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A BSTRACT: The paper provides a powerful new tool for quantitative and
qualitative analysis of complex mechanical multibody system. The symmetry
theory in modern mechanics is introduced into the study of mechanical multibody dynamics. Firstly, the Euler-Lagrange equations of constrained mechanical multibody system dynamics are derived by analytical mechanical method;
Secondly, the theory of group analysis is introduced, according to the invariance principle, we get the conditional equations of Noether and Lie symmetry
and the corresponding form of conserved quantity about mechanical multibody
system, which provides an effective way to analytic integral calculate the dynamic equations. Finally, the dynamic of a bionic robot mechanism is taken as
an example for practical application. The result shows that we can get deeper
mechanics rules and motion phenomena of mechanical multibody system dynamics with the help of symmetries and conserved quantities, which lay a theoretical foundation for more precise dynamic optimization design and advanced
control.
K EY WORDS : Mechanical multi-body system; Euler-Lagrange equations;
symmetry; conserved quantity; bionic robot.

1

I NTRODUCTION

With the development of modern science and technology, in practical engineering,
especially in the fields of vehicles, spacecraft, mechanisms and robots, the complex
mechanical system consisting of a large number of rigid bodies that are interlinked
have emerged, which form an independent branch of discipline: multi-body system
dynamics [1]. With the integration of computer technology, the modeling process and
complex calculation can be programmed and simulated by software, which makes the
multi-body system dynamics have made great progress and achievements in mechanical engineering [2–10]. It has been paid more and more attention by academicians
and engineering scientists. According to the categories of coordinates, the mechanical multi-body system can be divided into [11]: Lagrange method, complete Cartesian method and hybrid method. The former adopts the relative coordinates of each
∗
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hinge, and the latter adopts the global coordinate system. According to the nature of
objects, it can be divided into [12]: multi-rigid-body system dynamics, multi-flexiblebody system dynamics and multi-rigid-flexible-coupling-body dynamics. According
to the form of equations, it can be divided into [13]: Roberson-Wittenburg method,
Huston-Kane method, Lagrange method, Gauss minimum restraint principle method,
spinor-matrix transformation method, Newton vector method. In either case, the basic tasks of mechanical multi-body system are as follows:
1. Establishing the general mathematical model of kinematics and dynamics.
2. Accurate calculation method for kinematic law and dynamic response.
The symmetry theory of dynamic system is a higher-level rule in theoretical
physics, engineering mathematics, modern mechanics. The symmetry of motion
equations is helpful to reveal the inherent characteristics and deep-seated laws of
mechanical system [14]. The symmetries and conserved quantities of mechanical
system are closely related, and the conserved quantity not only has obvious physical
significance, but also is the first integral, which can reduce the order of equation.
Therefore, symmetry theory is also an effective method to integral equation. The
main symmetry methods are Noether symmetry [15], Lie symmetry [16]. However,
at present, the research of mechanical multi-body system dynamics mainly adopts
numerical algorithms or CAD/CAE softwares. There are few literatures on analytical integration theory. Zheng [17–19] first devoted himself to applying the symmetry
theory of constrained mechanical system to mechanical multi-body system, and made
a good exploration. It is well known that the analytical solution of differential equations can more directly reflect the quantitative relationship between parameters and
the global properties of nonlinear system. Meanwhile, conserved quantity can also be
used to design difference schemes to improve the accuracy of numerical algorithms.
Therefore, it is of great significance to study the symmetry and conserved quantity of
mechanical multi-body system dynamics.
2

DYNAMIC M ODEL OF A M ECHANICAL M ULTI - BODY S YSTEM

At present, the basic principles and methods for deriving control equations of mechanical multi-body system dynamic can be divided into three categories. The first
one is Newton-Euler vector mechanics method; the second one is analytical mechanics method, such as Lagrange equation, Hamilton principle; the third one is extremum
principle with minimum property based on Gauss principle. Considering that the analytical mechanics method is based on energy and constraints, which has the characteristics of universality and wide adaptability, and it is easy to program, which can
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simplify the control and synthesis of system. So, in this paper, the second kind of
modeling method is adopted.
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Fig. 1. Topological configuration of tree-diagram shaped multi-body system.

Fig. 1. Topological configuration of tree-diagram shaped multi-body system.
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Here λ is Lagrange constraint multipliers.
Here,  0 ,  s are infinitesimal generating functions.
3
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L(t, q , q̇q )dt =

S(γ) =
t1

t1

Taking infinitesimal transformation of time and coordinates
(6)

t∗ = t + ∆t = t + εξ0 (t, q , q̇q ), qs∗ = qs (t) + ∆qs = qs (t) + εξs (t, q , q̇q ) .

