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ABSTRACT: The paper provides a powerful new tool for quantitative and
qualitative analysis of complex mechanical multibody system. The symmetry
theory in modern mechanics is introduced into the study of mechanical multi-
body dynamics. Firstly, the Euler-Lagrange equations of constrained mechan-
ical multibody system dynamics are derived by analytical mechanical method;
Secondly, the theory of group analysis is introduced, according to the invari-
ance principle, we get the conditional equations of Noether and Lie symmetry
and the corresponding form of conserved quantity about mechanical multibody
system, which provides an effective way to analytic integral calculate the dy-
namic equations. Finally, the dynamic of a bionic robot mechanism is taken as
an example for practical application. The result shows that we can get deeper
mechanics rules and motion phenomena of mechanical multibody system dy-
namics with the help of symmetries and conserved quantities, which lay a theo-
retical foundation for more precise dynamic optimization design and advanced
control.

KEY WORDS: Mechanical multi-body system; Euler-Lagrange equations;
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1 INTRODUCTION

With the development of modern science and technology, in practical engineering,
especially in the fields of vehicles, spacecraft, mechanisms and robots, the complex
mechanical system consisting of a large number of rigid bodies that are interlinked
have emerged, which form an independent branch of discipline: multi-body system
dynamics [1]. With the integration of computer technology, the modeling process and
complex calculation can be programmed and simulated by software, which makes the
multi-body system dynamics have made great progress and achievements in mechan-
ical engineering [2—10]. It has been paid more and more attention by academicians
and engineering scientists. According to the categories of coordinates, the mechan-
ical multi-body system can be divided into [11]: Lagrange method, complete Carte-
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sian method and hybrid method. The former adopts the relative coordinates of each
hinge, and the latter adopts the global coordinate system. According to the nature of
objects, it can be divided into [12]: multi-rigid-body system dynamics, multi-flexible-
body system dynamics and multi-rigid-flexible-coupling-body dynamics. According
to the form of equations, it can be divided into [13]: Roberson-Wittenburg method,
Huston-Kane method, Lagrange method, Gauss minimum restraint principle method,
spinor-matrix transformation method, Newton vector method. In either case, the ba-
sic tasks of mechanical multi-body system are as follows:

1. Establishing the general mathematical model of kinematics and dynamics.
2. Accurate calculation method for kinematic law and dynamic response.

The symmetry theory of dynamic system is a higher-level rule in theoretical
physics, engineering mathematics, modern mechanics. The symmetry of motion
equations is helpful to reveal the inherent characteristics and deep-seated laws of
mechanical system [14]. The symmetries and conserved quantities of mechanical
system are closely related, and the conserved quantity not only has obvious physical
significance, but also is the first integral, which can reduce the order of equation.
Therefore, symmetry theory is also an effective method to integral equation. The
main symmetry methods are Noether symmetry [15], Lie symmetry [16]. However,
at present, the research of mechanical multi-body system dynamics mainly adopts
numerical algorithms or CAD/CAE softwares. There are few literatures on analyti-
cal integration theory. Zheng [17-19] first devoted himself to applying the symmetry
theory of constrained mechanical system to mechanical multi-body system, and made
a good exploration. It is well known that the analytical solution of differential equa-
tions can more directly reflect the quantitative relationship between parameters and
the global properties of nonlinear system. Meanwhile, conserved quantity can also be
used to design difference schemes to improve the accuracy of numerical algorithms.
Therefore, it is of great significance to study the symmetry and conserved quantity of
mechanical multi-body system dynamics.

2 DYNAMIC MODEL OF A MECHANICAL MULTI-BODY SYSTEM

At present, the basic principles and methods for deriving control equations of me-
chanical multi-body system dynamic can be divided into three categories. The first
one is Newton-Euler vector mechanics method; the second one is analytical mechan-
ics method, such as Lagrange equation, Hamilton principle; the third one is extremum
principle with minimum property based on Gauss principle. Considering that the an-
alytical mechanics method is based on energy and constraints, which has the charac-
teristics of universality and wide adaptability, and it is easy to program, which can
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simplify the control and synthesis of system. So, in this paper, the second kind of
modeling method is adopted.

