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ABSTRACT: Delamination in multilayered three-point bending beam configu-
rations is analyzed assuming non-linear behaviour of the material in each layer.
For this purpose, an analytical approach is developed by using the Ramberg-
Osgood equation. A solution for the strain energy release rate is derived by
considering the energy balance. The strain energy release rate is obtained also
by analyzing the complementary strain energy for verification. The solution
derived is valid for a beam made of an arbitrary number of adhesively bonded
horizontal layers of different thicknesses and material properties. Besides, the
delamination can be located arbitrary between layers. The solution is applied
for parametric investigations of delamination behaviour. The effects of delami-
nation position along the beam height, material non-linearity and delamination
length on delamination behaviour are evaluated. The results obtained in the
present study are benefit to structural design of multilayered three-point bend-
ing beams exhibiting material non-linearity.

KEY WORDS: delamination crack, material non-linearity, multilayered struc-
ture, three-point bending.

1 INTRODUCTION

The widespread use of multilayered materials in various structural members and com-
ponents has been attempted mainly in order to reduce the structural weight [1-7].
Delamination, i.e separation of layers, is one of the most common failure modes in
layered structures [8—19].

A solution to the strain energy release rate for delaminaton fracture in multilay-
ered beam configurations has been derived in [11]. The delamination has been an-
alyzed assuming linear-elastic behaviour of the multilayered material. The solution
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derived has been applied for studying delamination fracture in both three-layered and
four-layered linear-elastic beam structures. It has been found that the solution can
be used successfully for studying delamination fracture behaviour of deposited metal
layers.

Delamination fracture in different multilayered beam configurations has been
studied in [18]. It has been assumed that the material in each layer of the beams
has linear-elastic behaviour. Solutions to the strain energy release rate for the beams
under consideration have been obtained. For this purpose, linear-elastic fracture me-
chanics has been used. The solutions have been applied to calculate the strain energy
release rate for a given geometry and mechanical properties. It has been shown that
the solutions obtained can be useful for evaluation of delamination fracture behaviour
of multilayered linear-elastic beam structures.

Delamination fracture of multilayered beams exhibiting linear-elastic behaviour
has been investigated in [19]. A vertical notch is introduced in the mid-span in order
to generate conditions for delamination fracture of the multilayered beam configu-
ration. A delamination crack is located arbitrary with respect to the mid-span. The
delamination has been studied in terms of the strain energy release rate. Methods
of linear-elastic fracture mechanics have been applied in order to analyze the strain
energy release rate. The solution derived has been used to evaluate the effects of var-
ious geometrical and material parameters on the delamination fracture behaviour of
the multilayered beam structure.

The literature review shows that delamination of multilayered beam structures has
been investigated mainly assuming linear-elastic behaviour. Therefore, the present
paper is concerned with a delamination analysis of a multilayered three-point bend-
ing beam (i.e., a simply supported beam loaded by one vertical force applied in the
mid-span) assuming non-linear behaviour of the material in each layer. The mate-
rial non-linearity is treated with the Ramberg-Osgood stress-strain relation. It should
be mentioned that one of the basic problems when using the Ramberg-Osgood stress-
strain relation is the fact that the stress can not be determined explicitly. In the present
paper, an approach which solves this problem is developed. The delamination anal-
ysis developed in the present paper holds for multilayered beams made of layers of
different homogeneous materials. Approaches for analyzing delamination fracture
behaviour of multilayered beams whose layers are made of functionally graded ma-
terials are reported in [20, 21]. The originality of the present paper in comparison
with [20, 21] consists in the fact that the approach developed here does not necessi-
tate expanding of the stress in series of Taylor. Thus, determination of the coefficients
of the series of Taylor is avoided which makes the present approach more convenient
for application.
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2 DETERMINATION OF THE STRAIN ENERGY RELEASE RATE