Here, ξ0 , ξs are infinitesimal generating functions.
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Generalized quasi-Noether symmetry means that the total variation of (5) satisfies
under (6):
Z t2
n
X
d
{ (∆G) +
(7)
∆S = −
Q00s δqs }dt .
dt
t1
i=1

Here ∆G = εGN (t, q , q̇q ), GN is a gauge function, Q00 s is non-potential force.
According to the relation between total variation and isochronal variation
δqs = ∆qs − q̇s ∆t = ε(ξs − q̇s ξ0 ) ,
equation (7) can be expanded
n

n

s=1

s=1

X ∂L
X ∂L
∂L
ξ0 +
ξs +
ξ˙s
∂t
∂qs
∂ q̇s

(8)

n
n

X
X
∂L ˙  ˙
+ L−
ξs ξ0 +
Q00s (ξs − q̇s ξ0 ) + ĠN = 0 .
∂ q̇s
s=1

s=1

Equation (8) is the deterministic equation of generators ξ0 , ξs and satisfies the
Noether symmetry.
Noether symmetry of mechanical multi-body system with external constraints
must be another condition, that is, the constraints must remain unchanged under (6).
Therefore, there exists an additional restriction equation
∂Φ(qq )
ξs = 0 .
∂qs

(9)

Therefore, the deterministic equation of Noether symmetry are (8) for tree-shaped
mechanical multi-body system, but the deterministic equations of Noether symmetry
are (8) and (9) for non-tree-shaped multi-body system.
The symmetry of continuous transformation corresponds to a conservation law.
A conserved quantity corresponds to the first integral of system, and then the differential equation can be reduced. The conserved quantity is a deeper dynamic law,
which plays an important role in the integrability, linearization, motion constants
and stability of dynamic equation. Noether symmetry can directly lead to a class of
Noether-type conserved quantities, and combining with the initial conditions, it is
easy to solve the exact response of original vibration system. The form of Noethertype conserved quantity is
(10)

IN = Lξ0 +

n
X
∂L
(ξs − q̇s ξ0 ) + GN = const.
∂ q̇s
s=1

Integrating the left of (10), we have dIN /dt = 0.
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Unlike Noether’s theory, Lie symmetry is a directly study the invariance of differential equations under a infinitesimal transformation. All generalized accelerations can
be obtained by expanding the dynamic equations of tree-shaped and non-tree-shaped
multi-body systems under the condition of non-singularity. So,
q̈s = αs (t, q , dotqq )

(11)

(s = 1, 2, ..., n) .

Lie symmetry of mechanical multi-body system means that Eq. (11) remains unchanged under the infinitesimal transformation (6). That is,
q̈s∗ = αs (t∗ , q ∗ , q̇q ∗ ) .

(12)

Equation (12) can also be expressed as the deterministic equation of Lie symmetry
(13)

n

n

k=1

k=1

X ∂αs
∂αs X ∂αs
ξ¨s − q̇s ξ¨0 − 2αs ξ˙0 =
ξk +
(ξ˙k − q̇k ξ˙0 ) .
+
∂t
∂qk
∂ q̇k

Equation (13) is the deterministic equation of Lie symmetry for tree-shaped mechanical multi-body system.
But the Lie symmetry of mechanical multi-body system with external constraints
must also satisfy the additional restrictive equation (9), so the deterministic equation
of Lie symmetry are (13) and (9) for non-tree-shaped multi-body system..
Unlike Noether symmetry, Lie symmetry does not directly lead to conserved
quantity in general. The condition and form of conserved quantity caused by Lie
symmetry are given below.
If the generators satisfy the deterministic equation of Lie symmetry and there is a
gauge function GN = GN (t, q , q̇q ) that satisfies the structural equation
(14) Lξ˙0 +ξ0

n

n

n

k=1

k=1

i=1

∂L X ∂L X ˙
∂L X 00
ξk
(ξs − q̇s ξ˙0 )
+
+
+
Qs (ξs − q̇s ξ0 )+ĠN = 0 .
∂t
∂qk
∂ q̇s

Then Lie symmetry can lead to Noether-type conserved quantity
(15)

IN = Lξ0 +

n
X
∂L
(ξs − q̇s ξ0 ) + GN = const.
∂ q̇s
i=1

Integrating the left side of (15), we obtain dIN /dt = 0.
Lie symmetry can also construct a new type of conserved quantities under certain
conditions, which does not depend on the Lagrange function. That is, if the generators satisfy the deterministic equation and a gauge function µ = µ(t, q , q̇q ) satisfies
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the structural equation
n
X
∂αs

(16)

s=1

∂ q̇s

+

d
ln µ = 0 .
dt

Then Lie symmetry can also lead to Hojman-type conserved quantity
(17) I =

n
n
∂ ln µ
∂ξ0 X ∂ξs X ∂(ξ˙s − q̇s ξ˙0 )
+
+ ξ0
+
∂t
∂qs
∂ q̇s
∂t
s=1

+

s=1
n
X
s=1

n

∂ ln µ
∂ ln µ X ˙
+
− ξ0 = const.
(ξs − q̇s ξ˙0 )
ξs
∂qs
∂ q̇s
s=1

Integrating the left of (17), we have dI/dt = 0.
5

E XAMPLE I LLUSTRATION

The sideways motion model of a bionic robot can be regarded as a multi-body system
consisting of five connecting rods and four rotating joints mechanisms [20]. The
geometry is shown in Fig. 3.