The position is defined by three Cartesian coordinates (z,y,2)” and the atti-
tude by three Euler angles (¢, 6, ¢)?. So the generalized coordinates are by ¢; =
(4, yi, 2, ¢i, 0i, ;)T , the generalized velocities are by (v, k;) = dg;/dt. The ki-
netic energy of a rigid body is

1 1
(1) Tl = ivimivg‘r + 5]@[17{3?
Generalized forces acting on multi-body include gravity, active external force,
spring force, damping force, friction, acting force, which can be calculated by calcu-
lating the corresponding virtual work, that is,

" 81)1- 8]{}1
) =Y Fi 4+ S
Qj ; 8(]]' 8(]j

Here F;, S; are the principal vectors and principal moments that the active forces
acting on a rigid body ¢ simplify to its center of mass. The equations of system can
be obtained by assembling a single rigid body with matrix technology.

For a tree-shaped multi-body system with holonomic and scleronomic constraints
is shown in Fig. 1. The generalized coordinates are independent when the generalized
coordinates are hinge coordinates and modal coordinates of deformed bodies. The
dynamic equation can be obtained by using the second kind of Lagrange equations
d [GT] oT

3) " 9q

= Q.

Fig. 1. Topological configuration of tree-diagram shaped multi-body system.
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Fig. 2. Topological configuration of non-tree-shaped multi-body system.

For a complex multi-body system, the motion of components is coupled with each
other. The topological structure of the non-tree-shaped multi-body system is shown
in Fig. 2. Hinge coordinates are non-independent. The all Cartesian coordinates are
used as the generalized coordinates, according to the topological structure and the
type of hinge, the constraint equations ®(q) = 0, ® € R™ (m is the number of
constraint equations) are established, then the dynamic equation can be obtained by
using the first kind of Lagrange equations:

d[oT] oT ;.
@) dt[&'z}_aq+@q’\_Q’
®(q) =0.

Here A is Lagrange constraint multipliers.

3 NOETHER SYMMETRIES AND CONSERVED QUANTITIES

The generalized force in the dynamic equation of a mechanical multi-body system is
further decomposed, in which there is a potential function V'(¢,q) can make Q' =
—0V/0qs, therefore, there exists a Hamilton action form of the system

to to
) S(y) = / L(t,q.d)dt = / T Vit.

t1 t1

Taking infinitesimal transformation of time and coordinates

Here, &, & are infinitesimal generating functions.
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Generalized quasi-Noether symmetry means that the total variation of (5) satisfies
under (6):

(7) AS = — (AG) + Z Q" 8qs}dt .

. dt
Here AG = Gy (t,q,q), Gy is a gauge function, Q)" is non-potential force.
According to the relation between total variation and isochronal variation

0qs = Agqs — ¢sAt = 5(55 - QS£O) >

equation (7) can be expanded

L .
® et Z aq. 3

s=1

( Za 55)50+ZQ € — ds&0) + Gy =0.

Equation (8) is the deterministic equation of generators &y, & and satisfies the
Noether symmetry.

Noether symmetry of mechanical multi-body system with external constraints
must be another condition, that is, the constraints must remain unchanged under (6).
Therefore, there exists an additional restriction equation

0®(q)
0qs

Therefore, the deterministic equation of Noether symmetry are (8) for tree-shaped
mechanical multi-body system, but the deterministic equations of Noether symmetry
are (8) and (9) for non-tree-shaped multi-body system.

The symmetry of continuous transformation corresponds to a conservation law.
A conserved quantity corresponds to the first integral of system, and then the dif-
ferential equation can be reduced. The conserved quantity is a deeper dynamic law,
which plays an important role in the integrability, linearization, motion constants
and stability of dynamic equation. Noether symmetry can directly lead to a class of
Noether-type conserved quantities, and combining with the initial conditions, it is
easy to solve the exact response of original vibration system. The form of Noether-
type conserved quantity is

9)

§&s=0.

" 0L ,
(10) In = L& + E g(is — ¢s&) + G = const.
s=1 S

Integrating the left of (10), we have dIy /dt = 0.
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4 LIE SYMMETRIES AND CONSERVED QUANTITIES

Unlike Noether’s theory, Lie symmetry is a directly study the invariance of differen-
tial equations under a infinitesimal transformation. All generalized accelerations can
be obtained by expanding the dynamic equations of tree-shaped and non-tree-shaped
multi-body systems under the condition of non-singularity. So,

(11) 4s = as(t,q, dotq) (s=1,2,...,n).

