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A BSTRACT: This article handles MHD flow of micropolar fluid through a
rigid cylindrical particle implanted in a porous media. Flow is considered to be
uniform at a distance away from the cylinder. A uniform magnetic field is applied perpendicular to the flow direction. Motion in porous media is governed
by Brinkman’s equation. At the surface of cylinder, we assume no-slip of velocity components and no-spin of microrotational component. Exact solution
for the problem is reported. Influence of Hartmann number, permeability and
micropolarity parameters on the coefficient of drag and tangential velocity are
discussed numerically. In deduction, various results of flow past impenetrable cylinder are obtained which are in good agreement with earlier published
works.
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1

I NTRODUCTION

Over recent years, an increased attention for the study of fluid flow under the influence of magnetic field in different physical circumstances has been widely considered. Magnetic field influences various natural and manmade flows. Magnetohydrodynamic (MHD) is the field of science, which includes studying the motion of
electrically conducting fluids. Application of MHD can be found in diverging fields
like astrophysics, geophysics, industrial science, biomedical science etc.
In literature, flow problems considering classical Newtonian fluid past a particle implanted in porous media was investigated by many authors. Darcy’s law [1]
and Brinkman’s model [2] has been extensively used for modelling flow past porous
medium. Speilman and Goren [3] considered a model for studying fluid flow past a
circular cylinder. Pop and Cheng [4] examined the fluid flow past a cylindrical particle inserted in a media consisting of porous structure by using Brinkman’s equation.
Feng et al. [5] discussed the motion of a sphere close to a planar confining boundaries
using Brinkman model. Wang [6] handled the problem of the viscous fluid flow over
a particle of different geometry like sphere, a circular cylinder and solid inclusion in a
porous media governed by Darcy-Brinkman’s equation. Satya et al. [7] examined the
∗
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creeping flow past an aggregate of porous cylindrical particle. Further, Leontev [8]
investigated the flow through a spherical and a cylindrical particle using Navier slip
boundary condition.
Many researchers for characterizing the behaviour of real fluid have modelled
wide range of problems considering several fluids. Recently, fluids with microstructure are focused with utmost importance due to its need to model various engineering processes, which fails to be properly described by the classical Newtonian
fluid. Some of their applications include blood flow, lubrication, colloidal fluids,
complex biological structures, porous media, flow in capillaries, microchannels, suspension fluids etc. Eringen [9, 10] illuminated the basic concept behind the micropolar fluid. Fluids with microstructure consist of microelements possessing dumbbell shape, which have a tendency to rotate with their own spin and micro rotation.
Earlier study by Rao and Rao [11] shows the dependence of drag on micropolarity
parameter and it was observed that the drag force exerted on the sphere for micropolar fluid flow to be higher as compared with Newtonian fluid. Hayakawa [12] obtained drag acted on the stationary sphere and cylinder due to micropolar fluid flow.
Hamdan and Kamel [13] handled unsteady incompressible micropolar flow through
isotropic porous sediments using intrinsic volume-averaging techniques. Later, Srinivasacharya and Prasad [14] discussed the micropolar flow past a cylinder and sphere
implanted in a saturated porous media. They showed the influence of micropolarity
on particles and found the drag to be increasing with enhancing micropolarity. Subsequently, Jaiswal [15] focused on considering a liquid sphere of non-Newtonian fluid
embedded in a Stokes incompressible micropolar fluid saturated porous medium. Krishnan et al. [16] studied resisting force acted on a fluid sphere with solid core embedded in a porous media filled with micropolar fluid. They have considered Brinkman’s
equation for studying motion in porous region and have obtained the drag force acting on the fluid sphere. In recent article by Khanukaeva et al. [17, 18] motion of
micropolar fluid through a cylinder containing an impervious core in a direction parallel and perpendicular to the axis of cylindrical cells in executed. They considered
two varying boundary conditions for micro polar fluid and also found an expression
for hydrodynamic permeability.
Study of flow under MHD has welcomed many researchers [19,20]. Raghava Rao
and Sekhar [21] reported quantitative study of MHD flow past a cylindrical particle.
Geindreau and Aurlialt [22] investigated the tensorial filtration law in porous media
under MHD effect by using Darcy’s law. Verma and Datta [23] reported effect of
MHD on channel consisting of varying viscosity. Tiwari et al. [24] worked on finding MHD effect on the hydrodynamic permeability for flow through a porous cylinder
with solid core by employing cell model technique. Jayalakshmamma et al. [25] discussed MHD fluid flow on solid core covered by a cylindrical region. Verma and
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Gupta [26] obtained the solution of the MHD flow of fluid in cylindrical channel
partly filled with porous media in analytical approach. Saad [27] tackled MHD on
the motion of a sphere and a cylinder with porous structure. He obtained the expression for Kozeny constant and had compared the results for particles with varying
geometry. Subsequently, Ansari et al. [28] discussed the motion of fluid through a
sphere implanted in porous media under the action of magnetic field. In the very recent articles by Prasad and Bucha [29–32], the investigation of the impact of applied
transverse magnetic field on the flow of Newtonian fluid past particles with different
geometrical shapes is reported. Inspired by the above work, we are interested in examining the problem considered by Prasad and Srinivasacharya [14] under transverse
uniform magnetic field. The current study of particles implanted in porous media is
very fundamental in the study of fluid and heat transfer and are useful while dealing
with transport phenomena, like heat, mass, and momentum transfer in porous media.
Applying the magnetic field on such flow can serve the purpose of controlling the
heat transfer rate for various thermal engineering systems [33].
In the present scenario, we are examining MHD effect on a cylinder implanted
in porous media filled with micropolar fluid. We focus on finding the expression for
stream function, microrotation and pressure. Drag exerted on the embedded cylinder is reported. Graphs are used to depict the variation of coefficient of drag and
tangential velocity for varying values of Hartmann number, permeability parameter,
micropolarity parameter and radius of the cylinder.
2

