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A BSTRACT: This paper describes the nonlinear double diffusive convective
phenomena of a Ostwald-de Waele power-law fluid from a radiative slender
paraboloid in a non-Darcy porous medium. A suitable set of similarity transformations is utilized to convert the set of nonlinear partial differential equations
to the set of nonlinear ordinary differential equations and hence, the resultant
equations are solved numerically. The significance of various flow influencing
parameters on dimensionless velocity, concentration, temperature, and heat and
mass transfer rates, is elaborated graphically in detail.
K EY WORDS : Radiation, Nonlinear Convection, Power-Law Fluid, Non-Darcy
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1

I NTRODUCTION

In nature, the existence of non-uniform or arbitrary shaped bodies is many times more
in number than the uniform shaped bodies. Due to the arbitrariness in the shape of
bodies, it is quite difficult task to find mathematical model in a particular situation.
As a result, an extensive research in the field of convective transport occurring from
uniform shaped bodies has been reported by researchers. Furthermore, the transport
process of heat and mass due to convection becomes complicated when it is supposed
to occur from arbitrary or axisymmetric bodies and when it is compared with that of
a definite shaped bodies.
Though a numerous research has been reported in the study of convective transport phenomena of non-Newtonian fluids but due to huge arena of applicability in industries, the researchers are still involved themselves to investigate transport mechanism of energy and solute for such fluids. Many researchers [1–4] examined transport
process of non-Newtonian fluid over different solid geometries in Darcy or non-Darcy
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porous medium. Nonlinear relation between the shear stress and rate of shear of nonNewtonian fluid is characterized by Ostwald-de Waele power-law fluid model by several investigators [5–7] while studying convective transport of non-Newtonian fluid
in porous medium. Energy and solutal diffusion of non-Newtonian fluids through
porous medium finds enormous application in geophysical and thermal engineering
related problems. In this direction, a similarity solution of unsteady flow over axisymmetric bodies of non-Newtonian fluids was presented by Mohanty [3]. Nakayama
and Koyma [5] reported that any two dimensional/axisymmetric body offers similarity solution while surface temperature follows a particular class of distribution. Later
on Nakayama and Koyama [8] further extended their work to investigate the free convective transport of non-Newtonian fluids. Double diffusive convective transport of
heat and mass from slender paraboloid and cylinder was elaborately discussed by Lai
et al. [9]. While, Singh and Chandrika [10] used integral method of Von-Karman type
to obtain the solution of the same problem which was reported by Lai et al. [9]. It is
noticed that the integral treatment also justified the results of Lai et. al. [9] which was
obtained numerically by Runge-Kutta method. Considering some geothermal and oil
reservoir engineering applications in porous medium, the analysis of temperature distribution of power-law fluids without and/or with yield stress was nicely elaborated
by Shenoy [8, 11]. Recently, Babu and Sandeep [4] examined cross-diffusion effects
on a slendering stretching sheet in a power-law fluid in the presence of magnetohydrodynamics. Reddy et al. [12] showed the consequences of frictional heating on
the flow of a radiative ferrofluid over a slendering stretching body. In this direction,
Reddy et al. [13] investigated role of convective heat transport of a Casson fluid flow
over a heated paraboloid of revolution.
Radiative heat transfer from heated bodies caused by surface characteristics and
solid geometry is quite significant while investigating convective transport phenomena in a porous medium. Raptis [14] used Rosseland approximation to analyze the
radiation effect on natural convection in a porous medium. Assuming power-law
variation in the surface temperature, Mohammadein and El-Amin [7] reported that
heat transfer rate reduces with increased values of the power-law index parameter,
while the same increases with an increase in the exponent associated with the surface
temperature.
At high temperature with the different second order effects namely, viscous dissipation, radiation or inertia etc., the density of the fluid varies as a nonlinear function
of temperature and concentration (widely termed as nonlinear Boussinesq approximation). Considering this nonlinear approximation, several researchers [15–17] tried
to analyze the heat transport phenomena in the presence of some second order effects
and some useful observations are noticed. In Parta [17], the correlations of dispersion
and cross-diffusion effects were analyzed numerically by considering the nonlinear
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Boussinesq approximation. Mandal and Mukhopadhyay [18] examined the role of
nonlinear convection on an exponentially stretching sheet in a micropolar fluid. They
concluded that the nonlinear thermal convection parameter plays an important role to
enhance velocity inside the boundary layer while the same diminishes angular velocity and temperature.
Several researchers [19–22] showed their interest in analyzing the impact of chemical reaction on heat and mass transport process in a porous medium by considering
flows about different flow geometry. Modather et al. [19] examined an oscillatory
MHD flow of micropolar fluid past a permeable vertical plate in a porous medium.
They found that the skin friction and couple stress coefficients at the surface are decreased with mounting values of chemical reaction parameter whereas the reverse
effect was seen with increased values of permeability parameter. Rashad et al. [20]
reported that the chemical reaction tends to diminish heat and mass transfer rates for
mixed convection flow about a sphere in porous medium. Recently, Kairi [23] conducted a study on radiative heat transport around a slender paraboloid of revolution
in a non-Newtonian fluid saturated porous medium. It has been stated that the local
Nusselt number is reduced with a rise in the radius of slender body. Moreover, the
performance of radiation becomes less important with increasing value of power-law
index.
In this paper, we intend to explore the nonlinear double diffusive convective flow
around a radiative slender paraboloid in a non-Darcy porous medium saturated by
non-Newtonian fluids. Nonlinear Boussinesq approximation is employed to express
fluid density as a nonlinear function of temperature and concentration. Boundary
layer equations are transformed by introducing similarity variables. Resultant coupled system of ordinary differential equations, is solved with the help of 4th order
Runge-Kutta method along with the shooting technique. Finally, the important observations of different flow controlling parameters on the flow, concentration, temperature, and the local Sherwood and Nusselt numbers are shown graphically.
2

