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ABSTRACT: We present a short review and some new results on the finite-size
behavior of finite systems exhibiting second order phase transition. We will
be mainly focused on one basic model of statistical mechanics – the Ginzburg-
Landau φ4 model under the influence of temperature bath and an external or-
dering field.
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1 INTRODUCTION

The current article is in memory to Prof. D. Sci. Jordan Brankov, with whom I had
the pleasure to work together at the beginning of my scientific carrier.

In memory OF PROF. D. SCI. JORDAN BRANKOV

I first met Prof. Brankov in 1985 when I joined the Laboratory of Statistical Me-
chanics and Thermodynamics at the Institute of Mechanics of Bulgarian Academy
of Sciences. At that time the Laboratory was headed by him. With him as my su-
pervisor, initially I wrote my Diploma work for the faculty of Physics at the Sofia
University. After that, I wrote in a cooperation with him one monograph [1] and
more than 10 scientific articles on various topics. It turns so that basically all of them
deal, in one way or the other, with the influence of finite size of the system on dif-
ferent its properties. We performed our studies exclusively via treating analytically
exactly solvable statistical mechanical models.
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As it is customary in the corresponding theoretical studies, one considers as finite
any system that is characterized by at least one finite dimension. Let us denote this
characteristic finite size by L.

Obviously, any finite system possesses boundary. One expects that near it the be-
havior of the system differs from that one deep in the bulk of the system. A given
constituent in a finite system is influenced by the presence of a boundary, i.e., it
“feels” that the system is finite, either (i) trough the chain of correlations, or (ii)
directly, trough interactions with the other constituents of the system, when the in-
teraction decays slow enough with the distance r. The both mechanisms lead to
interesting effects. It happens so that with Dr. Brankov we dealt with the case of
systems exhibiting a second order phase transition, i.e., possessing a diverging cor-
relation length, and governed by leading long-ranged interactions, i.e., with the case
when the both effects are acting simultaneously on the thermodynamic behavior of
the system.

Before going into any details, in order to set properly the stage and to avoid pos-
sible misunderstandings, let us make some definitions concerning (i) the correlation
length and (ii) the types of interactions.

(i) In statistical mechanics one describes the systems with thermodynamic po-
tentials which are piece-wise analytical functions of, say, the temperature T and the
ordering field h. The set of points at which a first derivative with respect to, say, h
is discontinuous determines the positions of first-order phase transitions; these sets
form the phase diagram of the system. They separate the different possible coexisting
phases. The point at which a line of first order phase transitions ends is called critical
point, normally at some T = Tc and h = 0. The distance up to which two-point
correlations are not negligible is called correlation length ξ. In the vicinity of the
bulk critical point (Tc, h = 0) the bulk correlation length of the order parameter ξ
becomes large, and theoretically diverges: ξ+

t ≡ ξ(T → T+
c , h = 0) ' ξ+

0 t
−ν ,

t = (T − Tc)/Tc, and ξh ≡ ξ(T = Tc, h → 0) ' ξ0,h|h/(kBTc)|−ν/∆, where ν
and ∆ are called critical exponents and ξ+

0 and ξ0,h are the corresponding nonuni-
versal amplitudes of the correlation length along the t and h axes. One obviously
shall expect interesting and important finite-size effects when ξ becomes comparable
to the system size. This turns out to be indeed the case - it has been shown that the
behavior of the finite system differes in this case essentially from that one of the bulk
system, the thermodynamic functions describing its behavior depend on the ratio L/ξ
and take scaling forms given by the so-called finite-size scaling theory [1–3, 5, 22].
Further information of the phase transitions and related physical and mathematical
problems can be found in, say, [1] and the set of articles on the topic cited therein.