P ROBLEM F ORMULATION

A steady incompressible flow of micropolar fluid past an impervious cylindrical particle bearing radius r = a implanted in porous medium under applied magnetic field
is considered (see Fig. 1). Consider (r, θ, z) to denote a cylindrical polar coordinate
system and (~er , ~eθ , ~ez ) as unit basis vectors. A uniform velocity U is assumed far
away from the sphere along the axis of symmetry θ = 0. Magnetic field is chosen
~ = H0~er . It is assumed that no
in a direction perpendicular to the flow, such that H
external electric field is applied and the induced magnetic field is also neglected.
Lorentz force F~ due to applied magnetic field is defined as
~ ×H
~
F~ = µ2h σ(~q × H)
~ as the magnetic field intensity, µh to be the magnetic permeability and σ as
with H
the electric conductivity.
Lorentz force balances pressure and viscous stresses to obtain modified Brinkman’s
equation. Equations governing micropolar fluid in the porous medium under mag-
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Fig. 1: Sketch of micropolar flow past cylinder with MHD effect.
netic effect is given as [14, 27]
(1)
(2)

(3)

∇ · ~q = 0 ,
µ + κ 
p
∇p +
~q + (µ + κp )∇ × ∇ × ~q − κp ∇ × ~ν
k
µ2 σ
~ ×H
~ = 0,
− h (~q × H)

κp ∇ × ~q − 2κp~ν − γ0 ∇ × ∇ × ~ν + (α0 + β0 + γ0 )∇(∇ · ~ν ) = 0 ,

where ~q, k, , ~ν , p, µ, κp are the velocity vector, permeability parameter, porosity
of the porous region, microrotation vector, pressure, coefficient of viscosity for the
classical viscous fluid and rotational viscosity coefficient, respectively. α0 , β0 , γ0 as
the coefficients of gyroviscosity for micropolar fluid.
We denote
(4)
(5)

