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A BSTRACT: We study motion of substance in a channel of network in presence of possibility for inflow of substance to nodes of the channel. Stationary
state of motion of substance can exist in this case and we discuss conditions
for existence of such state. We obtain probability distribution connected to
distribution of substance in nodes of channel.
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1

I NTRODUCTION

Complex systems attract continuously attention of researchers [1–4]. Just one recent
example is connected to influence of COVID-19 on different aspects of human societies. Many complex systems are connected to fluid mechanics or to flows of various
substances [5–8]. Especially interesting are flows of substances in systems which
structure can be modeled by networks [9–12]. In many cases the flows of substances
in such systems can be modeled by systems of differential equations [13, 14]. Just
one example for such system is connected to models of human migration [15–19].
Migrant flows may be modelled by deterministic or stochastic tools [20, 21] and human migration is closely connected to ideological struggles [22, 23] and waves and
statistical distributions in population systems [24–27].
Below we consider a model of a flow of substance in a channel a network. The
channel contains network’s nodes and these nodes are considered as boxes (cells)
where the following processes can happen: inflow/outflow of substance from/to other
nodes of the channel, and “pumping” (inflow of substance from network or environment of network to corresponding node of channel). The different nodes of the
channel are assumed to have different rate of “pumping”.
The paper is organized as follows. In Section 2 the model for motion of substance
in a channel is discussed. Two regimes of functioning of the channel: stationary
∗
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regime and non-stationary regime are described. Probability distribution connected
to the amount of substance in the nodes of the channel is obtained. A particular case
of distribution for the stationary regime of functioning of the channel is the Waring
distribution. In Section 3 we discuss a possible application of the discussed model.
Several concluding remarks are summarized in Section 4.
2

M ATHEMATICAL M ODEL OF THE P ROBLEM

Inspired by the models in [31–33] we consider a model of motion of a substance
tn a channel as follows. The studied channel contains single arm and this arm has
infinite number of nodes. Each node can be considered as a cell (box) and the cells
are indexed in succession by non-negative integers. The first cell has index 0. We
assume that an amount x of some substance is distributed among the cells and this
substance can move between the cells. Let xi be the amount of the substance in the
i-th cell. Then
(1)

x=

∞
X

xi

i=0

The fractions yi = xi /x are considered as probability values of distribution of a
discrete random variable ζ
(2)

yi = p(ζ = i), i = 0, 1, . . .

The content xi of any cell can change because of 3 processes:
1. Some amount s of the substance x enters the channel from the external environment through the 0-th cell;
2. Amount fi from xi is transferred from the i-th cell into the i + 1-th cell;
3. Amount gi enters the i-th cell from the external environment. This is the difference to previous research where we studied the leakage of substance (the
substance leaves the cell and moves to environment. Here we have the opposite process which we call pumping).
These processes can be modeled mathematically by the system of ordinary differential equations:

(3)

dx0
= s − f0 − g0 ;
dt
dxi
= fi−1 − fi − gi ,
dt

i = 1, 2, . . .
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The following forms of the amount of the moving substances are assumed (α, β, γi ,
σ are constants)
s = σx0 ;

σ > 0;

(4) fi = (α + βi)xi ;
gi = γi xi ;

α > 0, β ≥ 0 → advantage of cells with large numbers;

γi ≤ 0 → non-uniform pumpimg over the cells.

We note that the advantage of the cells with larger numbers can be removed by setting
β = 0. In addition we note that (i) s is proportional to the the amount of the substance
x0 in the 0-th node. In [31] s is proportional to the amount x of the substance in the
entire channel; (ii) Pumping rates γi are different for the different nodes. In [31]
and [33] instead of pumping we have a leakage and the leakage rate is constant and
equal to γ for all nodes of the channel (i.e., there is uniform leakage over the cells).
Substitution of Eqs. (4) in Eqs. (3) leads to the relationships

(5)

dx0
= σx0 − αx0 − γ0 x0 ;
dt
dxi
= [α + β(i − 1)]xi−1 − (α + βi + γi )xi ;
dt

i = 1, 2, . . .

There are two regimes of functioning of the channel: stationary regime and nonstationary regime.
2.1

S TATIONARY REGIME OF FUNCTIONING OF THE CHANNEL

In the stationary regime of the functioning of the channel σ = α + γ0 which means
that x0 (the amount of the substance in the 0-th cell of the channel) is free parameter.
We note that all γi are negative and as σ can not be negative then | γ0 |≤ α. If this
condition is not fulfilled then the stationary regime of functioning of channel can not
be realized.
Let us assume that above condition is fullfilled. In this case the solution of Eqs.
(5) is
(6)

xi = x∗i +

i
X

bij exp[−(α + βj + γj )t] ,

j=0

where x∗i is the stationary part of the solution. We hote that α+βj +γj must be larger
than 0 if we want to have a decrease of exponential function in (6) with increasing
time. This means that α + βj > −γj which imposes another condition on the proces
of pumping. The inflow of sbstance to any of the nodes of the channel has an upper
limit and if the inflows of substances in all nodes are below these limits then the
stationary state of motion of substance is possible.

N.K. Vitanov, R. Borisov, T. Ivanova, Z. Dimitrova

333

For x∗i one obtains the relationship
x∗i =

(7)

α + β(i − 1) ∗
x .
α + βi + γi i−1

The corresponding relationships for the coefficients bij are
(8)

bij =

α + β(i − 1)
bi−1,j ,
γi − γj + β(i − j)

j = 0, 1, . . . , i − 1 .

