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Abstract. The half elliptical hole with an edge crack in a thermopiezoelectric material is studied by using the complex variable method. First,
the mapping function which maps the outside of the elliptical hole and
the crack in the right half plane into the outside of a circular hole in a full
plane is given by the method of conformal mapping. Then, the complex
potential functions and the field intensity factors (FIF) are presented according to the boundary conditions, respectively. Some useful results can
be found by numerical analysis: 1) The influence of the heat flux on FIF
depends on the model of the crack; 2) The shape and the size of the hole
possess a significant effect on the field distribution at the crack tip.
Key words: Piezoelectric material, elliptical hole, edge crack, thermoelectroelasticity.

1. Introduction
As a sensor or an actuator in smart structures and devices, piezoelectric
materials sometimes or always work in the environment of large temperature
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difference, and thus, the heat flux becomes one of the important factors, which
will influence the life of the piezoelectric materials. Therefore, it’s very important to study the effect of heat flux on the piezoelectric structures.
In fact, the thermo-electro-elastic coupling problems have been studied
by many researchers in the past decades [1–5]. More recently, Gao et al. [6]
derived the exact solution for the problem of an elliptical hole or a crack in
a thermopiezoelectric solid by using the complex variable method. Hesabe
et al. [7] used a rational mapping function to analyze the problems of the
electric current, the Joule heat, the temperature, the heat flux and the thermal
stress induced by an electric current in an infinite thin-plate, containing an
elliptical hole with an edge crack. Gao and Wang [8] studied the 2D problem
of thermopiezoelectric materials with cracks by means of Parton assumption.
For the cracked hole problems, Wang and Gao [9] studied the problems
of mode III cracks, originating from the edge of a circular hole in a piezoelectric
solid under mechanical-electric loadings, by using the improved mapping function [10]. Guo et al. obtained the exact solution for anti-plane problem of two
asymmetrical edge cracks, emanating from an elliptical hole in a piezoelectric
material under electrically impermeable [11] and permeable [12] assumption.
Hasebe [13] analyzed the stress intensity factors of cracks, initiating from a
rhombic hole under uniform heat flux. Vinh et al. [14] dealt with the interaction between a cracked hole and a line crack under uniform heat flux. Based
on the complex variable method, the thermoelectroelastic solution is derived
for the generalized two-dimensional problem of edge cracks originating from
an elliptical hole in a piezoelectric solid by Wang and Gao [15]. However, the
fracture problem in the half plane with an edge cracked hole remains unclear.
Some literature can be found in the half plane problems, such as: Lu [16]
presented the analytical solution for the half plane under the external uniform
force at the edge of the half plane by the complex variable method. Gao and
Liu [17] mapped the half plane of elliptical hole into the whole half plane, and
the complex function for the half plane containing a half elliptical hole under
the uniform positive pressure at the edge was derived. By using the complex
variable method, Hasebe et al. [18] studied the half plane, containing an oblique
crack at the edge, and the analytical solution was presented. However, no
literature can be found on the problems of a half plane with an edge cracked
hole.
In summary, no work can be found for the study of edge cracks, originating from a half elliptical hole in the half plane of piezoelectric materials under

The Generalized Two Dimensional Thermal-Electro-Elastic Solution . . .

23

the uniform heat flux. Therefore, it is the purpose of this work to investigate
the generalized 2D thermoelectroelastic problem of the crack, originating from
a half elliptical hole at the edge of a semi-infnite piezoelectric solid, by using
complex variable method. In this paper, some basic equations are summarized
after the introduction, and then the complex potential functions in the thermal
field and mechanical-electric field are derived, respectively. In order to find a
way to decrease the field intensity factors (FIF), some numerical analyses are
presented to discuss the influences of crack length and heat flux on the field
quantities and the FIF. Finally, this work is concluded.
2. Basic equations
The thermopiezoelastic medium subjected by heat flux, mechanical and
electric loadings at infinity in a fixed rectangular coordinate system xj (j =
1, 2, 3) is studied. The complete set of governing equations without body force,
extrinsic bulk charge and heat source for thermopiezoelastic problem can be
expressed as follows:
2.1. Basic equations for the temperature field
The governing field equation and the constitutive equation can be expressed as:
(1)

qi,i = 0,

(2)

qi = −λij T,j ,

where, i, j = 1, 2, qi is the heat flux, λij is the thermal conductivity, and T
stands for the temperature. From Eqs. (1) and (2), the temperature field is
obtained as [8]:
(3)