Lie symmetry of mechanical multi-body system means that Eq. (11) remains un-
changed under the infinitesimal transformation (6). That is,

(12) 4s = as(t",q%.4") .

Equation (12) can also be expressed as the deterministic equation of Lie symmetry

13) & duby— 2060 = 220 4 3 O ¢ +i%(é — Gréo)
s sG0 sG0 ot aqkk 8Qk k qkso0) -
k=1 k=1

Equation (13) is the deterministic equation of Lie symmetry for tree-shaped me-
chanical multi-body system.

But the Lie symmetry of mechanical multi-body system with external constraints
must also satisfy the additional restrictive equation (9), so the deterministic equation
of Lie symmetry are (13) and (9) for non-tree-shaped multi-body system..

Unlike Noether symmetry, Lie symmetry does not directly lead to conserved
quantity in general. The condition and form of conserved quantity caused by Lie
symmetry are given below.

If the generators satisfy the deterministic equation of Lie symmetry and there is a
gauge function Gy = Gn(t,q, q) that satisfies the structural equation

. L OL x~, OL x~,: .2 0L XN e
(14) L50+£oat+l;5kaqk+kl<gs qsfo)aqur;Qs(fs 4s0)+Gn =0.

Then Lie symmetry can lead to Noether-type conserved quantity
"~ OL
(15) Iy =L§o+2%(§s—qsfo)—i-GNzconst.
i=1 *°

Integrating the left side of (15), we obtain dIy /dt = 0.

Lie symmetry can also construct a new type of conserved quantities under certain
conditions, which does not depend on the Lagrange function. That is, if the gener-
ators satisfy the deterministic equation and a gauge function p = u(t,q,q) satisfies
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the structural equation

" das d
(16) > J. + I =0.

Then Lie symmetry can also lead to Hojman-type conserved quantity

9% O&s qsio) dlnp
a7 I= +28q5 ; g,

+ ngﬁalnu + Z (& — C]sfo)al;l — &) = const.

Integrating the left of (17), we have dI/dt = 0.

5 EXAMPLE ILLUSTRATION

The sideways motion model of a bionic robot can be regarded as a multi-body system
consisting of five connecting rods and four rotating joints mechanisms [20]. The
geometry is shown in Fig. 3.
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Fig. 3. The sideways geometric model of bionic robot.
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In order to operate effectively, the planning upper body posture of robot remains
unchanged during walking, so 8, = —03, §; = —fy, the torques acting on joints 3
and 4 are 73, 74, the independent generalized coordinates are 3, 64, the Lagrange
function is

(18) L:%{—8ghf(2m1+mb+mf)
+ Ly [4(2g534 + 02 Ly + 260304 Ly, + 62 Ly)my
+ (49534 + 03 Ly + 205604 Ly, + 62 Ly)my,
+ 4(29S34 + 62Ly + 2036, Ly + 62Ly)m f}
4L, [(4954 + 3C5050, Ly, + 3C562Ly)my
+ (2954 + C30304 Ly + C302 Ly)my,
+ 4(gSu + C30s04Ly + C362Ly)m f]
+ 20213 [5my + 2(my + mf)]}.
Here C3 and Cy are cos(03), cos(04); Cs44 and Cs_4 are cos(f3 + 0,4), cos(03 — 6y);
S3 and Sy are sin(63), sin(64); S344 and S3_4 are sin(03 + 64), sin(03 — 64).

The multi-body system is a tree model, and the structural parameters of robot are
substituted into the Euler-Lagrange equation to obtain

19) = %{4@»(9 — CsaisLy — CsafsLy)my — 643 (3my + Smy)
+2L4 [(904 — C3603Ly, — C364Ly)my
+2(gCy — Csfis Ly — G,(2Cshy + chb))mf} }
74 = hylg — C3403Ly — 64(2C4 Ly + CasLy)my .