M ATHEMATICAL F ORMULATION

Consider a two-dimensional laminar, steady flow of a non-Newtonian fluid over a
slender paraboloid embedded in a homogeneous and isotropic porous medium. The
power-law form is adopted to describe the nonlinear relation between the shear stress
and rate of shear of non-Newtonian fluid. The saturating fluid in porous medium
is supposed to be absorbing-emitting radiation and gray without scattering. Porous
medium is considered to be clear and in thermal equilibrium with the saturated fluid.
Temperature and concentration of the fluid near to the surface of the paraboloid are
taken to be Tw and Cw respectively, whereas at the ambient media the temperature
and concentration are taken to be T∞ and C∞ respectively. The fluid flow in the

slender paraboloid embedded in a homogeneous and isotropic porous medium. The
power-law form is adopted to describe the nonlinear relation between the shear
stress and rate of shear of non-Newtonian fluid. The saturating fluid in porous
medium is supposed to be absorbing-emitting radiation and gray without scattering.
Porous medium is considered to be clear and in thermal equilibrium with the
saturated fluid. Temperature and concentration of the fluid near to the surface of
the paraboloid are taken to be 𝑇𝑤 and 𝐶𝑤 respectively, whereas at the ambient
media the temperature and concentration are taken to be 𝑇∞ and 𝐶∞ respectively.
The fluid flow in the porous medium is taken to be moderate so that the
Forchheimer model is appropriate and the boundary drag is negligible.
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Fig. 1: Physical model and co-ordinate system.

Fig. 1. Physical model and co-ordinate system.
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(xη0 )1/2 represents the shape of paraboloid
0
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∞
ρ∞ K ∗
surface, r and x are the radial and axial distance co-ordinates, v and u are the velocity
components along r and x directions in order, α and D describe the effective thermal
and solutal diffusivity respectively, ρ∞ indicates some reference density, β0 and β1
(β2 and β3 ) denote the 1st and 2nd order thermal (solutal) expansion coefficients,
respectively, C and T are the concentration and temperature respectively, g is the
acceleration due to gravity and n is the power-law index (n > 1, n = 1 and n < 1
indicate dilatant, Newtonian and pseudoplastics fluids respectively). K ∗ denotes the
modified permeability of the porous medium which is a function of power-law index
n, well defined in Christopher and Middleman [24] and Dharmadhikari and Kale [25].
The associated boundary conditions are
(3)

u

(5)

at r = S(x) : v = 0 , T = Tw , C = Cw ,

(6)

as r → ∞ :

u = 0 , T → T∞ , C → C∞ .

