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A BSTRACT: One of the common assumptions in analysis of polymer network on micromechanical level is the non-porosity of the polymeric media,
but it is merely a simplifying assumption. This study dismissed this assumption and studies the polymeric networks with 10% and 20% porosity and compares them with a polymer media without porosity. To model the porosity in
the polymer network, a random morphology is employed and using ABAQUS
software, nonlinear finite element analysis is performed to study the structure
of the porous polymer network. Comparing the networks with 10% and 20%
porosity with the non-porous network shows the significant effect of porosity
in mechanical behavior of the polymer network and how it can increase the
maximum von-Mises stress remarkably.
K EY WORDS : elastomers, finite element method, polymer network, porous
media.

1

I NTRODUCTION

Porous materials have been one of the exciting subjects in physics and chemistry
since the discovery of the zeolites and their application in the industry. From physical point of view, porosity is used as a key parameter in designing materials in order
to modify their properties and improve their performance [1]. The area of porous
materials has experienced a revolutionary growth during former decades. Of various
porous materials, porous polymers such as metal-organic frameworks (MOFs), crystalline covalent-organic frameworks (COFs) and amorphous porous organic polymers
(POPs) have been well developed and intrigued much attention as they not only possess the benefits of high surface area and well-designed porosity like conventional
porous materials such as zeolites or activated carbons, but also provide the advantages of polymeric materials e.g. corrosion resistivity. Porous polymers are low
∗
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weigh, chemically and thermally stable, easy processable materials. In addition, they
are qualified to introduce chemical functionalities into the materials’ porous framework by bottom-up or post-synthetic modification approach [2, 3]. These remarkable
features make porous polymers as promising candidates for applications in catalysis and photocatalysis [4, 5], gas separation [6], water and wastewater treatment [7],
energy storage [8], drug delivery and tissue engineering [1, 9].
Elastomers are type of polymers with unique properties such as high elasticity,
large extensibility, good formability, and low cost. The polymeric network of elastomers formed by the connection of long chain molecules results in high elasticity
which enable them to be applied in different areas [10] including automotive industry [11], electronic manufacturing [12], magnetorheological [13], and biomedical
devices [14, 15], and as a consequence the necessity of the study on the properties of
elastomers has been arisen. Of more importance is the analysis of mechanical characteristics because elastomers are mostly undergone deformation. Effects of different
parameters on the mechanical behavior of elastomers have been investigated by several researchers [11,16]. For instance, Tehrani et al. studied the effect of chain length
distribution and polydispersity on the strength of polymeric networks and concluded
that the mechanical strength of elastomeric networks has been notably influenced by
the distribution of strands length [11, 17, 18]. However, these valuable researches
ignore the significant effect of porosity by assuming a non-porous media for elastomers. On the other hand, considering porosity factor could be a huge enhancement
in this area as porous elastomers are emerging type of novel materials, which have
been increasingly used in different areas of biomedical application [14, 19]. Owing
to these applications of porous elastomers, fluid-structure interaction (FSI) analysis, in the presence of porous elastomers as the solid structure, is critically required.
While there has been conducted numerous studies over numerical analysis and CFD
methods and its applications [20, 21], investigating the mechanical properties and finite element analysis of porous elastomers has been barely touched [22]. One of the
most useful techniques in finite element analysis, which have been applied credibly to
study the mechanical behavior of elastomers and polymeric networks, is asymptotic
expansion homogenization (AEH) method [23, 24]. This technique is a rigorous and
well-known approach to predict the properties of material using periodic microstructure [25].
The objective of this paper is to develop and implement a methodology for creating morphologically realistic heterogeneous random porous microstructures over the
entire volume fraction range, and subsequently analyze their statistical and homogenized material properties in an effort to extract valuable insight into the behavior of
realistic porous elastomer. To obtain that goal, the asymptotic expansion homogenization (AEH) method is used in conjunction with multiscale analysis to obtain the
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stresses at the microscopic and macroscopic levels.
2

M ETHODOLOGY

In this model, the random morphology description function (RMDF) is used to develop random microstructures, which can have different porosity.
(1)
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where y i and ci are random coordinates and random coefficient, respectively. N in
equation (1) is the number of random functions. Also:
1
wi = √ .
N

(2)

This equation is consisted of two-dimensional Gaussian functions, which creates a
realistic random function [26]. Using Eq. (1) with different cutoff values, random
porous media with different porosity are modeled as presented in Fig. 1.