(ii) In nature as slow decaying interactions are considered such which decay in a
power-low with the distance. They are normally described mathematically as decay-
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ing ∝ r−(d+σ), where d is dimensionality of the system and σ is a parameter govern-
ing the rate of the interaction’s decay. As examples one can think of Coulomb or van
der Waals interactions. We will only have in mind the case σ > 0, for which the stan-
dard thermodynamic potential are well defined. Let us quantify the above terminol-
ogy. To keep the presentation as simple as possible, let us further consider only mod-
els embedded on a d-dimensional hypercubic lattices L, where L = L1×L2×· · ·Ld.
Let Li = Niai, i = 1, · · · , d, where Ni ∈ N is the number of dynamical variables
(particles, spins) along direction i, and ai is the lattice constant along the axis i with
ei being a unit vector along that axis, i.e., ei.ej = δij . We suppose that the interac-
tion between any two constituents at a distance r apart is given by J(r) ∈ R. Then,
if for any m ∈ N < ∞ one has

∑
r∈L r

m|J(r)|m < ∞ the corresponding inter-
action is called a short-ranged one. If ∃m ∈ N < ∞ :

∑
r∈L r

m|J(r)|m = ∞,
J(r) is called long-ranged interaction. Then, if m = 2 this interaction is called
leading long-ranged interaction, while if m > 2 it is called sub-leading long ranged
interaction [6]. An example of the latter is the omnipresent van der Waals interaction.

With Dr. Brankov we started our combined scientific endeavor with study of a
system governed by a dipole interaction, which is anisotropic and of long-ranged
interaction type [7]. This article has been well received by the community and has
been used, e.g., for explanation of experimental properties of some nano-systems [8].
It is interesting that we encountered the finite-size scaling theory along an nontradi-
tional path – during studying the limit Gibbs states [9] within the spherical model,
applying an ordering field that depends on the number of particles in the system, i.e.,
using approach similar to the one used for calculation of the quasi-average values of
Bogolyubov. It turns out that our strict mathematical approach did agree with the
predictions of the finite-size theory for first-order phase transition. This provoked
us to embark on the finite-size scaling theory and to obtain serious of results mainly
devoted to verification of its predictions. However, we have also succeeded in formu-
lating this theory in terms of limit distribution of dependent random variables [10].
Specifically, we have shown that the finite-size scaling functions of the infinitely co-
ordinated spherical model can be expressed via limit probability distributions of a
triangular array of properly normalized block spin variables. The triangular array
is defined with the aid of a two- parameter family of Gibbs distributions which ap-
proach the critical point together with the increase of the size of the system. This
is an very interesting approach to the finite-size scaling theory that interconnects it
to the theory of limit distributions of Gibbs mutually dependent random variables.
This approach still waits for it further development. It is worthwhile also to mention
the explicit result which demonstrated that the finite-size scaling functions do depend
on the thermodynamic ensemble [10] in which the system is considered. This result
became recently of special interest because it is directly showing the ensemble de-
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pendence of the fluctuation induced forces, a hot topic of recent research, see, e.g.,
Ref. [11].

In the remainder of the current article we pass to the consideration of the finite-
size behavior and especially of the Casimir force in one specific very well known in
statistical mechanics exactly solvable model - the Ginzburg-Landau Φ4 model. The
Casimir force is an example of a fluctuation induced force which will be of interest
for us in the model for the specific case of Dirichlet-Dirichlet boundary conditions.

2 SOME BASIC FACTS ON THE CASIMIR FORCE

As it is well known, a random variable ζ with zero average 〈ζ〉 = 0 has a nonzero dis-
persion 〈ζ2〉, provided this variable is not identically zero. This trivial mathematical
fact leads to highly nontrivial physical consequences. Among them is the existence
of the so-called Casimir force [12].

In 1948 the Dutch physicist H. B. G. Casimir realized, after a discussion with
Niels Bohr, that the zero-point fluctuations of the electromagnetic field in vacuum
lead to the remarkable mechanical effect of the appearance of a long-ranged attractive
force between two perfectly conducting uncharged parallel plates at a distanceL from
each other, and calculated this force. When the force is divided by the cross-sectional
area of the plates, for the Casimir pressure he obtained

(1) F
‖
Cas(L) = − π2

240

~c
L4

= −1.3× 10−3 1

(L/µm)4

N

m2
.