The delamination crack in the multilayered three-point bending beam shown in Fig. 1
is analyzed. The beam cross-section is a rectangle of width b and height 2h. The beam
length is 2{. It is assumed that the beam is made of adhesively bonded horizontal lay-
ers of different thicknesses and material properties. The number of layers is arbitrary.
A delamination crack of length a is located arbitrary between layers. The thicknesses
of the upper and lower crack arms are h; and hso, respectively. The beam is loaded
by one vertical force F' applied in the mid-span. Obviously, the lower crack arm is
free of stresses (Fig. 1). It is assumed that the material ehxibits non-linear behaviour
in each layer. The delamination is analyzed in terms of the strain energy release rate
G. For this purpose, the energy balance is written as:

ou
(D Fow = —da + Gbia ,

oa
where U is the strain energy cumulated in the beam, da is a small increase of the
delamination length, w is the vertical displacement of the aplication point of the
force, F'. From (1), G is expressed as:
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Fig. 1. Multilayered three-point bending beam with a delamination crack.

By using the integrals of Maxwell-Mohr, the vertical displacement of the aplica-
tion point of force F' is obtained as:
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where k1 is the curvature of the upper crack arm, x9 and k3 are the curvatures, re-
spectively, of portions AB and BD of the un-cracked part of the beam, z4-axis is
shown in Fig. 1.

The following equations for equilibrium of the elementary forces in the cross-
section of the upper crack arm are used in order to determine £ :

. Z14
i=ny 1i+4+1

4 N=bY [ o,
=1z
i=ny AliFl

5) My =3 [ wada,
i=1
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where ny is the number of layers in the upper crack arm, z1; and 21,41 are the coor-
dinates, respectively, of the upper and lower surfaces of the ¢-th layer (Fig. 2), o; is
the distribution of the longitudinal normal stresses in the same layer, /N1 and M, are,
respectively, the axial force and bending moment in the upper crack arm (apparently,
Ny =0and M,, = Fay4/2).
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Fig. 2. Cross-section of the upper crack arm (n; — n; is the position of neutral axis).
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In the present paper, it is assumed that the material non-linearity can be described
by the Ramberg-Osgood stress-strain relation:

i
o; o;

6 —

©® —m (7)™

where ¢ is the longitudinal strain, F; is the modulus of elasticity, H; and m; are

material properties in the i-th layer. It should be noted that the first term in the right-

hand side of (6) describes the linear behaviour, while the second term models the

material non-linearity. The distribution of € along the height of the cross-section is
written as:

(7N e =K1 (21— Ziny) s

since it is assumed validity of the Bernoulli’s hypothesis for plane sections becouse
the span to height ratio of the beam under consideration is large. In (7), 215, is the
coordinate of the neutral axis (it should be noted that the neutral axis nq; — nq shifts
from the centroid becouse the beam is multilayered (Fig. 2)).

The stress o; has to be expressed as a function of the coordinate z; in order to
perform the integration in (4) and (5). However, it is obvious that ¢; can not be
determined explicitly form (6). Therefore, by combining of (6) and (7), one expresses
z1 and dz; as functions of o;:
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By substituting of (8) and (9) in (4) and (5) and integrating in boundaries from
0g4; 10 0y, One obtains:
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where o, and o, are the normal stresses, respectively, in the upper and lower sur-
faces of the i-th layer.

It should be mentioned that at ny = 1, E; = E and H; — oo equation (11)
transforms in:

- 12M,,
"7 TEbnd

which matches exactly the formula for curvtarure of a linear-elastic homogeneous
beam. This fact is an indication for consistency of (11) since at H; — oo the
Ramberg-Osgood equation transforms into the Hooke’s law.

The number of un-knowns in equations (10) and (11) is 2ny + 2, i.e. K1, 21,
o4 and o, where i = 1, 2,...,ny. By combining of (6) and (7), one derives 2n;
aditional equations:

1

O, Og \ ™i
(13) K1 (210 — 21ny) = ng + (f%) )
L

O Oy \ ™i
(14) k1 (21i41 — 21ny) = E: + (é@) ;
where? =1, 2,...,ny. Equations (10), (11), (13) and (14) should be solved with re-
spectto k1, z1n,, 0¢; and o, where ¢ = 1, 2,. .., ny, by using the MatLab computer
progtam. It should be mentioned that by using equations (10), (11), (13) and (14), one
can determine K1, 21n,, 0¢; and o,,, where : = 1, 2, ..., ny, for any cross-section of