Here the suffixes w and ∞ stand for the conditions at the surface of the body and
at the ambient medium, respectively.
In order to minimize the number of variables, we define the stream function
1 ∂ψ
1 ∂ψ
ψ(x, r) in such a way that u =
and v = −
.
r ∂r
r ∂x
The radiation term appearing in equation (3) can be expressed by Rosseland approximation as
 ∗
4σ
∂T 4
(7)
qr = −
.
3κ
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Introducing equation (7) into the equation (3), we get
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+
r
,
∂x
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r ∂r
∂r
3κ ρcp ∂r
∂r
where σ ∗ and κ represent the Stefan-Boltzman and mean absorption coefficients,
respectively.
Making use of Taylor series expansion of T 4 about T∞ and neglecting higher
order terms, we get
(9)

3
3
T 4 = 4T∞
T − 3T∞
.
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Using (9) in (8), we get the transformed energy equation as
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Setting the following similarity transformations:
 r 2
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T − T∞
(11)
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,
Rax , ψ = αxf (η) , θ =
x
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x ρ∞ gβ0 K ∗ (Tw − T∞ ) 1/n
.
where Rax =
α
µ∗
Employing (11) in (2), (4) and (10), we can derive the following coupled system
of differential equations:
1
+ 23−n Gr∗ f 0 )f 00 = n [(1 + 2α1 θ)θ0 + N (1 + 2α2 φ)φ0 ],
 2


4
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1 + R 2ηθ00 + 2θ0 + f θ0 = 0 ,
3

1
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α
In the above equations, Gr∗ =
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µ
x
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K κ
β0 (Tw − T∞ )
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ancy ratio, α1 =
and α3 =
are the nonlinear densityβ0
β2
temperature and nonlinear density-concentration parameters,respectively and Le =
α
is the Lewis number (diffusivity ratio).
D
The Nusselt number and Sherwood number are defined, respectively, as N ux =
hx/(k(Tw − T∞ )) and Shx = qx/(D(Cw − C∞ )). Also the non-dimensional form
of the Nusselt and Sherwood numbers may be written as


4
1/2 0
1/2
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N ux /Rax = −2η0 θ (η0 ) 1 + R ,
3
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∂r

(18)
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A NALYSIS OF R ESULTS

The system of coupled nonlinear differential equations (12) – (14) along with the
boundary conditions (15) – (16) are solved numerically by using 4th order RungeKutta method together with the shooting technique. To validate the numerical computations, the values of non-dimensional heat transfer rate are compared (Fig. 2) with
the previously published work of Lai et al. [9] in the case of linear Boussinesq approximation without considering the radiation effect in the Darcy porous media. In
this investigation, the value η∞ = 30 is chosen in such a manner that the values
of f , θ and φ at outer edge matches with the prescribed boundary conditions. The
main intention of this analysis is to explore the combined effects of important flow
influencing parameters, namely nonlinear temperature and nonlinear concentration
parameters, inertia and radiation on the flow field, concentration and temperature
distributions. Also, to figure out the associated changes in the mass and heat transfer rates due to the correlation of the major parameters. Figures are plotted for few
selected values of the parameters and results are analyzed graphically.

Fig. 2: Comparison of heat transfer coefficient for Newtonian fluid (n = 1) in a
Fig. 1. Comparison of heat transfer coefficient for Newtonian fluid (𝑛 = 1) in a
Darcy (Gr∗ ∗= 0) porous medium in absence of radiation (R = 0).
Darcy (𝐺𝑟 = 0) porous medium in absence of radiation (𝑅 = 0).
TheThe
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nonlinear tem𝑛, nonlinear temperature parameter 𝛼1 and nonlinear concentration parameter 𝛼2 .
The reason for such happening is as power-law index varies from 𝑛 < 1 to 𝑛 >
1, power-law fluid gradually becomes shear-thinning to shear-thickening which
results increase in boundary layer thickness and hence flow velocity will be
diminished. Moreover, for positive values of 𝛼1 , 𝛼2 added nonlinearity into the
momentum equation (2.2) and hence additional thermal and solutal density
gradient are enhanced which also result the increase in boundary layer thickness
too. It is also noticed in Figs. (3) – (4) that temperature and concentration boundary
layer thicknesses are increased for increasing values of power-law index n. As a
result, both heat and mass transfer rates decrease with increased values of n (this
will be displayed later in Figs. (10) – (11)). On the other hand, temperature and
concentration boundary layer thicknesses are diminished with enhanced values of
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Fig. 3: Velocity profile against η with with Gr∗ = 0.1, Le = 1, R = 0 and N = 1.