We emphasize that in the absence of charges on the plates the mean value of both the
electric E and the magnetic field B vanishes, i.e.,

〈E〉 = 0 and 〈B〉 = 0, but 〈E2〉 6= 0 and 〈B2〉 6= 0,

and, therefore, the expectation value of the energy due to the electromagnetic field
between the plates, i.e., 〈H〉 with

H =

∫ [
1

2
ε0E2(r) +

1

2µ0
B2(r)

]
d3r,

is nonzero. Here ε0 and µ0 are the dielectric permittivity and the magnetic permeabil-
ity of the free space, respectively. Supposing, as Casimir did, in the simplest case the
plates to be ideal conductors, it follows that the component of the electric field par-
allel to the plates has to be zero, i.e., Dirichlet boundary conditions are imposed on
that component of the field. The last leads to L-dependence of the energy of the field
in-between the plates and, thus in changing the distance L between them a force shall
appear acting on them. This phenomenon is known today as the quantum-mechanical
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Casimir effect. There is a plethora of articles in the nowadays literature devoted to
this effect, and, subsequently, a series of reviews on them, e.g., [13–17].

An inspection of the result shown in Eq. (1) leads to a conclusion that the result
is universal, in the sense that it depends only on the fundamental constants: c -
the speed of light in vacuum and the Planck’s constant ~. The L-dependence of
the force can easily be predicted on dimensional grounds: as any force F ‖Cas it is
F
‖
Cas ∝ Energy/Length ∝ E/L. The energy E is proportional to the cause of the

effect, i.e., the energy of the relevant fluctuations. At T = 0, these are the quantum
fluctuations. Therefore, E ∼ hc/L. If one normalizes per unite area A ∼ L2, the
result is F ‖Cas ∝ hc/L4, which is the Casimir result cited in Eq. (1).

Thirty years after Casimir, in 1978 Fisher and De Gennes [18] have shown that a
very similar effect exists in fluids. In that case the fluctuating field is the field of its
order parameter. Then the interactions in the system are mediated not by photons, as
in the case of the electromagnetic field, but by different type of massless excitations
such as critical fluctuations or Goldstone bosons (spin waves). Nowadays one usually
terms the corresponding Casimir effect the critical or the thermodynamic Casimir
effect [1]. On the critical Casimir effect only two general reviews [1, 19] so far are
devoted , one of which is co-authored by Dr. Brankov [1]. The L-dependence of
the force again can easily be determined for the general case of a d-dimensional
system. Taking into account that the surface then A ∝ Ld−1 and that the energy of
the fluctuations E ∝ kBT , one concludes that for the thermodynamic Casimir effect
near the critical point of the system F

‖
Cas ∝ kBT/L

d. For the (d = 3)-dimensional
system one can write the force at the critical point T = Tc in the form

(2) F
(τ)
A,Cas(T = Tc, L) ' 8.1× 10−3 ∆(τ)(d = 3)

(L/µm)3

Tc
Troon

N

m2
,

where Troom = 20 ◦C (293.15 K). Here ∆(τ) is the so-called Casimir amplitude that
depends on the bulk and surface universality classes of the system and the applied
boundary conditions τ . For the most systems and boundary conditions ∆(τ)(d) =
O(1). Thus, the both forces, the quantum and the thermodynamic one, can be of the
same order of magnitude, i.e., they both can be essential, measurable and obviously
significant at or below the micrometer length scale. Let us stress that ∆(τ)(d) can
be both positive and negative, i.e., F (τ)

A,Cas(T, L) can be both attractive and repulsive.
The accepted terminology terms the negative force as attractive one.

According to the universality hypothesis, as formulated by Kadanoff [20] “all
(continuous) phase transition problems can be divided into a small number of differ-
ent classes depending upon the dimensionality of the system and the symmetries of
the ordered state. Within each class, all phase transitions have identical behavior in
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the critical region, only the names of thermodynamic variables are changed.” All such
systems are then part of the same universality class. For example, we have the Ising
universality class characterized by the breaking of the Z2 symmetry of the original
effective Hamiltonian for the scalar order parameter, the XY universality class with
a two-component order parameter and a disordered phase with O(2) symmetry, and
the Heisenberg universality class characterized by a vectorial order parameter with
an O(3) symmetry. Any of these bulk universality classes is accompanied with a set
of surface universality classes, which depend on what is the behavior of the order
parameter near and at a surface(s) of the semi-infinite or finite system. For a film
geometry the accumulated till nowadays both experimental and theoretical evidences
support the statement that the Casimir force is attractive when the boundary condi-
tions on either plate are the same, or similar, and is repulsive when they essentially
differ from each other. For the case of a one-component fluid the last means, e.g.,
that one of the surfaces adsorbs the liquid phase of the fluid, while the other prefers
the vapor phase.