τij = −pδij + µ(~qi,j + ~qj,i ) + κp (~qj,i − ijm~νm ) ,
mij = α0~ν m,m δij + β0~νi,j + γ0~νj,i

as the stress tensor and the couple stress tensor respectively. δij , ijm are the Kronecker delta, the alternating tensor, and the comma denotes the covariant differentiation.
Fluid flow is supposed to be axially symmetric, therefore all the physical quantities employed in the flow are independent of z.
So, we considered velocity and microrotational components as
(6)

~q = qr (r, θ)~er + qθ (r, θ)~eθ ,

(7)

~ν = ν(r, θ)~ez .
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We choose non-dimensional variables, for converting the governing equations in
dimensionless form as
1˜
µ
~ = H0 H
~˜ , ~ν = U ~ν˜ .
(8) r = ar̃ , ~q = U ~q˜ , ∇ = ∇
, p = U p̃ , H
a
a
a
Using Eq. (8) in Eqs. (2) and (3), and dropping tildes, we obtain
~ ×H
~ = 0,
(9) ∇p + η 2 (1 + χ)~q + (1 + χ)∇ × ∇ × ~q − χ∇ × ~ν − α2 (~q × H)
(10)

∇ × ~q − 2~ν − n−2 ∇ × ∇ × ~ν + s−2 ∇(∇ · ~ν ) = 0 .

The dimensionless number χ = κp /µ is the ratio of the coefficient of rotational
viscosity to the classical viscosity known as a micropolarity parameter. It enables to
measure the deviation of micropolar fluid flow from that of Newtonian fluid. η −2 =
k
is a dimensionless permeability parameter which characterizes the specifics of the
a2
s
σµ2h H02 a2
is the Hartmann number which signifies
filtration part of the flow. α =
µ
the magnetic effect on the flow. It provides a measure of the relative importance of
drag forces resulting from magnetic induction and viscous forces. n2 = a2 κp /γ0 ,
a2 κp
s2 =
denote the parameters that represent the relation between gyro
(α0 + β0 + γ0 )
viscosities and rotational viscosity.
For our convenience, we introduce stream function ψ related to velocity components as
1 ∂ψ
∂ψ
(11)
qr = −
, qθ =
.
r ∂θ
∂r
Substituting Eq. (11) in Eq. (9), we obtain



∂p
1
∂ν
∂ 2
2
2 ∂ψ
=
χ
+ (1 + χ)η + α
− (1 + χ) ∇ ψ ,
∂r
r
∂θ
∂θ
∂θ



1 ∂p
∂ν
∂ψ
∂ 2
2
2
=− χ
+ (1 + χ)η + α
− (1 + χ) ∇ ψ .
r ∂θ
∂r
∂r
∂r
Eliminating pressure term from the above equations, we obtain
(12)
where ∇2 =

∇2 ν =


(1 + χ)  4
∇ ψ − δ∇2 ψ ,
χ

∂2
1 ∂
1 ∂2
+
+
is the Laplacian operator and
∂r2 r ∂r r2 ∂θ2
δ = η2 +

α2
.
1+χ
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Again using Eq. (11) in Eq. (10), we obtain
(13)

∇2 ψ − 2ν + n−2 ∇2 ν = 0 .

Using Eq. (12) and Eq. (13), we have
(14)

ν=


1
L∇4 ψ + (1 − Lδ)∇2 ψ ,
2

where L = (1 + χ)/(χn2 ) .
From Eq. (12) and (14), we get
(15)

∇2 (∇2 − λ21 )(∇2 − λ22 )ψ = 0 ,

where
λ21 + λ22 = 2n2 − L−1 + δ ,
Therefore,
s
λ1 =

δ + 2n2 − L−1 +

λ21 λ22 = 2n2 δ .

p
(δ + 2n2 − L−1 )2 − 8n2 δ
,
2

s
λ2 =

2n2 δ
.
λ21

In absence of MHD effect, i.e. α = 0, the above values of λ21 + λ22 , λ21 λ22 are
identical with the work of Prasad and Srinivasacharya [14].
3

B OUNDARY C ONDITIONS

Boundary conditions used at the surface on r = 1 of the cylinder for finding the flow
velocities and microrotational components and pressure are as follow:
(i) No slip condition [14]:
(16)

qr = 0 ,

qθ = 0 ,

(ii) No spin condition [14]:
(17)
4

ν = 0.

