)h−1/2 (x)





i

4µ0
H

(1)
0 (kr) +

+
1

4πµ0

+∞
∫

−∞

γ + b

γ (γ − b)
eγ(x2+ξ2)eiη(x1−ξ1)dη





t
g∗

3 (x, ξ, ω) = µ (x) g∗3,i (x, ξ, ω)ni (x)
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(8) g∗3,1 (x, ξ, ω) = h−1/2 (ξ) h−1/2 (x)





k

4µ0
H

(1)
1 (kr)

∂r

∂x1
+

+
1

4πµ0

+∞
∫

−∞

γ + b

γ (γ − b)
(iη)eγ(x2+ξ2)eiη(x1−ξ1)dη



 ,

g∗3,2 (x, ξ, ω) =

= Z1





i

4µ0
H

(1)
0 (kr) +

1

4πµ0

+∞
∫

−∞

γ + b

γ (γ − b)
eγ(x2+ξ2)eiη(x1−ξ1)dη





+ Z2





k

4µ0
H

(1)
1 (kr)

∂r

∂x2
+

1

4πµ0

+∞
∫

−∞

γ + b

(γ − b)
eγ(x2+ξ2)eiη(x1−ξ1)dη



 ,

Z1 = h−1/2 (ξ)

(

−
1

2
h−3/2 (x) ·

∂h

∂x2

)

,

Z2 = h−1/2 (ξ) h−1/2 (x) ,

where: γ =
√

η2 − k2; k = k1 + ik2, k21 =
ρ0

µ0
ω2, k21 > 0; k2 > 0, r =

√

(x1 − ξ1)
2 + (x2 − ξ2)

2, H
(1)
0 (z) and H

(1)
1 (z) is 1st Hankel function of 0 and

1 order, see Gradshteyn and Ryzhik [59]. In the homogeneous case when b=0
we obtain the Green’s function for homogeneous half-plane for time-harmonic
load, see Kobayashi [60]:

(9) g∗3 (x, ξ, ω) =
1

2πµ0
[K0 (−ikr) +K0 (−ikr̄)] ,

here: r̄ =

√

(x1 − ξ1)
2 + (x2 + ξ2)

2.

The authors used this Green’s function in Wuttke et al. [56] to study
wave propagation in inhomogeneous half-plane with free surface relief, due to
the incident plane time harmonic SH-wave. Here, we extend the BIEM ap-
proach based on the Green’s function to consider the case of graded half-plane
with an embedded seismic source and also with sub-surface /free-surface relief.
To the best authors’ knowledge, there is no solution of this problem in the
literature.
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