Here γi − γj + β(i − j) 6= 0. From Eq. (7) one obtains
x∗i =

(9)

[k + (i − 1)]!
x∗0 ,
i
Q
(k + j + aj )
(k − 1)!
j=1

where k = α/β and aj = γj /β. The form of the corresponding stationary distribution yi∗ = x∗i /x∗ (where x∗ is the amount of the substance in all of the cells of the
channel) is
yi∗ =

(10)

[k + (i − 1)]!
y0∗ .
i
Q
(k − 1)!
(k + j + aj )
j=1

Let us consider the particular case where a0 = a1 = · · · = a. In this case the
distribution from Eq. (10) is reduced to the distribution:
(11)

P (ζ = i) = P (ζ = 0)

(k − 1)[i]
;
(a + k)[i]

k [i] =

(k + i)!
;
k!

i = 1, 2, . . .

P (ζ = 0) = y0∗ = x∗0 /x∗ is the percentage of substance that is located in the first cell
of the channel.
The obtained distribution has interesting particular case Let the percentage of
substance located in the entry cell of the channel be
a
(12)
y0∗ =
.
a+k
The case described by Eq. (16) corresponds to the situation where the amount of
substance in the first cell is proportional of the amount of substance in the entire
channel (self-reproduction property of the substance). In this case Eq. (10) is reduced
to the distribution:
(13)

P (ζ = i) =

a (k − 1)[i]
;
a + k (a + k)[i]

k [i] =

Distribution (13) is the Waring distribution [28],

(k + i)!
;
k!

i = 1, 2, . . .
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D ISCUSSION

The model discussed in this article can be used to study flow of substances in systems
with network structure and in presence of inflow of substance at selected places of
corresponding system. Examples for such systems can be water channels or sewer
systems. From this point of view parameters of the discussed model can be interpreted as follows. σ can be considered as a “gate” parameter as it regulates the
amount of substance which enters the channel. Large value of σ may lead to large
flow of substance through the channel. Second “gate” parameter is the parameter α
which regulates the amount of substance which from one part to the next part of the
system. Small value of α means that transfer between neighbor parts of the system is
more difficult.
Parameter β accounts for the tendency that cells numbered by larger numbers can
contain more substance. Large value of this parameter means that larger amounts of
substance can be concentrated in nodes which are far from the origin of the channel.
Parameters γi are the most interesting parameter in our study. In previous studies the
value of these parameter were positive, in other words, we considered situation in
which substance flows out of cells of the channel (leakage). In this study the value
of parameter is negative which means that there is an inflow of substance to the cells
of the channel. The changed sign of the parameters γi leads to additional efforts for
analysis of situation: because of inflow of substance the stationary regime of flow of
substance in the channel may become impossible. The accounting of this leads to
several inequalities which have to be fulfilled in order to ensure the existence of the
stationary regime of flow.
The negative value of parameters γi leads to interesting possibilities for the shape
of probability distribution connected to distribution of substance in the channel. From
Eq. (10) we obtain
(14)

yi∗
β + γi+1
=1+
.
∗
yi+1
α + βi

If γi+1 was positive (14) leads us to the conclusion that the amount of substance in
i-th node of the channel has to decrease with increasing i. But for the case discussed
above γi+1 is negative. In addition we have α + βi > −γi as condition for existence
of stationary flow in the channel. We can write (10) also as
(15)

∗
yi+1
α + βi
=
.
∗
yi
α + βi + (β + γi+1 )

The sign of β + γi+1 is important. If | γi+1 |< β then the value of yi decreases with
increasing i. Otherwise the value of yi will increase with increasing i and stationary
state is impossible.
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We can write (15) also in the following form:
(16)

∗
yi+1
α + βi
=
,
∗
yi
α + βi + (β+ | γi+1 ) | +θi+1 )

where θi+1 = 0 for the case when the sign of γi is positive (case of leakage of
substance) and θi+1 = −2 | γi+1 | for the case when the sign of γi is negative
(case of pumping of substance). (16) shows that in general for the case of pumping
the ratio and when stationary state of motion of substance in the channel is possible
∗
yi+1
yi∗ decreases slowly for the case of pumping in comparison to the case of leakage.
Thus one can expect that the parts of the network system which are far from the first
segments of the system will be more loaded by substance for the case of pumping in
comparison to the case of leakage and this could lead to increased maintenance costs.
4

C ONCLUDING R EMARKS

In this article we consider a flow of substance in a channel of network and our attention was concentrated on the case of a channel having single arm and on the case
when the substance can flow into the nodes of the channel from the environment. The
inflow (called pumping) can lead in many cases to oscillation or permanent increasing of the amount of substance in the channel but there are conditions where the flow
of substance in the channel can be stationary. Such kind of flow is studied above and
probability distribution connected to the corresponding distribution of substance in
the nodes of the channel is obtained. The obtained distribution contains as particular
case the long-tail Waring distributions and the comparison to the case of outflow of
substance from nodes of channel (leakage) shows that for the same values of parameters α and β there can be more substance in nodes far from channel entrance for
case of pumping in comparison to case of leakage. In other words the long tail of the
distribution can become also more “fat” one.
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