Fig. 3. The sideways geometric model of bionic robot.

Fig. 3. The sideways geometric model of bionic robot.
In order to operate effectively, the planning upper body posture of robot
remains unchanged during walking, so  2   3 ,1   4 , the torques acting on
joints 3 and 4 are  3 , 4 , the independent generalized coordinates are  3 ,  4 , the
Lagrange function is:
(18)

 8 ghf (2m1  mb  m f )  Lb [4(2 gS34  32 Lb  234 Lb  42 Lb )m1 



(4 gS   2 L  2  L   2 L )m  4(2 gS   2 L  2  L   2 L )m ]
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In order to operate effectively, the planning upper body posture of robot remains
unchanged during walking, so θ2 = −θ3 , θ1 = −θ4 , the torques acting on joints 3
and 4 are τ3 , τ4 , the independent generalized coordinates are θ3 , θ4 , the Lagrange
function is
1n
L=
(18)
− 8ghf (2m1 + mb + mf )
8
h
+ Lb 4(2gS34 + θ̇32 Lb + 2θ̇3 θ̇4 Lb + θ̇42 Lb )m1
+ (4gS34 + θ̇32 Lb + 2θ̇3 θ̇4 Lb + θ̇42 Lb )mb
i
+ 4(2gS34 + θ̇32 Lb + 2θ̇3 θ̇4 Lb + θ̇42 Lb )mf
h
+ 4L1 (4gS4 + 3C3 θ̇3 θ̇4 Lb + 3C3 θ̇42 Lb )m1
+ (2gS4 + C3 θ̇3 θ̇4 Lb + C3 θ̇42 Lb )mb
+ 4(gS4 + C3 θ̇3 θ̇4 Lb + C3 θ̇42 Lb )mf
o
+ 2θ̇42 L21 [5m1 + 2(mb + mf )] .

i

Here C3 and C4 are cos(θ3 ), cos(θ4 ); C3+4 and C3−4 are cos(θ3 + θ4 ), cos(θ3 − θ4 );
S3 and S4 are sin(θ3 ), sin(θ4 ); S3+4 and S3−4 are sin(θ3 + θ4 ), sin(θ3 − θ4 ).
The multi-body system is a tree model, and the structural parameters of robot are
substituted into the Euler-Lagrange equation to obtain
1n
4hj (g − C34 θ̈3 Lb − C34 θ̈3 Lb )mf − θ̈4 L21 (3m1 + 8mf )
(19)
τ3 =
4
h
+ 2L1 (gC4 − C3 θ̈3 Lb − C3 θ̈4 Lb )m1
io
+ 2(gC4 − C3 θ̈3 Lb − θ̈4 (2C4 hf + C3 Lb ))mf ,
τ4 = hf [g − C34 θ̈3 Lb − θ̈4 (2C4 L1 + C34 Lb )]mf .
Now we study the Lie symmetry and conserved quantity. The expanded form of
deterministic equation of Lie symmetry are
h
(20) − 2ξ˙0 [4(−τ3 +τ4 )C34 hf Lb mf
+ L21 (m1 [3τ4 +g(−1+2C44 )hf mf ]+8mf (τ4 − gS42 hf mf ))
i
+ L1 [8(−τ3 +τ4 )C4 hf mf + Lb (m1 +2mf )(2τ4 C3 − 2gS4 S34 hf mf )]]
h
i−1
× hf L21 Lb mf [(C3 C4 + 3S3 S4 )m1 + 8S3 S4 mf ]
− θ̇3 ξ¨0 + ξ¨1 =
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= − {2S4 Lb (m1 + 2mf ) + L1 [(−C4 S3 + 3C3 S4 )m1 + 8C3 S4 mf ]}
× {8(−τ3 + τ4 )C4 hf mf + L1 {m1 [3τ4 + g(−1 + 2C44 )hf mf ]
+ 8mf (τ4 − gS42 hf mf )}}ξ1 + {[2hf mf [−(C3 C4 + 3S3 S4 )m1
− 8S3 S4 mf ]{2(−τ3 + τ4 )S34 Lb + 2gS44 L21 (m1 + 2mf )
+ L1 [4(−τ3 + τ4 )S4 + gS34 Lb (m1 + 2mf )]} − [(2S3−4 + S34 )m1
+ 8C4 S3 mf ]{4(−τ3 + τ4 )C34 hf mf Lb + L21 {m1 [3τ4 + g(−1