Currently the Casimir effect is a popular subject of research. The Casimir and
Casimir-like effects are object of studies in quantum electrodynamics, quantum chro-
modynamics, cosmology, condensed matter physics, biology and, some elements of
it, in nano-technology. The reader interested in that problematic can consult the ex-
isting reviews - see the above references to some of these reviews.

In the current article we will study the thermodynamic Casimir effect in a system
with ∞d−1 × L film geometry under Dirichlet-Dirichlet boundary conditions. We
envisage a system exposed at a temperature T and to an external ordering field h
that couples to its order parameter - density, concentration difference, magnetization,
etc. We imagine a simple fluid system at its liquid - vapor critical point, a magnet
at the phase transition from paramagnetic to ferromagnetic state, or a binary liquid
mixture with phases A and B near its consolute temperature point. Let (T = Tc, h =
0) is this bulk critical point in the (T, h) plane. We will consider only the case
of an one-dimensional order parameter φ ∈ R. The thermodynamic Casimir force
FCas(T, h, L) in such a system is the excess pressure, over the bulk one, acting on
the boundaries of the finite system, which is due to the finite size of that system, i.e.,

(3) FCas(T, h, L) = PL(T, h)− Pb(T, h).

Here PL is the pressure in the finite system, while Pb is that one in the infinite system.
Let us note that the above definition is actually equivalent to another one which is also
commonly used [1, 19, 21]

(4) FCas(T, h, L) ≡ −∂ωex(T, h, L)

∂L
= −∂ωL(T, h, L)

∂L
− Pb,
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where ωex = ωL − Lωb is the excess grand potential per unit area, ωL is the grand
canonical potential of the finite system, again per unit area, and ωb is the density of
the grand potential for the infinite system. The equivalence between the definitions,
Eq. (3) and Eq. (4), comes from the observation that ωb = −Pb, and for the finite
system with surface area A and thickness L one has ωL = limA→∞ΩL/A, with
−∂ωL(T, h, L)/∂L = PL. When FCas(τ, h, L) < 0 the excess pressure will be
inward of the system,, thus it corresponds to an attraction of the surfaces of the
system towards each other, and to a repulsion, if FCas(τ, h, L) > 0. For such a
system positioned near its critical point the finite-size scaling theory [1,3,5,19,22–24]
predicts:
• For the Casimir force

(5) FCas(t, h, L) = L−dXCas(xt, xh);

• For the order parameter profile

(6) φ(z, T, h, L) = ahL
−β/νXφ (z/L, xt, xh) ,

where xt = attL
1/ν , xh = ahhL

∆/ν . In Eqs. (5) and (6), β is the critical exponent
for the order parameter, d is the dimension of the system, at and ah are nonuniversal
metric factors that can be fixed, for a given system, by taking them to be, e.g., at =

1/
[
ξ+

0

]1/ν , and ah = 1/ [ξ0,h]∆/ν .
In the next section we are going to consider the Casimir force within the Ginzburg-

Landau mean-field model. We have studied in [25] the case of (+,+) boundary
conditions, in [26] - the case of (+,−) boundary conditions. Some elements of the
behavior of the force under (Neumann,+) boundary conditions have been presented
in [27], while recently few basic results for the case of Dirichlet boundary conditions
have been exposed in [28]. Here we will present some summary of the results for the
Dirichlet-Dirichlet boundary conditions and will extend them.