Fig. 2. Velocity profile against 𝜂 with with 𝐺𝑟 ∗ = 0.1, 𝐿𝑒 = 1, 𝑅 = 0 and 𝑁 =
1.
Figures (5) – (7) illustrate the variation of Nusselt number against the Lewis
number for varying values of the radiation, nonlinear thermal and concentration
parameters with fixed inertia and buoyancy parameter. It is noted that the
non-dimensional heat transfer rate increases with increased value 𝑅, 𝛼1 and 𝛼2
for all possible values of 𝑛 . Physically, the presence of radiation, supplies
additional heat to the flow which leads the velocity and temperature to go up within
the boundary layer region consequently favours heat transfer and also gives
explanation of significance of 𝛼1 and 𝛼2 on heat transfer as already described in
Figs. (3) – (4). Also, the effectiveness of both nonlinear thermal and concentration
parameters is significant in a porous medium in the presence of radiation.
Moreover, the nonlinear parameters are prominent in the case of pseudoplastics
fluids when compared to Newtonian and dilatant fluids saturated porous medium.
Further, it is observed that the nonlinear concentration parameter plays a vital role
for smaller 𝐿𝑒 in the case of both Newtonian and non-Newtonian fluids.
Fig. 4: Temperature profile against η with Gr∗ = 0.1, Le = 1, R = 0 and N = 1.

Fig. 3. Temperature profile against 𝜂 with 𝐺𝑟 ∗ = 0.1, 𝐿𝑒 = 1, 𝑅 = 0 and 𝑁 = 1.

∗
Fig. 3. Temperature profile
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= 0.1, 𝐿𝑒 = 1, 𝑅 = 0 and 𝑁213
= 1.
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Fig. 5: Concentration profile against η with Gr∗ =∗0.1, Le = 1, R = 0 and N = 1.

Fig. 4. Concentration profile against 𝜂 with 𝐺𝑟 = 0.1, 𝐿𝑒 = 1, 𝑅 = 0 and 𝑁 =
1.

Fig. 6: The heat transfer coefficient as a function of Le for n = 0.5 with Gr∗ = 0.1
∗
Fig.
and5.NThe
= 1.heat transfer coefficient as a function of 𝐿𝑒 for 𝑛 = 0.5 with 𝐺𝑟 =

0.1 and 𝑁 = 1.