T = 2 Re[g′ (zt )] (zt = x1 + µt x2 ),

where µt = (−λ12 + iκt )/λ22 , κt = (λ11 λ22 − λ212 )1/2 , λ11 λ22 − λ212 > 0.
Substituting Eq. (3) into Eq. (2) yields:
(4)

q1 = 2 Re[iµt κt g′′ (zt )],

(5)

q2 = −2 Re[iκt g′′ (zt )].
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The normal heat flux can be determined by:
(6)

qn ds = q1 dx2 − q2 dx1 ,

the total heat can be expressed as:
(7)

Q=

Z

qn ds.

Substituting Eqs. (4–6) into Eq. (7) yields:
(8)

Q = 2 Re[iκt g′ (zt )].

The assumption that there is no heat exchange on the boundary is taken, and
the normal heat flux becomes equal to zero:
(9)

qn = 0.

In this case, one obtains from Eqs. (7–9), that:
(10)

2 Re[iκt g′ (zt )] = 0.
2.2. Basic equations for the mechanical-electric field
The governing field equations can be given by:

(11)

σij = cijkl γkl − eijs Es − βij T,

(12)

Di = εis Es + eirs γrs + τi T,

where i, j, k, l, s, r = 1, 2, 3, cijkl = cjikl = cijlk = cklij , ekij = ekji , εij = εji ,
βij = βji .
In Eqs. (11) and (12), repeated indices imply summation, and σ, γ, D,
E, T are the stress, the strain, the electric displacement, the electric field and
the temperature, respectively. cijkl , ekij , εij , βij and τi stand for the elastic
constant, the piezoelectric coupling coefficient, the dielectric permittivity, the
stress-temperature coefficients and the pyroelectric coefficient, respectively.
It is assumed, that the crack and the hole are both electrically impermeable and mechanically free, which can be expressed as:
(13)

ti = 0 (i = 1, 2, 3)
,
Dn = 0
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where t is the traction along the surface of the boundary. For the cracked
hole problem, Eq. (13) is not exactly satisfied in the physical plane at the
point, where the crack originates, due to the limitation of mapping function
(the mapping function cannot maps the unsmoothed curve exactly). However,
Eq. (13) is satisfied in the mathematic plane, where the junction surface of
crack and the hole has been smoothed by the mapping function.
Substituting Eqs. (11) and (12) into the balance equations:
(14)

σij,j = 0,

(15)

Di,i = 0,

yields:
(16)

(cijrs ur + esji φ),si − βij T,i = 0,

(17)

(−εis φ + eirs ur ),si + τi T,i = 0,

where: γij = (ui,j + uj,i )/2 and Ei = −φ,i have been used. ui stands for the
displacement, and φ stands for the electric potential.
We introduce the generalized displacement function u = (u1 , u2 , u3 , φ)T
and generalized stress function ϕ = (ϕ1 , ϕ2 , ϕ3 , ϕ4 )T . The solution to Eqs.
(16)and (17) can be expressed as the form of a particular solution plus a general
solution.
The general solution to Eqs. (16) and (17) can be expressed as [19]:
(18)

uh = Af (z∗ ) + Af (z∗ ),

(19)

ϕh = Bf (z∗ ) + Bf (z∗ ),

where: f (z∗ ) = [f1 (z1 ), f2 (z2 ), f3 (z3 ), f4 (z4 )]T , zi = x1 + µi x2 (i = 1, 2, 3, 4). A
and B are two 4 × 4 matrices, fi (zi ) are the complex potentials to be found, µi
are the complex eigenvalues with positive imaginary parts and can be obtained
from the equation:
(20)

|D∗ (µ)| = 0,
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where:
D∗ (µ) = S + µ(R + RT ) + µ2 W,

S=



S0 e11
eT11 −ε11



,R =



R0 e21
eT12 −ε12



,W =



W0 e22
eT22 −ε22



,

and (S0 )ik = ci1k1 , (R0 )ik = ci1k2 , (W0 )ik = ci2k2 , (i, k = 1, 2, 3), eik =
(ei1k ei2k ei3k )T , (i, k = 1, 2).
Matrixes A and B are nonsingular and they have the following relation
[19], if µi are distinct:
#
"
 