3 DEFINITION OF THE MODEL AND BASIC EXPRESSION FOR

THE CASIMIR FORCE

Within this model the system is characterized by the scalar order parameter φ(z|τ, h, L) ∈
R given by functions representing minimizers of the standard φ4 Ginzburg-Landau
functional

(7) F [φ; τ, h, L] =

∫ L/2

−L/2
L(φ, φ′)dz,

where

(8) L ≡ L(φ, φ′) =
1

2
φ′

2
+

1

2
τφ2 +

1

4
gφ4 − hφ.
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Here L is the film thickness, φ(z|τ, h, L) is the order parameter assumed to depend
on the perpendicular position z ∈ (−L/2, L/2) only, τ = (T − Tc)/Tc (ξ+

0 )−2 is
the bare reduced temperature, h is the external ordering field, g is the bare coupling
constant, and the primes indicate differentiation with respect to the variable z. It is
well know that for the model considered here ξ0,h/ξ

+
0 = 1/

√
3 [29], ν = 1/2 and

∆ = 3/2 [1, 30, 31].
In Ref. [25] we have shown that for the model considered here, the pressure in the

finite system is

(9) PL(τ, h) =
1

2
φ′

2 − 1

4
gφ4 − 1

2
τφ2 + hφ,

while in the bulk system it equals to

(10) Pb(τ, h) = −1

4
gφ4

b −
1

2
τφ2

b + hφb.

This result does not depend on the boundary condition applied on the system. This
dependence enters via the dependence of the order parameter φ(z|τ, h, L). In the
light of the above it is evident that once the order parameter profile φ and its bulk
value φb are known in analytic form for given values of the parameters τ and h, then
the corresponding Casimir force can be easily determined in an exact manner.

The variable φb of the order parameter of the bulk system does not depend on the
boundary conditions at all. It is determined as the solution the cubic equation

−φb
[
τ + g φ2

b

]
+ h = 0,

φb that minimizes

Lb =
1

2
τφ2

b +
1

4
gφ4

b − hφb.

Let us note that Pb = −Lb, i.e., Pb has its maximum over the possible solutions of
the cubic equation for φb.

The order parameter of the finite system φ minimizes the functional F . It is
determined by the solutions of the corresponding Euler-Lagrange equation

(11)
d

dz

∂L
∂φ′
− ∂L
∂φ

= 0,

which, on account of Eq. (8), reads

(12) φ′′ − φ
[
τ + g φ2

]
+ h = 0.
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Let us note that multiplying the above equation by φ′ and integrating over z one
obtains PL in Eq. (9), i.e., PL is a first integral of the system. The behavior of φ
depends on the boundary conditions. For Dirichlet - Dirichlet boundary conditions:

(13) limφ (z)|z→−L/2 = 0, and limφ (z)|z→L/2 = 0.

Since the thermodynamic Casimir force is normally presented in terms of the
scaling variables

(14) lt ≡ sign(τ)L/ξ+
t = sign(τ)L

√
|τ |,

(15) lh ≡ sign(h)L/ξh = L
√

3 (
√
g h)1/3 ,

in the remainder we are going to use such variables as the basic parameters determin-
ing the behavior of the force. In the above we have taken into account that for the
model considered here ξ0,h/ξ

+
0 = 1/

√
3, see [29], and ν = 1/2, ∆ = 3/2.

In terms of the scaling variables given in equations (14) and (15), the value
PL(τ, h) of the first integral, see Eq. (9), becomes

(16) PL(τ, h) =
1

gL4
p (lt, lh) ,

where p (lt, lh) is

(17) p (lt, lh) = X ′
2 −X4 − sign(lt) l

2
tX

2 +
2

3
√

6
l3hX.

Here

(18) X(ζ|lt, lh) =

√
g

2
Lβ/νφ(z)

is the scaling function of the order parameter φ, β = 1/2 and hereafter the prime
means differentiation with respect to the variable ζ = z/L, ζ ∈ [−1/2, 1/2]. Simi-
larly, for the bulk system, see Eq. (10), one has

(19) Pb(τ, h) =
1

gL4
pb(lt, lh),

where

(20) pb(lt, lh) = −X4
b − sign(lt) l

2
tX

2
b +

2

3
√

6
l3hXb.
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The free energy functional then reads

(21) F [X; lt, lh, L] =
1

gL4

∫ 1/2

−1/2
L(X,X ′)dζ,

where

(22) L(X,X ′) = X ′2 +X4 + sign(lt) l
2
tX

2 − 2

3
√

6
l3hX.