Fig. 1. (a) Nonporous media; (b) porous media with 10% porosity; and (c) porous media with
20% porosity.

Different phenomenological and statistical models [27,28] have been developed to
represent mechanical response of the polymer networks. Recently, Tehrani-Sarvestani
model introduced new framework to study the mechanical behavior and failure in
polymer networks [11,17,18,29]. This study employs Neo-Hookean model for polymer networks. The strain energy density function for a compressible Neo-Hookean
material is given by [11, 17]:
Z 2π Z π Z ∞
(3)
ψ(λ) = µ
P (j)w(λ, j) sin θ0 dj dθ0 dφ0 .
0

0

jmin (λ)
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where, nj is the total number of existing strands and V is the oc4πV
cupying volume. λ is macroscopic stretch, j is the length of the strands, and w(λ, j)
is the free energy of each strand. jmin is the length of the shortest strand and defined
as [17]:
With µ =

jmin (λ) =

(4)

λ2 (θ0 , φ0 )
,
ζ

where θ0 and φ0 are the coordinates in the reference configuration and ζ is:
√
1
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=
,
γ=
,
2
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2γ
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where a is the characteristic length for one statistical segment, U0 is the dissociation
energy, and α is a constant for the bond elasticity.
In Eq. (6) P (j) is the probability distribution of having a strand with j statistical
segments, as Tehrani derived in [11, 28]:
P (j) =

(6)

 j
1
exp −
.
j̄
j̄

Here j̄ is the reciprocal of average strand length.
For nonlinear problems three stress measures are usually considered: the Kirchhoff stress, τ , the Cauchy stress, σ , and the second Piola-Kirchhoff stress, S . ConsidF ) and
ering strain energy to be function of the deformation gradient tensor ψ = ψ(F
J to be the Jacobian of the deformation, the three measures of stress can be derived
as [30]:
(7)

S =2

∂ψ
,
C
∂C

σ=

2 ∂ψ T
F
F ,
C
J ∂C

τ = Jσ ,

where C the right Cauchy-Green tensor. It should be mentioned that the second PiolaKirchhoff stress is associated with total Lagrangian formulation while the other two
are associated with the updated Lagrangian formulation [30, 31]. For this study, the
updated Lagrangian formulation in ABAQUS is adopted.
For user defined material models in finite element, based on different stress rates,
different tangent modulus can be obtained, so it is important to implement an accurate
objective rate of a stress tensor. Following Miehe [30, 32], the convected rate of the
Kirchhoff Lυ τ is:
(8)

L υτ = τ̇τ − Lτ − τ L T = C̄ τ c : D .

M. H. Moshaei, P. S. Abdar, M. Azmoodeh

61

Here, C̄ τ c is the tangent modulus tensor [30, 32], D is the rate of deformation tensor,
and L is spatial velocity gradient. For ABAQUS continuum elements, based on Sun
∇
et al. [30], Jaumann rate of the Kirchhoff stress
can be expressed as:
τ
(9)

∇
= τ̇τ − W τ − τ W T = C̄ τ J : D .
τ

Here W is spin tensor and C̄ τ J is tangent modulus tensor for the Jaumann rate of the
Kirchhoff stress:
(10)

τJ
τc
C̄ijkl
= C̄ijkl
+ δik τjl + δjl τik ,

where δij is the Kronecker delta.
Following Miehe [32] a numerical approximation for tangent modulus is derived.
The linearized form of Eq. (9) is:
(11)

τJ
D,
W τ − τ ∆W
W T = C̄ijkl
: ∆D
∆ττ − ∆W

where:
(12)

W = 0.5(∆F
F F −1 − (∆F
F F −1 )T ) ,
∆W

(13)

D = 0.5(∆F
F F −1 + (∆F
F F −1 )T ) .
∆D

To find the estimate of the components of C̄ τ J , a small perturbation is required, so
following Miehe [30], [32] one can obtain:
(14)
(15)

W (ij) = 0 ,
∆W
ε
D (ij) = (ei ⊗ ej + ej ⊗ ei ) ,
∆D
2

where ε is a small perturbation. So, the perturbed deformation gradient is:
(16)

F
F̂

(ij)

F (ij) .
= F + ∆F

So, the difference between perturbed and unperturbed Kirchhoff stress is:
 (ij) 
τ
τ
F
F).
(17)
∆τ ≈
F̂
− τ (F
Then the numerical approximation of the tangent moduli is,
i
(ij)
1h
F ) − τ (F
F) .
(18)
C̄ τ J(ij) ≈
τ (F̂
ε
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The material Jacobian in ABAQUS is:
C̄ M J =