BT AT
I 0
A A
=
(21)
.
T
T
0 I
B B
B
A
The particular solution can be expressed as [20]:
(22)

up = 2 Re[cg(zt )],

(23)

ϕp = 2 Re[dg(zt )],

where c and d are two heat eigenvectors, which can be determined by the
following equations:
D∗ (µt )c = β1 + µt β2 ,
d = (RT + µt W)c − β2 ,
β1 = (β11 , β21 , β31 , τ1 )T ,
β2 = (β12 , β22 , β32 , τ2 )T .
Then, the solution to Eqs. (16) and (17) can be finally expressed as
[21]:
(24)

u = 2 Re[Af (z) + cg(z)],

(25)

ϕ = 2 Re[Bf (z) + dg(z)],
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where the condition, that for an arbitrary point on the boundary, the corresponding points zt and zi (i = 1 − 4) can be translated into an identical point,
has been assumed. In this condition, the boundary equation can be reduced to
that containing one variable, and thus, the one-complex-variable approach [21]
can be used to simplify the analysis.
Once the complex potential f (z) and g(z) are obtained, all the fields
can be determined by Eqs. (4, 5, 24, 25).
2.3. Mapping function
A crack originating from the edge of a half elliptical hole in the half
thermopiezoelectric plane under the remote thermal-mechanical-electric loadings is shown in Fig. 1. x1 − x2 is the anisotropic plane, the poling direction
is along the positive axis x1 , L is the crack length, and a/b is the length of
semi-major/semi-minor.

Fig. 1. Crack originating from a half elliptical hole in the half piezoelectric plane

The mapping function, which maps the outside of the elliptical hole and
cracks into the interior of a unit circle in the z1 -plane, has the form as:
(26)

zα = ωα (z1 ) = Rα µ(z1 ) + Rα mα µ(z1 ) (α = t, 1, 2, 3, 4),

which is given by Guo [11, 12], and:
1 
ε1 (1 + z1 )2 + ε2 (1 − z1 )2 +
µ(z1 ) =
4ζ

q
2
2
2
4
2
4
(ε1 − 1)(1 + z1 ) + 2(ε1 ε2 + 1)(1 − z1 ) + (ε2 − 1)(1 − z1 ) ,
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Rα = (a − iµα b)/2,
mα = (a + iµα b)/(a − iµα b).

ε is a real parameter, which can be expressed as:
q
(a + Li )2 + b2 + ab + (a + Li ) L2i + 2aLi + b2
q
εi =
, (i = 1, 2).


(a + b) a + Li + L2i + 2aLi + b2

Fig. 2. Process of the conformal transformation

In this case, i = 2, L1 = L2 = L. Eq. (26) also maps the imaginary
axis into the imaginary axis in the z1 -plane. That is, Eq. (26) maps the right
physics plane into the interior of a right unit circle in the z1 -plane (Fig. 2,
process 1). The mapping function, which maps the interior of a right unit
circle in the z1 -plane into the outside of a unit circle in the ζ-plane, can be
written as (Fig. 2, process 2):
s

ζ+1 2
ζ+1
+
+ 1.
(27)
z1 = f (ζ) = −
ζ−1
ζ−1
Eqs. (26) and (27) are the mapping functions which map the outside
region of the elliptical hole and the crack into the outside region of a unit circle
in the ζ-plane. The correspondence of the points between different planes can
be seen in Fig. 2.
For a given point z at the boundary of the hole and the crack, one can
obtain five points zα (α = t, 1, 2, 3, 4) in the zα -plane, this mapping function
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can map these five points into one unique point on the unit circle in the ζ-plane,
and ζ = −1 corresponds to the crack tip.
The mapping function Eqs. (26) and (27) can be re-written in the form
of Laurent series as:
(28)

ω(ζ) =

1
X

bm ζ m ,

m=−∞



1
ε1 + ε2
2
ω(ζ)
where bm =
dζ, (m > 1), b−1 = Rα
−
+
2πi
ζ m+1
2
ε1 + ε2
ε1 + ε2
ε1 + ε2
, b1 = Rα
, and b0 = Rα (ε1 − ε2 ).
Rα mα
2
2
I

3. Theoretical analysis
3.1. Complex potential for the temperature field
The thermal potential can be written as
g′ (z) = a1 z + g0′ (z),

(29)

where a1 is a constant to be determined, g0′ (z) is a holomorphic function outside the hole, and g0′ (∞) = a2 , a2 is a constant corresponding an uniform
temperature field and thus, it can be neglected without loss in generality.
In order to determine a1 , one can take the limiting z → ∞ in Eqs.
(4)and (5), and gives:
(30)

q1∞ = 2 Re[iµt κt g′′ (∞)] = 2 Re[iµt κt a1 ],

(31)

q2∞ = −2 Re[iκt g′′ (∞)] = −2 Re[iκt a1 ].