the upper crack arm. Equations (10), (11), (13) and (14) can also be applied to obtaine
k2, the coordinate of the neutral axis z2,, and the normal stresses 0 4B, and ogpy,
in the upper and lower surfaces of the i-th layer in portion AB of un-cracked part of
the beam. For this purpose, ny, K1, Z1n,, 214> 21i+1, 0¢; and o, have to be replaced,
respectively, with n, K2, 22n,, 22i, 22i+1, 0ABg and oBp,;, Where n is number of
layers in the un-cracked beam part, z9; and 29,1 are, respectively, the coordinates of
the upper and lower surfaces of the i-th layer. Also, equations (10), (11), (13) and
(14) can be used to determine k3, 23n5, 0ABg, and opp,, in portion BD of the un-
cracked part of the beam. For this purpose, ny has to be replaced with n. Besides,
the bending moment A, in (11) has to be found by the formula F'(I — z4/2).
The strain energy is written as:

(15) U=Uc+Usp+Upp,

where Uc , Uap and Upp are the strain energies, respectively, in the upper crack
arm and portions AB and BD of the un-cracked part of the beam. The strain energy
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in the upper crack arm is expressed as:

; a 2li+1

(16) Uo=0b)_ / / uoc, dradzy

=19 2,
where ugc, is the strain energy density in the ¢-th layer. It is known that the strain
energy density is equal to the area enclosed by the stress-strain curve. Thus, by
integrating the stress-strain relation (6), one derives:

1+m,
2 m;
o O,
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2F; o
7 (1 + mz) Hi’ml

The strain energies in portions AB and BD of the un-cracked part of the beam are
written as:

i=n I Z2i+1

(18) Uap = bZ/ / UpAB;dradzo ,
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(19) Upp=0) / / uoBD,daadzs,
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where upap, and uopp, are the strain energy densities in the -th layer of portions
AB and BD of the un-cracked beam part.
By substituting of (3), (15), (16), (18) and (19) in (2), one arrives at:

. i=ny Al i, 2201

a

(20) G = 5 [k1 — K| — Z / uOCid21+Z / UpAB;dz2 ,
=12y =1 25

where k1, K2, uoc; and upap, are obtained by (10), (11), (13), (14) and (17) at
x4 = a. Since o; can not be expressed as a function of z;, formula (9) has to be
substituted in the first integral in (20) and the integration has to be performed in
boundaries from o, to o,,. Similarly, in the second integral in (20), the integration
has to be performed in boundaries from o 44, to 0Bpy,. The result is:
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where 0y, 0r,, 0 ABg, and o gp,, are determined from (10), (11), (13), (14) at z4 = a.
The solution to the strain energy release rate (21) is verified by using the fact that
the strain energy release rate can be obtained also by differentiating the complemen-
tary strain energy with respect to the delamination crack area. Thus, the strain energy
release rate is written as:
_aur
~ bda ’
where da is an elementary increase of the delamination crack length. The comple-
mentary strain energy U™ that is involved in (22) is found by (15), (16), (18) and
(19). For this purpose, the strain energy densities ugc,, uoap; and ugpp, are re-
placed, respectively, with the complementary strain energy densities g, g 45, and
uppp,- In principle, the complementary strain energy density is equal to the area that
complements the area enclosed by the stress-strain curve to a rectangle. Thus, the
complementary strain energy density ug., can be written as:

(22)

(23) Upe, = OGE — UQC; -

By combining of (6) and (17), one derives:

1+m,
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It should be mentioned that the strain energy release rates obtained by substituting
of U* in (22) are exact match of the strain energy release rates determined by (21).
This fact is a verification of the non-linear delamination analysis developed in the
present paper.

3 NUMERICAL RESULTS

A parametric investigation of the delamination behaviour is performed. For this pur-
pose, calculations of the strain energy release rate are carried-out by applying formula
(21). The results obtained are presented in non-dimensional form by using the for-
mula Gny = G/(E1b). Two three-layered beam configurations (with a delamination
between layers 2 and 3 (Fig. 3a) and between layers 1 and 2 (Fig. 3b)) are consid-
ered in order to evaluate the effect of delamination crack position along the beam
height. The thickness of each layer is ¢. It is assumed that b = 0.020 m, ¢ = 0.002 m,
{ = 0.190 m and F' = 20 N. The strain energy release rate in non-dimensional form is
plotted against Hy/H; ratio in Fig. 4 (both three-layered beam configurations shown