Now we study the Lie symmetry and conserved quantity. The expanded form of
deterministic equation of Lie symmetry are

(20) —[250[4(—T3+T4)034hbemf
+ L3 (ma [3ra+9(—=142Cu)hym gl +8m (s — gSihymy))
+ L1[8(—7‘3—|—7'4)C4hfmf + Lb(m1+2mf)(27'403 — 29545’34hfmf)ﬂ]

X [hfL%mef[(Cg,CZ; +35354)m1 + 8S3S4my]|  — O3&o + & =
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= — [{254Lb(m1 + me) + Ll[(*0453 + 3035’4)m1 + 80354mf]}

X {8(=73 4+ 14)Cahgmy + Li{m1[3m4 + g(—1 + 2C44)hymy]
+8my (s — gSthymp)} Y + {[2hyms[—(C3Cy + 3S354)m

— 853S4m ]{2(—73 + T4)S34Lp + 29544 Li(ma + 2my)

+ Li[4(—73 + 74)S4 + gS3aLp(m1 + 2my)]} — [(253-4 + S34)m
+ 8C4S3m [{4(—73 + 74)Csah pmy Ly, + Li{ma[374 + g(—1
+2Cy4)hypmg] 4+ 8my(my — gSihpmy)} + L1[8(—73 + 14)Cahpmy

+ Lo+ 2my) (27Cs — 29SaSaah )]} 6o

—1
x [hfomef{(c?,@ +3858,)my + 85354mf]2} .

— [25’0[4(73 — 14)C3ahymy + Ly (ma + 2my)(—7aC3 + 954534hfmf)]]
X [hfL%mf[(Cgczl +35354)m1 + 853S4mfﬂ — 040+ & =

= [{25’4(m1 +2m ) {8(—73 + 74)Cahymy + Li{mi[374 + g(—1

+2Cua)hymy] + 8my(ra — gSThpmy)} Y1 + {2hpmy[—(C3Cy
+ 35354)777,1 + 8535’4mf][2(—73 + 7'4)534 + gS44L%(m1 =+ me)]
— [(233_4 + S34)my + 8045’3mf][4(73 — T4)C34hf7nf

+2L1(mq + 2my)(—14Cs + 954534hfmf)]}f2]

X [h sL2m[(C5Cy + 38584)my + 85354mf}2]

Equation (20) is a coupled complex nonlinear differential equations, we have the

solution

(21) o=c, & =0, &=0.
Then the structural equation is

(22) —cr303 — ey + G = 0.

Then the gauge function is

(23) G = C/ (T3d93 + 7'4d94) .
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Then the corresponding conserved quantity is
@4) =3 | - 8ghs(2mi +my+my)
— Ly[4(—29S34 + 02 Ly + 2050, Ly, + 62 Ly)m,y
+ (—4gSs4 + 3Ly, + 20504 Ly, + 03 Ly)my,
+ 4(—2gS34 + 0Ly + 20304 Ly, + 03 Ly)m]
+ 4L, [(49S4 — 3C30304Ly, — 3C363Ly)my
+ (2984 — C30304 Ly, — C302Ly)my,
+4(gSy — C36030, Ly, — C367 Ly)my]

o | =

—202L3[5my + 2(my, + 4mf)]} + / (T3d03 + T4df4) = const.

Up to now, a new conserved quantity different from energy conservation law, mo-
mentum conservation law and angular momentum conservation law are obtained. By
substituting the specific value of variables 63, 04, T3, 74, a more specific conserved
quantity can be obtained. For the dynamics of robot multi-body system, the conser-
vation law is successfully obtained by using Lie symmetry theory, which is seldom
involved in the relevant literature at present. These contents in this paper will enhance
the understanding of inherent physical nature of sideways motion of bionic robot and
promote the research of bionic robot dynamics.

6 CONCLUSIONS

Symmetry theory is rich and has broad application prospects in mathematical science
and engineering technology. It is necessary to study the integral theory of mechanical
multi-body system dynamics although considering the premise of computer technol-
ogy. In this paper, the research contents of mechanical multi-body systems are sum-
marized, which includes the mathematical modeling of dynamic equation, Noether
symmetry and conserved quantity, Lie symmetry and conserved quantity. The con-
served quantity of bionic robot system is obtained by using Lie symmetry method,
which unlike any existing method. The symmetric method is easy to standardize, and
with the introduction of symbolic software technology, the solution of procedure will
be very efficient. We can not only get the first integral of dynamic response of system,
but also get an effective mean to verify the numerical calculation. Furthermore, the
method can be extended to the study of dynamics of mechanical multi-body system
with complex boundary constraints (non-ideal).
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