3.1 THE PHASE DIAGRAM

In order to understand the behavior of the system in one thermodynamic model the
first question one shall answer is what is the phase diagram of the system - that of the
bulk and of the finite one with given boundary conditions.

We start with the phase diagram of the infinite system.
The phase diagram of the infinite system is well known. It is shown on the left

side of Fig. 1. At high temperature the system is in disordered phase and when
h → 0 the order parameter φb → 0. This is no longer true below some temperature
Tc, called critical temperature, when limh→0± φ(T < Tc, h) = ±m0(T ) 6= 0. The
physical interpretation is the coexistence of two phases - they have the same free

(0,0)

Tc

phase A

phase B

m
ix
e
d
(d
is
o
rd
e
re
d
)
p
h
a
s
ethe bulk phase diagram

-20 -15 -10 -5 5
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-10

-5

5

10
lh

(-π,0)
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m
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e
d
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o
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e
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d
)
p
h
a
s
eDirichlet-Dirichlet bc

film geometry
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5
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lh

Fig. 1: Phase diagram in the (lt, lh) plane of the bulk (left) and of the finite system
under Dirichlet-Dirichlet boundary conditions (right). In the bulk system a phase
transition of first order happens when crossing the phase coexistence line that is at
lh = 0 and spans for T ∈ (0, T = Tc). At T = Tc the bulk system exhibits a
second order phase transition. In the finite system the coexistence line is at lh = 0
and spans for T ∈ (0, T = Tc,L). The second order phase transition happens in it at
T = Tc,L ≡ (−π, 0).
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energy for h = 0 but the “plus” phase with φb(T, h) > 0 will prevail, i.e., will have
lower free energy, if h > 0, and the “negative” one with φb(T, h) < 0, when h < 0.
When crossing the line {h = 0, T < Tc} by changing the field h one observes first
order phase transitions, while at {T = Tc, h = 0} one observes second order phase
transition, which basic features we briefly discussed above.

The phase diagram of a system with a film geometry under Dirichlet-Dirichlet
boundary conditions is shown on the right side of Fig. 1. When one crosses the line
{T < Tc,L, lh = 0} by varying the field variable lh the system possesses a line of
first-order phase transitions {T < Tc,L, lh = 0} that ends at the critical point T =
Tc,L, lh = 0. In terms of lt and lh the coordinates of the critical point Tc,L are
{lt = −π, lh = 0}. When T < Tc,L the stable state with minimum energy is with
φ(z) > 0 for h > 0, and φ(z) < 0 for h < 0. More details can be found in [28].

In what follows we will present results for the behavior of the Casimir force under
Dirichlet - Dirichlet boundary conditions.

3.2 ON THE CASIMIR FORCE

In the case of Dirichlet-Dirichlet boundary conditions the corresponding results for
the scaling function of the Casimir force for zero field, i.e. for lh = 0, have been
derived in [32, 33]. Here we will present only results for the case h 6= 0. Some
results in that respect have been published in [28].

From Eqs. (16) and (19), for the Casimir force defined in Eq. (3) one obtains

(23) FCas(τ, h, L) =
1

gL4
XCas(lt, lh),

where its scaling function XCas is

(24) XCas(lt, lh) = p (lt, lh)− pb(lt, lh).

Obviously, the scaling function of the Casimir force can be written in the form

(25) XCas(lt, lh) = X4
b −X4

m + sign(lt) l
2
t

(
X2
b −X2

m

)
− 2

3
√

6
l3h (Xb −Xm) .

Here Xm is the value of the scaling function of the order parameter profile at the
middle of the system, i.e., X(1/2|lt, lh) = Xm(lt, lh).