From Eqs. (30) and (31), a1 can be determined as:
(32)

a1 =

q1∞ + µt q2∞
.
iκt (µt − µt )

Substituting Eq. (29) into Eq. (10) yields:
(33)

2 Re[iκt a1 z + iκt g0′ (z)] = 0,

which can be re-written as:
(34)

g0′ (z) − g0′ (z) = a1 z − a1 z.
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In the ζ-plane on the surface of the hole and the crack, Eq. (34) becomes:
g0′ (σ) g0′ (σ)
= a1 ω(σ) − a1 ω(σ),
−
ω ′ (σ) ω ′ (σ)

(35)

where g0′ (ζ) = g0′ (ω(ζ)) is defined.
From Eq. (28), it can be found that ω ′ (ζ) (ω ′ (∞) 6= 0) is a holomorphic
function at infinity. Since g0′ (ζ) is also a holomorphic function outside the
unit circle, g0′ (ζ)/ω ′ (ζ) is a holomorphic function, thus its conjugate function
g0′ (ζ)/ω ′ (ζ) (ω ′ (ζ) 6= 0) is holomorphic inside the unit circle.
Taking Cauchy integrals at the two sides of Eq. (35) gives [22]:
(36)

a2 −

g0′ (ζ)
= −a1 b1 ζ −1 + a1 (ω(ζ) − b1 ζ − b0 ) ,
ω ′ (ζ)

which leads to:
g0′ (ζ) = a2 ω ′ (ζ) + a1 b1 ω ′ (ζ)ζ −1 − a1 ω ′ (ζ) (ω(ζ) − b1 ζ − b0 ) .

(37)

Integration to Eq. (37),


g0 (ζ) = a2 ω(ζ) + a1 b1 b1 ln ζ −
(38)
+ a1

n
X
j=1



b−j 

n
X

jbj

j=1

n
X

ζ −j−1
−j − 1

mb−m

m=−1,(m=−1&i6=1)




ζ −m−j
−m − j



 − a1 b1 b−1 ln ζ

= a2 ω(ζ) + a3 ln ζ + g10 (ζ),
where,
a3 = a1 b21 − a1 b−1 b1 ,



n
n
−j−1
X
X
ζ
+a1
b−j 
g10 (ζ) = a1 b1 
jbj
j+1
j=1

j=1

n
X

mb−m

m=−1,(m=−1&j6=1)

Returning to the z-plane, Eq.(37) becomes:

(39)

g0′ (z) = a2 + a1 b1 ζ(z)−1 − a1 (z − b1 ζ(z) − b0 ) .

ζ −m−j
−m − j



.
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Finally, the thermal complex potential can be expressed as:
(40)

1
g(z) = a1 z 2 + a2 z + a3 ln (ζ(z)) + g10 (z).
2

Inserting Eq. (40) into Eqs. (4) and (5), the heat flux field can be
obtained. Due to the complication of Eq. (38), it is not easy to get a clear
form of heat flux. However, it can be seen from Eqs. (29) and (38) that
g′′ (∞) = a1 , which is related to the remote heat flux, and g′′ (0) = ∞, which
means the heat flux has singularity at the crack tip, the type of singularity will
be discussed in Section 3.3, and the numerical results of the heat flux can be
seen in Section 4.1.
3.2. Complex potentials for the mechanical-electric field
Based on Eq. (40), the complex potentials for mechanical and electric
field can be expressed as:
(41)

f (z) =

1
a4 z 2 + a5 z + a6 ln (ζ(z)) + f0 (z),
2

where a4 , a5 and a6 are three constant vectors to be found, and f0 (z) is a
holomorphic function outside the hole and the crack.
Taking the limitation z → ∞ in Eqs. (24) and (25), one has:
(42)

u∞
,1 = 2 Re[A(a4 z + a5 ) + c(a1 z + a2 )],
ϕ∞
,1 = 2 Re[B(a4 z + a5 ) + d(a1 z + a2 )],