S OLUTION OF THE P ROBLEM

Expression for the solution of Eq. (15) in terms of stream function is


1
(18)
ψ = r + A + BK1 (λ1 r) + CK1 (λ2 r) sin θ ,
r
1
(19)
ν = [Bζ1 K1 (λ1 r) + Cζ2 K1 (λ2 r)] sin θ ,
2
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where K1 (λ1 r), K1 (λ2 r) denote the modified Bessel functions of second kind with
order 1, and
ζ1 = [1 − Lδ]λ21 + Lλ41 ,

(20)

ζ2 = [1 − Lδ]λ22 + Lλ42 .

(21)

The expression for pressure is
(22)

p = [η 2 (1 + χ) + α2 ](r − A/r) cos θ .

By substituting Eqs. (18) to (22) in the boundary conditions we have the following
algebraic equations as:
(23)

1 + A + K1 (λ1 )B + K1 (λ2 )C = 0 ,

(24)

1 − A − (K1 (λ1 ) + λ1 K0 (λ1 ))B − (K1 (λ2 ) + λ2 K0 (λ2 ))C = 0 ,

(25)

ζ1 K1 (λ1 )B + ζ2 K1 (λ2 )C = 0 .

Solving Eqs. (23) to (25), the obtained values of A, B, C are
(26)
(27)
(28)

i
h
−1
2K 1 (λ1 )K1 (λ2 )(λ−1
1 λ2 Ω1 − λ1 λ2 Ω2 )
,
A=− 1+
∆
2K1 (λ2 )λ2 Ω1
,
B=
λ1 ∆
2K 1 (λ1 )λ1 Ω2
C=−
,
λ2 ∆

where
Ω1 = (λ22 + δ1 )χ + λ22 − δ2 ,
Ω2 = (λ21 + δ1 )χ + λ21 − δ2 ,

∆ = λ2 K0 (λ1 )K1 (λ2 )Ω1 − λ1 K1 (λ1 )K 0 (λ2 )Ω2 ,
δ1 = n2 − η 2 ,

δ2 = η 2 + α2 .
5

D RAG ACTING ON THE C YLINDER

Drag exerted on the cylindrical particle under transverse magnetic field can be evaluated by using the formula [7, 14]:
Z 2π
(29)
FD =
r(τrr cos θ − τrθ sin θ)
dθ = −πµU F ,
0

r=1
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where
F = (2 + χ)

h (1 + χ)
(2 + χ)

δ(1 − A) +


λ21 
(1 + χ)
1+
(δ − λ21 ) K1 (λ1 )B
2
2
(2 + χ)n


i
2
(1 + χ)
λ
2
(δ
−
λ
)
K
(λ
)C
.
+ 2 1+
1
2
2
2
(2 + χ)n2

Substituting the values of A, B and C from Eqs. (26) to (28) in Eq. (29), the
required expression of drag in simplified form is
h
−1
(30) FD = −2πµU K1 (λ1 )K1 (λ2 ){λ−1
1 λ2 ∆4 − λ1 λ2 ∆3 }
i
+ λ2 K 0 (λ1 )K1 (λ2 )∆1 + λ1 K1 (λ1 )K0 (λ2 )∆2 /∆ ,
where
∆1 = η 2 (λ42 + δ1 )χ2 + (δ4 λ22 − δ5 )χ + δ2 λ22 − δ6 ,

∆2 = −η 2 (λ21 + δ1 )χ2 − (δ4 λ21 − δ5 )χ − δ2 λ21 + δ6 ,
∆3 = η 2 (λ21 − δ1 )χ2 + (δ4 λ21 − δ5 )χ + δ2 λ21 − δ6 ,
∆4 = (δ1 η 2 + δ7 )χ2 + (δ8 − δ5 )χ − δ6 + δ9 ,
δ3 = n2 − 2α2 ,
δ4 = 2η 2 + α2 ,

δ5 = 2η 4 − δ3 η 2 − n2 α2 ,
δ6 = η 4 + α 2 δ4 ,

δ7 = (λ21 + η 2 )λ22 − λ41 ,

δ8 = (2λ21 + δ4 )λ22 − 2λ41 ,

δ9 = (λ21 + δ2 )λ22 − λ41 .