3.2.1 ON THE BEHAVIOR OF THE ORDER PARAMETER PROFILE

Under Dirichlet boundary conditions one has X = 0 at ζ = −1/2 and ζ = 1/2.
Obviously X(ζ) is either increasing, or decreasing function of ζ with, due to the
symmetry, X ′(1/2) = 0. Again because of the symmetry it is enough to study
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one of these sub-cases, say with X ′m(ζ) ≥ 0. Since, furthermore, the physical order
parameter profiles minimizes the free energy, see Eq. (21), it is clear that lhX(ζ) > 0,
when lh > 0. Next, the problem is symmetric under the simultaneous change of the
signs of X and lh. Therefore, it is enough to study the case lh ≥ 0 with X(ζ) ≥ 0.
In this case, from Eq. (17) one obtains

(26) ζ =

∫ X(ζ)

0

dX√
X4 + sign(lt) l2tX

2 − 2
3
√

6
l3hX + p (lt, lh)

.

Expressing p(lt, lh) in terms of Xm, one has

(27)
1

2
=

∫ Xm

0

dX√
(X4 −X4

m) + sign(lt) l2t (X2 −X2
m)− 2

3
√

6
l3h (X −Xm)

.

Now we can outline one straightforward procedure for determining the Casimir force.
The algorithm is the following. From Eq. (27) one determines Xm as a function of
lt and lh. Then, from Eq. (26) one determines ζ as a function of Xm. Inverting
this dependence, one arrives at the function X(ζ). If there is more than one solution
obtained under the procedure described above, one shall choose this profileX(ζ) that
provides the minimum of the free energy F , see Eq. (21) and Eq. (22). In Ref. [34]
the following proposition has been proven

Proposition. If lh 6= 0 when it exist there is a single profile X(ζ) which is mono-
tonic on the interval (−1/2, 0), and for which X(−1/2) = 0, X ′(0) = 0, and
lhX(ζ) ≥ 0.

Performing numerically the procedure outlined above, one arrives as the behav-
ior of the Casimir force shown in Figs. 2 and 3. We observe that under Dirichlet
boundary conditions, and within the mean-field Ginzburg-Landau Ising type model,
the force is attractive and non-monotonic.

Let us also mention that there is an alternative approach to the problem based on
the explicit solution of the differential equation (12). Following [35], using the fact
that the first integral is given by Eq. (17), one obtains that the order parameter is equal
to

(28) X (ζ|lt, lh, Xm) = Xm +
6Xm

(
sign(lt) l

2
t + 2X2

m

)
−
√

2/3l3h
12℘ (ζ; g2, g3)−

(
sign(lt) l2t + 6X2

m

) ,
℘ (ζ; g2, g3) is the Weierstrass elliptic function whose invariants g2 and g3 read

(29) g2 =
1

12
l4t + p (lt, lh) , and g3 = − 1

216

[
l6h + l6t − 36 p (lt, lh) l2t

]
.
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Fig. 2: The behavior of the scaling function of the Casimir force as a function of lt
for several fixed values of lh. The function is normalized by its value at the critical
point of the finite system. We observe that the force is attractive and non-monotonic.
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Fig. 3: The behavior of the scaling function of the Casimir force as a function of lh
for several fixed values of lt. The function is normalized by its value at the critical
point of the finite system. We observe that the force is attractive and non-monotonic.
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Here Xm is to be determined from

(30) 12℘

(
1

2
; g2, g3

)
− sign(lt)l

2
t − 6x2

m = 0,

so that one obtains a continuous order parameter profile in the interval (−1/2, 1/2),
satisfying the condition

(31) 6
√

3xm
(
sign(lt)l

2
t + 2x2

m

)
−
√

2 l3h < 0.

4 DISCUSSION AND CONCLUDING REMARKS

This model we discussed here is normally considered to describe simple fluids and
binary liquid mixtures. Using the grand canonical ensemble, we have obtained for
that model the behavior of the Casimir force as a function of lt and lh. We have shown
that the force is attractive, but is not monotonic. As outlined in the Introduction, one
problem which we have attacked with Prof. Dr. Brankov long ago, see Ref. [10], that
recently become of interest, is the issue of the behavior of the fluctuation induced
forces in canonical ensemble, see, e.g., [11]. It is worthwhile also noting that due
to the non-monotonicity, the Casimir force in the critical region is characterized by a
highly nontrivial 3D relief map of the force. To these two problems we hope to return
in the near future.
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