∞ ∞
∞
∞
∞ T
∞
∞
∞ ∞
∞ T
where u∞
,1 = (γ11 , γ12 + ω3 , 2γ13 , −E1 ) , ϕ,1 = (σ21 , σ22 , σ23 , D2 ) . It is
obvious, that the stress, strain and electric displacement are bounded at infinity,
then Eq. (42) gives:

(43)

2 Re[Aa4 z + ca1 z] = 0,
2 Re[Ba4 z + da1 z] = 0,

and
(44)

2 Re[Aa5 + ca2 ] = u∞
,1 ,
2 Re[Ba5 + da2 ] = ϕ∞
,1 .
From Eq. (44), a5 can be determined by using Eq. (21):

(45)


T
T ∞
T
da2 + da2 .
a5 = BT u∞
,1 + A ϕ,1 − B (ca2 + ca2 ) − A
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In Eq. (43), it can be found, that the complex functions [Aa4 z + ca1 z]
and [Ba4 z+da1 z] stand for the uniform heat flow in an infinite medium without
holes, and they will not produce stress or strain, thus they can be cut out in
the equations. Under this assumption, Eqs. (40) and (41) becomes:
(46)

g(z) = a2 z + a3 ln (ζ(z)) + g10 (z),

(47)

f (z) = a5 z + a6 ln (ζ(z)) + f0 (z).

In Eqs. (46) and (47), ln (ζ(z)) is a multi-value item. In order to
determine the coefficient a6 , the condition of single - valued displacement and
the equilibrium of mechanical and electrical is used:
I
I
ϕ,1 dz = 0,
u,1 dz = 0,
(48)
Γn

Γn

where Γn stands for a clockwise closed-contour encircling the hole, and:


(49)
u,1 = 2 Re Af ′ (z) + cg ′ (z) ,
(50)

ϕ,1 = 2 Re[Bf ′ (z) + dg′ (z)].

Substituting Eqs. (49) and (50) into Eq. (48), that:
(51)

Aa6 + ca3 − (Aa6 + ca3 ) = 0,

(52)

Ba6 + da3 − (Ba6 + da3 ) = 0.

By using Eq. (21), a6 can be obtained from Eqs. (51)and (52),
(53)

(54)

a6 = BT (ca3 − ca3 ) + AT (da3 − da3 ).
Mechanical and electric condition along the boundary requires:
Z
ts = (t1 , t2 , t3 , Dn )T .
2 Re[Bf (z) + dg(z)] = ts ds,
s

Based on the assumption, that the crack and the hole are both electrically impermeable and mechanically free, Eq. (54) can be reduced to:
(55)

2 Re[Bf (z) + dg(z)] = 0.
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In the ζ-plane, Eq. (55) becomes:
(56)

2 Re[Bf (ζ) + dg(ζ)] = 0.

Eqs. (46) and (47) become:
(57)

g(ζ) = a2 ω(ζ) + a3 ln ζ + g10 (ζ),

(58)

f (ζ) = a5 ω(ζ) + a6 ln ζ + f0 (ζ).
Substituting Eqs. (57) and (58) into Eq. (56) yields:
h
Bf 0 (ζ) + Bf 0 (ς) = − Ba5 ω(ζ) + Ba5 ω(ζ) + da2 ω(ζ) + da2 ω(ζ)

(59)

+ ln ζ (Ba6 + da3 ) + ln ζ Ba6 + da3
i
+dg10 (ζ) + dg10 (ζ) .

(60)



At the boundary of the hole and the crack, Eq. (59) becomes:
h
Bf 0 (σ) + Bf 0 (σ) = − Ba5 ω(σ) + Ba5 ω(σ) + da2 ω(σ) + da2 ω(σ)
i
+ dg10 (σ) + dg10 (σ) .