+ 2C44 )hf mf ] + 8mf (τ4 − gS42 hf mf )} + L1 [8(−τ3 + τ4 )C4 hf mf
i
+ Lb (m1 + 2mf )(2τ4 C3 − 2gS4 S34 hf mf )]}}ξ2
h
i−1
.
× hf L21 Lb mf [(C3 C4 + 3S3 S4 )m1 + 8S3 S4 mf ]2
h
i
− 2ξ˙0 [4(τ3 − τ4 )C34 hf mf + L1 (m1 + 2mf )(−τ4 C3 + gS4 S34 hf mf )]
h
i
× hf L21 mf [(C3 C4 + 3S3 S4 )m1 + 8S3 S4 mf ] − θ̇4 ξ¨0 + ξ¨2 =
h
= {2S4 (m1 + 2mf ){8(−τ3 + τ4 )C4 hf mf + L1 {m1 [3τ4 + g(−1
+ 2C44 )hf mf ] + 8mf (τ4 − gS42 hf mf )}}ξ1 + {2hf mf [−(C3 C4
+ 3S3 S4 )m1 + 8S3 S4 mf ][2(−τ3 + τ4 )S34 + gS44 L21 (m1 + 2mf )]
− [(2S3−4 + S34 )m1 + 8C4 S3 mf ][4(τ3 − τ4 )C34 hf mf
i
+ 2L1 (m1 + 2mf )(−τ4 C3 + gS4 S34 hf mf )]}ξ2
i−1
h
.
× hf L21 mf [(C3 C4 + 3S3 S4 )m1 + 8S3 S4 mf ]2
Equation (20) is a coupled complex nonlinear differential equations, we have the
solution
(21)

ξ0 = c ,

ξ1 = 0 ,

ξ2 = 0 .

Then the structural equation is
(22)

− cτ3 θ̇3 − cτ4 θ̇4 + Ġ = 0 .

Then the gauge function is
Z
(23)

G=c

(τ3 dθ3 + τ4 dθ4 ) .
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Then the corresponding conserved quantity is
(24)

I=

1h
− 8ghf (2m1 + mb + mf )
8
− Lb [4(−2gS34 + θ̇32 Lb + 2θ̇3 θ̇4 Lb + θ̇42 Lb )m1
+ (−4gS34 + θ̇32 Lb + 2θ̇3 θ̇4 Lb + θ̇42 Lb )mb
+ 4(−2gS34 + θ̇32 Lb + 2θ̇3 θ̇4 Lb + θ̇42 Lb )mf ]
+ 4L1 [(4gS4 − 3C3 θ̇3 θ̇4 Lb − 3C3 θ̇42 Lb )m1
+ (2gS4 − C3 θ̇3 θ̇4 Lb − C3 θ̇42 Lb )mb
+ 4(gS4 − C3 θ̇3 θ̇4 Lb − C3 θ̇42 Lb )mf ]
i Z
2 2
− 2θ̇4 L1 [5m1 + 2(mb + 4mf )] + (τ3 dθ3 + τ4 dθ4 ) = const.

Up to now, a new conserved quantity different from energy conservation law, momentum conservation law and angular momentum conservation law are obtained. By
substituting the specific value of variables θ3 , θ4 , τ3 , τ4 , a more specific conserved
quantity can be obtained. For the dynamics of robot multi-body system, the conservation law is successfully obtained by using Lie symmetry theory, which is seldom
involved in the relevant literature at present. These contents in this paper will enhance
the understanding of inherent physical nature of sideways motion of bionic robot and
promote the research of bionic robot dynamics.
6

C ONCLUSIONS

Symmetry theory is rich and has broad application prospects in mathematical science
and engineering technology. It is necessary to study the integral theory of mechanical
multi-body system dynamics although considering the premise of computer technology. In this paper, the research contents of mechanical multi-body systems are summarized, which includes the mathematical modeling of dynamic equation, Noether
symmetry and conserved quantity, Lie symmetry and conserved quantity. The conserved quantity of bionic robot system is obtained by using Lie symmetry method,
which unlike any existing method. The symmetric method is easy to standardize, and
with the introduction of symbolic software technology, the solution of procedure will
be very efficient. We can not only get the first integral of dynamic response of system,
but also get an effective mean to verify the numerical calculation. Furthermore, the
method can be extended to the study of dynamics of mechanical multi-body system
with complex boundary constraints (non-ideal).
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