a) / = /
a
T F

layer 1

Py / lngerdy crack A

=

layer 3

b) / T
La
Bt A layer 1y

Al L layer 2 /]

crack

layer 3

Fig. 3. Two three-layered beam configaratons with a delamination between: (a) layers 2 and
3; and (b) layers 1 and 2.
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Fig. 4. The strain energy release rate in non-dimensional form plotted against Hy/H; ratio
(curve 1 — for delamination between layers layers 1 and 2, curve 2 — for delamination between
2 and 3).

in Fig. 3 are considered) assuming that E»/E; = 0.6, E3/Ey = 0.7, Hy/E, = 0.9,
Hs/H; =0.8,a/l = 0.75 and m; = mg = m3 = 0.8. The curves in Fig. 4 indicate
that the strain energy release rate decreases with increasing of Hs/H; ratio. It can
also be observed in Fig. 4 that the strain energy release rate is higher when the de-
lamination is between layers 1 and 2 (this behaviour is due to the fact that the upper
crack arm stiffness is lower when the delamination is between layers 1 and 2).

The strain energy release rate in non-dimensional form is plotted against Fs/FE
ratio in Fig. 5 (the three-layered beam with delamination between layers 1 and 2
(refer to Fig. 3b) is analyzed). One can observe in Fig. 5 that the strain energy release
rate decreases with increasing of Eo/FE) ratio. The effect of material non-linearity
on the delamination behaviour is analyzed too. For this purpose, the strain energy
release rate obtained assuming linear-elastic behaviour of the three-layered beam is
also plotted in Fig. 5 for comparison. It should be noted that the linear-elastic solution
for the strain energy release rate is derived by substituting of H; — oo in (10), (11),
(13), (14) and (21). The curves in Fig. 5 show that the material non-linearity leads to
increase of the strain energy release rate.

The influence of the delamination length on the fracture is also studied. For this
purpose, the strain energy release rate in non-dimensional form is plotted against
H,/E ratio in Fig. 6 at three a/[ ratios (the three-layered beam shown in Fig. 3b
is considered). It can be observed that the strain energy release rate increases with
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Fig. 5. The strain energy release rate in non-dimensional form plotted against Fs/F; ratio
(curve 1 — at non-linear material behaviour, curve 2 — at linear-elastic behaviour).
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Fig. 6. The strain energy release rate in non-dimensional form plotted against H; /F; ratio
(curve 1 —ata/l = 0.25, curve 2 —at a/l = 0.50 and curve 3 —at a/l = 0.75).

increasing of a/! ratio (Fig. 6). The increase of H;/FE] ratio leads to decrease of the
strain energy release rate (Fig. 6).
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4 CONCLUSIONS

An analytical approach for analyzing the delamination behaviour of a multilayered
three-point bending beam is developed assuming material non-linearity in each layer.
The material non-linearity is treated by the Ramberg-Osgood equation. A solution
for the strain energy release rate is derived by considering the eneregy balance. For
verification, the strain eneergy release rate is determined also by analyzing the com-
plementary strain energy. The solution derived can be applied for beams made of
arbitrary number of longitudinal layers. Besides, the thickness and material proper-
ties can be different in each layer. Also, the delamination can be located arbitrary
between layers. It should be specified that the solution derived holds for non-linear
elastic material. However, the solution is applicable also for elastic-plastic behaviour
if the beam undergoes active deformation, i.e. if the external load increases only. The
solution is used to investigate the effects of delamination position along the beam
height, delamination length and material non-linearity on the delamination behaviour.
It is found that the strain energy release rate decreases with increasing of the thick-
ness of the upper crack arm. The analysis revealed also that the strain eneergy release
rate decreases with increasing of Ho/H1, Eo/E7 and H; /Ej ratios. It is found that
the material non-linearity leads to increase of the strain energy release rate. The in-
crease of the delamination length also leads to increase of the strain energy release
rate.

The analytical approach developed in the present paper can be used as a tool
for assessment of effects of material non-linearity in the structural design of multi-
layered three-point bending beam configurations with considering the delamination
behaviour.
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