According to Eq. (28), ω(ζ) is a holomorphic function outside the circle,
except at infinity at which it has singular principle part b1 ζ + b0 , and ω(ζ) is a
holomorphic function in the circle except the zero point, at which it has singular
principle part b1 ζ −1 . g10 (ζ) is a holomorphic function outside the unit circle,
and g10 (ζ) is a holomorphic function inside the unit circle.
Taking Cauchy integrals at the two sides of Eq. (60) gives [22]:

−1
(61) Bf 0 (ζ) = −ϕ∞
−(Ba5 + da2 ) ω(ζ) − b1 ζ − b0 − b1 ζ −1 −dg10 (ζ),
,1 b1 ζ

where Eq. (44) has been used. From Eq. (61), one can get:
(62)


−2
′
Bf ′0 (ζ) = ϕ∞
− (Ba5 + da2 ) ω ′ (ζ) − b1 + b1 ζ −2 − dg10
(ζ).
,1 b1 ζ

At the crack tip, ζ = −1 and Eq. (62) gives:
(63)

′
Bf ′0 (−1) = ϕ∞
,1 b1 − dg10 (−1),
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with Eq. (63), the FIF can be calculated in the next section.
Once f0 (ζ) is obtained, the expression of stresses and electric displacement can be derived by:
(64)

(65)

ϕ,1 =

ϕ,2 =

ϕ∞
,1

ϕ∞
,2


′ (ζ)
Ba6 + da3 Bf ′0 (ζ) + dg10
+ 2 Re
+
,
ω ′ (ζ) ζ
ω ′ (ζ)



′ (ζ)
Bf ′0 (ζ) + dg10
Ba6 + da3
+µ
.
+ 2 Re µ
ω ′ (ζ) ζ
ω ′ (ζ)


Eqs. (64) and (65) have the same form with the expression of the
stresses and electric displacement in the full plane, which means the solution
of the half plane is identical to the solution of the full plane, under the same
condition. The distribution of the stress and the electric displacement can be
found in Ref. [15].
3.3. Field intensity factors
The vector of FIF can be defined as:
(66)

k = (kII , kI , kIII , kD )T = lim

z→z1

where z1 = a + L1 .
Inserting ϕ,1 into Eq. (66) results in:
(67)



k = Re lim

z→z1

p



p

′

2π(z − z1 )ϕ,1 ,

′

2π(z − z1 )2 Bf (z) + dg (z)





.

In the ζ-plane, Eq. (67) becomes:
(68)



′ (ζ)
p
√
Ba6 + da3 Bf ′0 (ζ) + dg10
+
.
k = Re 2 2π lim
ω(ζ) − ω(−1)
ζ→−1
ζω ′ (ζ)
ω ′ (ζ)
In addition, it can be shown from the requirement of filed singularity at the
crack tips, that ω ′ (−1) = 0. Here, L 6= 0. Thus, by using the L’ Hospital rule,
Eq. (68) becomes:
(69)

√


2 π
′
Re Ba6 + da3 + Bf ′0 (−1) + dg10
(−1) .
k= p
ω ′′ (−1)
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′
Inserting a6 , a3 , f0′ (1) and g10
(1) into Eq. (69) yields:

(70)

√


2 π
k= p
Re b1 ϕ∞
+ Ba6 + da3 .
,1
ω ′′ (−1)

It can be seen, that Eq. (70) has the exact same form with the Eq (62) in Ref.
[15], and Eq. (70) can be reduced to the exact result of Eq. (52) in Guo et al.
[11], if there is no heat flux.
In Eq. (70), item b1 ϕ∞
,1 stands for the contribution of the applied
mechanical-electric loadings to all the filed singularities, while items Ba6 + da3
stand for the contribution of heat loading to all the filed singularities. If L = 0,
Eq. (70) will possess the same form with the Eqs. (131–133) in Gao et al. [6].
For this permeable crack case, the FIF is depended on the size of the
shape and the corresponding external loadings. For the impermeable crack,
according to Refs. [6] and [12], the stress intensity factor is still dependent on
the size of the shape and the mechanical loading, but the electric displacement
intensity factor is no longer dependent on the electric loading, but depends on
the mechanical loading, which means the electric displacement intensity factor
is induced by the piezoelectric effect.
Since the FIF result Eq. (70) is acceptable, based on the FIF definition
Eq. (66), the stress and electric displacement Eqs. (64) and (65) obtained from
complex potential function Eq. (62) have the singularity of r −0.5 at the crack
tip. In addition, the heat flux complex potential function has the same form
with the complex potential function Eq. (62), which means the heat flux also
has the singularity of r −0.5 at the crack tip.
√
To be simplified, the new variables g = k/(ϕ∞
,1 πae ) and ae = a + L
are introduced in the following numerical examples:

4. Numerical examples
Consider a transversely isotropic piezoelectric medium, in which X1 −
X2 plane is assumed to be the isotropic plane, and the positive X3 -axis is the
polling direction. Take cadmium selenide as a model material with the following
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material constants [6, 15]:
c11 = 74.1 × 109 Nm−2 ,

c33 = 83.6 × 109 Nm−2 ,

e31 = −0.16Cm−2 ,

c12 = 45.2 × 109 Nm−2 ,

c44 = 13.2 × 109 Nm−2 .

e33 = 0.347Cm−2 ,

ε11 = 82.6 × 10−12 CV−1 m−1 ,

β11 = 0.621 × 106 NK−1 m−2 ,

τ3 = −2.94 × 10−6 CK−1 m−2 ,

c13 = 39.3 × 109 Nm−2 ,

e15 = −0.138Cm−2 .

ε33 = 90.3 × 10−12 CV−1 m−1 .

β33 = 0.551 × 106 NK−1 m−2 .

λ11 = λ22 = 10−6 Wm−1 K−1 ,

λ33 = 1.5λ11 .

Where N is the force in Newtons, C is the charge in coulombs, V is the
electric potential in volts, m is the length in meters, K is the temperature in
Kelvins, and W is the energy in Watts.
For convenience, the X1 − X3 plane is relabelled as the x1 − x2 plane in
the following analysis, and studies are focused on the 2D problem in the x1 − x2
plane. For this case, the out-of plane displacement dose not couple with the
in-plane displacement and the electric potential, and thus the matrices S, R
and W degenerate into 3 × 3 ones:






c11 0
0
0 c13 e31
c44 0
0
S =  0 c44 e15  , R =  c44 0 0  , W =  0 c33 e33  ,
0 e15 −ε11
e15 0 0
0 e33 −ε33

and

β1 = (β11 , 0, 0)T ,

β2 = (0, β33 , τ3 )T .

The eigenvalues obtained from the given constants are:
µ1 = 1.8267i,

µ2 = 0.8303i,

µ3 = 0.5941i,

µt = 0.816i.

A and B matrixes are:

3.1992 × 10−6 (1 − i) 1.5953 × 10−6 (−1 + i) 1.7736 × 10−6 (−1 − i)
A =  1.0843 × 10−6 (1 + i) 2.0528 × 10−6 (−1 − i) 3.8023 × 10−6 (1 − i)  ,
1.4388 × 104 (1 + i)
5.7446 × 104 (1 + i)
2.5718 × 104 (−1 + i)



8.9466 × 104 (1 + i) 5.2508 × 104 (−1 − i) 6.7649 × 104 (1 − i)
B =  4.9878 × 104 (−1 + i) 6.3241 × 104 (1 − i)
1.1386 × 105 (1 + i)  .
1.1740 × 10−6 (1 − i) 5.1536 × 10−6 (1 − i) 2.4475 × 10−6 (1 + i)
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4.1. Distribution of the heat flux
Take q1∞ = 0, q2∞ = 1 Wm−2 , a = 0.01 m. The distribution of the heat
flux q2 along the axis x1 is shown in Fig. 3. It can be seen, that the heat flux
trends to q2∞ at infinity, and trends to infinity at the crack tip. Besides, the
heat flux q2 gets higher as the crack length grows.
Let a = b = 0.01 m, and the elliptical hole becomes a circular hole,
which is more common in practice. The distribution of the heat flux along the
axis x1 is given in Fig. 4. It can be seen, that the distribution of the heat
flux in Figs 3 and 4 are similar; the heat flux in Fig. 4 is a little smaller than
the one in Fig. 3 under the same crack length, which means the circular hole
can reduce the distribution of heat flux at the crack tip, compared with the
elliptical hole (b/a=0.5).
4.2. Distribution of the stress and the electric displacement
Let L = 0 m, and a = 0.01 m b = 0 m, 0.005 m, 0.01 m, 0.02 m, which
corresponding to the pure crack, elliptical hole, circular hole and the elliptical
∞
= 100 Mpa, D2∞ = 2e − 3 C/m2 . The
hole, respectively. q2∞ = 1 Wm−2 , σ22
distribution of the stress and the electric displacement along the axis x1 for the
edge elliptical hole problem are given, as shown in Figs 5 and 6. It can be seen,
the stress and the electric displacement trend to external loads at the infinity.
Besides, the stress and the electric displacement increase as b decreases at the
same place.
4.3. Distribution of the field intensity factors
∞
Let q2∞ = 1 Wm−2 , σ22
= 100 MPa, D2∞ = 1 C/m−2 , a = 0.01 m, and
b = 0.5a, the distribution of equivalent FIF with crack length are shown in Fig.
7. It can be found, that the equivalent FIF trend to constant 1 as the crack
length grows. When the crack length is long enough, the effect of the hole size
on the crack tip can be ignored.
The distribution of the equivalent FIF with the b/a are shown in Fig. 8.
∞
In this case, let q2∞ = 1 Wm−2 , σ22
= 100 MPa, D2∞ = 1 C/m−2 , L = 0.01 m
and a = 0.01 m, it can be seen that equivalent FIF decreases as the b increases.
When b = 0 m, the equivalent FIF becomes to a constant 1, which is acceptable.
This phenomenon means the hole at the side of a crack can reduce the FIF,
if the crack already exists. The larger the hole size, the more obvious is the
effect. However, this conclusion is only for the right crack tip. When b exceeds
a certain value, for example b ≫ a, the singularity at the upper and lower ends
of the point of the ellipse may be even bigger than the right crack tip. So,
basically, circular hole is the best option to reduce the singularity at the crack
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Fig. 3. Distribution of the heat flux q2 along axis x1 (elliptical hole)