If α = 0 and χ = 0 in the expression of λ1 and λ2 , we found λ1 = η and λ2 = 0.
Substituting these values in Eq. (30), the drag acting on a cylinder embedded in
Newtonian fluid in absence of magnetic field is obtained as
FD = −2πµU η 2 [1 + 2K1 (η)(ηK1 (η))−1 ] .
It agrees with the results of Spielman and Goren [3] and Wang [6].
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G RAPHICAL R EPRESENTATION AND D ISCUSSION

Impact of Hartmann number α, micropolarity parameters χ and permeability k1 =
−FD
2πF
η −2 , on the coefficient of drag DN = 1 2
are examined graphically
=−
Re
2 ρU 2a
in Fig. 2 and Fig. 3 respectively. From Fig. 2 it is seen that drag is a monotonically
increasing function of Hartmann number. The reason behind the same is the presence
of magnetic forces which generates a retarding force known as Lorentz force. This
force increases with the increasing Hartmann number and therefore suppress the rate
of fluid flow and hence increase in the resistance to the flow, i.e., drag is observed.
Overall, MHD effect seems to have a significant role in enhancing the drag force.
Figure 3 depicts that with increasing micropolarity effect, drag is also found to be
increasing. The curve indicating χ = 0 shows the drag acting on the cylinder due
to Newtonian fluid. This curve is situated at the lowest among other non-zero micropolarity parameter which clarifies that, the drag force acting on Newtonian fluid
is comparatively lower than the drag due to micropolar fluid.
The expression for tangential velocity can be computed from Eqs. (11) and (18)
and is given as
h
i
1
1
1
qθ = 1−A 2 −B(λ1 K 0 (λ1 r)+ K (λ1 r))−C(λ2 K 0 (λ2 r)+ K (λ2 r)) sin θ .
r
r 1
r 1

Fig. 2: Plot of Re DN with k1 for varying α with n = 0.3 and χ = 5.
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Fig. 3: Plot of Re DN with k1 for varying χ with n = 0.3 and α = 1.

Fig. 4: Plot of tangential velocity with r for varying α with χ = 7, n = 0.3 and
k1 = 1.
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Fig. 5: Plot of tangential velocity with r for varying k1 with n = 0.3, χ = 7, α = 1.
Dependence of tangential velocity profile qθ on Hartmann number and permeability parameters by choosing χ = 7, n = 0.3 and θ = π/2 are plotted in Fig. 4 and
Fig. 5, respectively. Mentioned figures clarifies that the tangential velocity increases
from zero at the wall till maximum at small distance from the wall, and asymptotes
equal to unity at a distance far from the wall. Fig.4 depicts the nature of tangential flow with increasing magnetic effect. We found that with increasing Hartmann
number, the width of micropolar sublayer seems to decreases. Figure 5 demonstrates
the influence of micropolarity parameter on the tangential velocity. The width of the
micropolar sublayer seems to be increasing with increasing permeability.
7

C ONCLUSIONS

This paper aims to investigate MHD effect on the flow through a cylinder implanted
in a porous media. No slip of velocities and no-spin of microrotation are considered
to be the boundary conditions. The present analysis yields an expression for stream
function, microrotation and pressure. Influences of various parameters like Hartmann
number, micropolarity parameter, permeability parameter and radius of the cylinder
on the flow rate are presented in graphical form. Based on the above discussion, it is
seen that drag force is highly affected by magnetic field and its presence significantly
seems to increases the drag force. Our results are validated with previous results
available in literature. As a future aspect of the present work, magnetic effect on

318

MHD on a Cylinder Implanted in a Porous Media of Micropolar Fluid

the particles considering varying geometrical shapes implanted in a porous medium
of homogenous or heterogeneous structure can be further studied through which a
significant effect on the fluid flow may be obtained.
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