(19)

1 τJ
C̄ .
J

Inserting Eq. (19) in Eq. (18) the material Jacobian can be written as:
C̄ M J(ij) ≈

(20)

i
1 h  (ij) 
F
F) .
− τ (F
τ F̂
Jε

Table 1 indicated the input mechanical properties of the polymer network in this
ABAQUS simulation. The size of the specimen is 100 mm × 100 mm and 6-node
modified quadratic plane stress triangle elements (CPS6M) were used for the model
to reduce mesh density without affecting solution accuracy.
Table 1. Material constants for Neo-Hookean model of polymer network in ABAQUS [33]

∗

Parameter

Value

C 10 ∗
D 1 ∗∗

0.2587 (MPa)
1.5825e−3

Neo-Hookean material constant for shear behavior
Neo-Hookean material constant for bulk compressibility control

∗∗

Figure 2 shows the schematic boundary condition of the finite element model.
The implemented model is subject to a biaxial deformation control loading.

Fig. 2. Schematic boundary condition of finite element model.
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R ESULTS AND D ISCUSSIONS

The model has been generated for heterogenous random porous polymer networks
and the mechanical behavior of homogenized polymer networks have been obtained.
Random porous media with 5%, 10%, 15%, and 20% porosity have been generated
and for each porosity percentage the simulation was repeated 10 times to check the
validity and repeatability of each simulation. The average of maximum deformation
and von-Mises stress are presented in Table 2. For simplicity and a better presentation, the results for the total deformations and von-Mises stresses are shown in Fig. 3,
4 and 5 for no porosity, 10%, and 20% porosity.
Table 2. Average maximum deformation and von-Mises stress for different porosity percentage
Porosity
percentage

Average maximum
deformation

Average maximum
von-Mises stress

0
5
10
15
20

0.0019
0.572
0.738
1.18
1.46

7.53 (MPa)
20.93 (MPa)
21.72 (MPa)
22.08 (MPa)
22.82 (MPa)

The average maximum von-Mises stresses in porous media with 10% and 20%
are respectively 21.72 MPa and 22.82 MPa, which are much higher than the average
maximum von-Mises stress for the non-porous media, which is 7.53 MPa. According
to the figures, stress contours demonstrate that not only the maximum von-Mises
stress value is greatly increased in comparison with the non-porous media, but also
with the increase in the porosity more area is subjected to higher stress. This means
that increase in the porosity increases the chances for the rupture of polymer strands
and ultimately, the failure of the polymer network. Owing to the geometry of the
porous media, stress contours show severe von-Mises stress value in some specific
regions like between two holes. These regions are readily susceptible to failure due
to the stress value.
A finite element framework has been set up randomly and heterogeneously in order to relate the fraction of porosity and the mechanical behavior of porous polymer
network. In this fashion, finite element method has been successfully applied to establish mechanical properties of the heterogeneous random porous polymer network.
Initial simulation results have manifested that with increasing the porosity of media,
the maximum von-Mises stress is simultaneously raised. This conclusion in drawn
based on the results for 5%, 10%, 15%, and 20% porosity. Furthermore, the results
show that in the presence of the porosity in polymer networks, it is necessary to carry
out structural analysis to map the stress field and predict failure behavior.
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Fig. 3. Deformation perpendicular to the direction of subjected load with: (a) no porosity;
(b) 10% porosity; (c) 20% porosity.
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Fig. 4. Von-Mises stress of media with: (a) no porosity; (b) 10% porosity; (c) 20% porosity.
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Fig. 5. Stress perpendicular to the direction of subjected load with: (a) no porosity; (b) 10%
porosity; (c) 20% porosity.
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C ONCLUSION

This study simulates the porosity of the polymeric networks and performs their structural analysis using nonlinear finite element method. It is concluded that the porosity
has remarkable effect on the maximum von-Mises stress value and therefore on the
mechanical behavior of the polymeric networks. It is worth noting that two remarks
should be considered with respect to capability and validity of the suggested framework. First, the polymer network is supposed to be polydisperse and chains length
distribution conforms to simple exponential distribution. Second, it is assumed that
the deformations are affine since all the polymer strands undergo same deformation
at each moment. Since there is no similar experimental study for comparison, as a final note, this study emphasizes the significance of further investigations for polymers
with nano-porosity, which could be a potential topic for future studies.
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