Fig. 5. The heat transfer coefficient as a function of 𝐿𝑒 for 𝑛 = 0.5 with 𝐺𝑟 ∗ =
0.1
and 𝑁 Nonlinear
= 1.
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In Fig. (8), Fig. (9), and Fig. (10) the Sherwood number is plotted as a
function of 𝐿𝑒 for 𝑛 = 0.5, 𝑛 = 1.0 and 𝑛 = 1.5, respectively varying 𝑅, 𝛼1
and 𝛼2 . From these figures, it is seen that the mass transfer rate increases with
increased values of 𝐿𝑒, 𝛼1 and 𝛼2 . As in the case of heat transfer rate, the
nonlinear temperature and concentration parameters are prominent for
pseudoplastic fluid when compared to Newtonian and dilatant fluids. Also, the role
of nonlinear parameters is amplified with larger values of 𝐿𝑒. Furthermore, the
upshot due to nonlinear convection parameters on mass transfer rate is more for a
pseudoplastic fluid when compared to Newtonian and dilatant fluids saturated
porous medium. On the contrary, the radiation plays a very obvious role on mass
transfer rate.
Figures (11) and (12), respectively, depict the variation of Nusselt and
∗
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perature parameter α1 and nonlinear concentration parameter α2 . The reason for such
happening is as power-law index varies from n < 1 to n > 1, power-law fluid gradually becomes shear-thinning to shear-thickening which results increase in boundary
layer thickness and hence flow velocity will be diminished. Moreover, for positive
values of α1 , α2 added nonlinearity into the momentum equation (2) and hence additional thermal and solutal density gradient are enhanced which also result the increase
in boundary layer thickness too. It is also noticed in Figs. (4) and (5) that temperature
and concentration boundary layer thicknesses are increased for increasing values of
power-law index n. As a result, both heat and mass transfer rates decrease with increased values of n (this will be displayed later in Figs. (11) and (12)). On the other
hand, temperature and concentration boundary layer thicknesses are diminished with
enhanced values of α1 and α2 , respectively. Thus, Nusselt and Sherwood numbers
are increased with α1 and α2 (this will be displayed later in Figs. (6) – (10)).
Figures (6) – (8) illustrate the variation of Nusselt number against the Lewis number for varying values of the radiation, nonlinear thermal and concentration parameters with fixed inertia and buoyancy parameter. It is noted that the non-dimensional
heat transfer rate increases with increased value R, α1 and α2 for all possible values of n. Physically, the presence of radiation, supplies additional heat to the flow
which leads the velocity and temperature to go up within the boundary layer region

∗ = 0.1
Fig.8.9:The
Themass
masstransfer
transfer coefficient
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for for
n =𝑛0.5
Fig.
asaafunction
functionofofLe𝐿𝑒
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0.1

Fig. 8. The mass transfer coefficient as a function of 𝐿𝑒 for 𝑛 = 0.5 with 𝐺𝑟 ∗ =
0.1 and
216 𝑁 = 1.
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Fig. 10. The mass transfer coefficient as a function of 𝐿𝑒 for 𝑛 = 1.5 with
𝐺𝑟 ∗ = 0.1 and 𝑁 = 1. Rishi Raj Kairi, Ch. Ramreddy
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consequently favours heat transfer and also gives explanation of significance of α1
and α2 on heat transfer as already described in Figs. (4) and (5). Also, the effectiveness of both nonlinear thermal and concentration parameters is significant in a porous
medium in the presence of radiation. Moreover, the nonlinear parameters are prominent in the case of pseudoplastics fluids when compared to Newtonian and dilatant
fluids saturated porous medium. Further, it is observed that the nonlinear concentration parameter plays a vital role for smaller Le in the case of both Newtonian and
non-Newtonian fluids.
In Fig. (9), Fig. (10), and Fig. (11) the Sherwood number is plotted as a function
of Le for n = 0.5, n = 1.0 and n = 1.5, respectively varying R, α1 and α2 . From
these figures, it is seen that the mass transfer rate increases with increased values of
Le, α1 and α2 . As in the case of heat transfer rate, the nonlinear temperature and
concentration parameters are prominent for pseudoplastic fluid when compared to
Newtonian and dilatant fluids. Also, the role of nonlinear parameters is amplified
with larger values of Le. Furthermore, the upshot due to nonlinear convection parameters on mass transfer rate is more for a pseudoplastic fluid when compared to
Newtonian and dilatant fluids saturated porous medium. On the contrary, the radiation plays a very obvious role on mass transfer rate.

218

Nonlinear Double Diffusive Convection from a Radiative Slender ...

Fig.Fig.
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Figures (12) and (13), respectively, depict the variation of Nusselt and Sherwood
numbers against n for different values of Gr∗ , α1 and α2 . It is observed the the
inertia parameter Gr∗ decelerates both the heat and mass transfer rates. The reason
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method. The role of major flow controlling parameters on flow, concentration, temperature, and as well as on the mass and heat transfer rates, are illustrated
graphically. It is found that the non-dimensional Sherwood and Nusselt numbers
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are enhanced with the nonlinear temperature, concentration and radiation parameters
while those decrease with the power-law index. One of the major observations is that
the Lewis number plays a vital role on the heat and mass transfer rates in the presence of nonlinear convection. Finally, the nonlinear concentration and temperature
parameters on mass and heat transfer rates are less effective for higher value of inertia
parameter.
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