Fig. 4. Distribution of the heat flux q2 along axis x1 (circular hole)
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Fig. 5. Distribution of the stress σ22 along axis x1

Fig. 6. Distribution of the electric displacement D2 along axis x1
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Fig. 7. Distribution of the equivalent fields intensity factors with the crack length

Fig. 8. Distribution of the equivalent fields intensity factors with the b/a
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tip.
∞
To discuss the influence of the heat flux on the FIF, we take σ22
=0
∞
−2
MPa, D2 = 0 C/m , L = 0.01 m a = 0.01 m, and b = 0.5a. The distribution
of the FIF with the heat flux is shown in Fig. 9. It can be seen, that as the heat
flux increases, the stress intensity factor k2 increases quickly, and k1 increase
slowly, but the electric displacement intensity factors kD are negative, when the
heat flux perpendicular to the crack. That’s because the thermal expansion at
the surface of the crack are not equal, and the crack becomes a model II crack.
Let L = b = 0 m, the cracked elliptical hole becomes a pure crack. The
equivalent FIF can be expressed as:

(71)

g =1+

2 (Ba6 + da3 )
.
aϕ∞
,1

If there is no heat flux, (Ba6 + da3 ) = 0, and Eq. (71) equal to constant 1,
which is the classical solution for the pure crack at the edge of a semi-infinite
plane.
Ignoring the mechanical loading and Eq. (70) becomes:
√
2 π
Re [Ba6 + da3 ] .
(72)
k= p
ω ′′ (−1)

The FIF have the linear relationship with the heat flux, shown in Fig.
10. Compared with Fig. 9, the stress intensity factor k2 for the pure crack
(a = 0.02 m) is a little bigger than the cracked elliptical hole (ae = 0.02 m),
which means the hole at the side of the crack can reduce the fields intensity
factors.
5. Conclution
The generalized 2D problem of edged crack originating from a half elliptical hole in a half infinite thermo-electro-elastic solid is studied. Based on the
complex variable method, combined with the conformal mapping approach, the
complex potentials are derived for temperature fields and mechanical-electric
fields, and then field intensity factors are presented. Numerical examples are
also given to discuss the influences of the crack length and the heat flux on the
electro-elastic fields. It is found, that:
1) The solution of the half plane is identical to the solution of the full
plane;
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Fig. 9. Distribution of the field intensity factors with the heat flux (elliptical hole)

Fig. 10. Distribution of the field intensity factors with the heat flux (pure crack)
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2) The fields of heat flux, stresses, and electric displacement have the
singularity of r −0.5 at the crack tip, according to the boundary condition;
3) When the heat flux is perpendicular to the crack, the heat flux will
have great effect on the stress intensity factors for the mode II cracks, while the
influence on the stress intensity factors for the mode I cracks and the intensity
factors of the electric displacements can be neglected;
4) The shape and the size of the hole have a significant effect on the
field distribution at the crack tip, and the circular hole can effectively reduce
the crack tip’s singularity, in general.
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