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ABSTRACT: The objective of this paper is to study the reflection and trans-
mission phenomena in axially symmetric waves in two half spaces, in which
the lower one is poroelastic half space, and the upper one is self-reinforced
half space. Employing Biot’s theory of wave propagation, reflection and trans-
mission coefficients of two dilatational waves, and shear wave are computed
against angle of incidence. Numerical results are presented graphically for two
types of poroelastic solids, namely, for upper half space, self-reinforced mate-
rial with the longitudinal, shear modulus and reinforcement parameters respec-
tively and for lower half space the sandstone saturated with water is used. From
the numerical results, it is clear that the reflection and transmission coefficients
are strongly affected as a function of angle of incidence.

KEY WORDS: self-reinforcement half space, poroelastic half space, reflection,
transmission, angle of incidence.

1 INTRODUCTION

During the past half century in many scientific fields, wave reflection and transmis-
sion phenomena have received much attention in the domains such as Marine Seis-
mology, Geotechnical Engineering, Acoustics, and Geophysics. Analysis of reflec-
tion and transmission phenomena can be used to understand various materials. Sand-
stone is a great source for quartz which is very useful in our day to day life. Sandstone
deposits may be cylindrical in shape, and may be surrounded by poroelastic medium
such as soil or rock. The study of reflection and transmission of waves incidented
at the said interface gives the information pertaining to sandstone deposits. Since
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the reflection and transmission coefficients are functional dependent on the medium
consisting of two non-homogeneous layers separated by a horizontal interface. In
acoustics, the said coefficients are used to understand the effect of various materials
on their acoustic environments. In other domains such as Geophysics and Medicine,
the pertinent analysis can be used as Non Destructive Evaluation (NDE) tool. Em-
ploying transfer matrix method, Bogy and Gracewski [1] derived the reflection coef-
ficient for plane waves in a fluid incident on a layered elastic half-space. Sinha and
Elsibai [2] investigated the reflection of thermoelastic waves from the free surface
of solid half space, and at the welded interface of two semi-infinite media. In the
paper [3], the reflection coefficient is calculated for shear wave that incidents from
within the solid on its boundary. Singh [4] exploits the reflection of Pand SV waves
from the free surface of an elastic solid with generalized thermo-diffusion. Employ-
ing Biot’s theory of poroelasticity [5], reflection of plane waves at boundaries of a
poroelastic half space is discussed by Tajuddin and Hussaini [6]. In the paper [6],
it is clear that the overlapping parameter between solid and fluid plays a significant
role in generating the reflected slow dilatational wave. Dai and Kaung [7] calculated
the reflection and transmission of elastic waves at the interface between water and
double porosity solids. The analytical expressions of all the three phase velocities of
gP, gSV and qSH waves are derived by Chattopadhyay et al. [8]. Reuven Gordon [9]
explained the reflection of cylindrical surface waves. The reflection and transmission
of plane waves between two different fluids saturated with porous half spaces are
given in the paper [10] wherein variations of amplitude ratios with angle of incidence
are calculated. The closed form analytical expressions for reflection and transmis-
sion coefficients of waves are derived [11]. Samal and Chattaraj [12] discussed the
surface wave propagation in fiber-reinforced anisotropic elastic layer between liquid
saturated porous half space and uniform liquid layer. Rajneesh et al. [13] investigated
reflection and transmission of plane waves at the loosely bonded interface of an elas-
tic solid half space and a micro polar thermo elastic diffusion half-space. Semi rel-
ativistic reflection and transmission coefficients for two spinless particles separated
by exponential and rectangular shaped potential barriers are investigated by Ethyl
et al. [14]. Malla et al. [15] determined reflection and transmission coefficients of
the axially symmetric body waves incident on a base of a semi-infinite solid cylin-
der using Whittaker’s function. Sindhuja et al. [16] discussed shear wave propaga-
tion in magneto poroelastic medium sandwiched between self-reinforced poroelastic
medium and poroelastic half space. To the best of author’s knowledge, reflection and
transmission phenomenon of axially symmetric waves is not yet investigated for two
half spaces problem. Hence, in the present work, using the model [15], the same is
investigated in the framework of Biot’s theory of poroelasticity.

This paper is organized as follows. In Section 2, formulation and solution of the
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problem is given. Boundary conditions are given in Section 3. In Section 4, numerical
results are described. Finally, conclusion is given in Section 5.

2 FORMULATION AND SOLUTION OF THE PROBLEM

Consider the solid of two half spaces, in which upper half space is self-reinforced
(say M), and the lower one is poroelastic half space (say Ms). If a wave is incidents
in the lower half space, two dilatational waves, and a shear wave either reflect in the
lower half space or transmit into the upper half space as shown in Figure 1. The r-
axis is taken as interface of the half spaces, and z-axis is taken along the thickness of
the two half spaces. The equations of motion of a homogeneous, isotropic poroelastic
solid in absence of dissipation are [5]:

2

0 -
NVZi 4 V(Ae + Qe) = — (p11ii + p12U),
1) ) ot

0 . .
V(Qe + Re) = @(Plzu + p22U) .

where @ = (u, v, w) and U= (U, V,W) are displacement vectors of solid and fluid,

respectively, e and ¢ are the dilatations of solid and fluid, P = A + 2N, @ and

R are all poroelastic constants, e and € are the dilatations of solid and fluid. The

mass coefficients p11, p12 and pog satisfy the relations p; = p11 + p12 = (1 — 5)ps,

p2 = p12+p22 = Bpr, p = p1+p2 = ps+B(ps— ps). Here p1 and ps are masses of
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Fig. 1: Geometry of the problem.



6  Analysis of Reflection and Transmission of Axially-Symmetric Waves for ...

solid and fluid per unit volume of aggregate, p is total mass of solid-fluid aggregate
per unit volume. p; and py are mass densities of the solid and fluid, respectively.
{3 is the porosity of aggregate. The solid stresses 0;; and fluid pressure s are given by

(2) Oij = 2N€Z‘j + (AG + QE)(SU, (Z,j = 1, 2,3), s = Q@ + Re.

In eq. (2), d;; is the well-known Kronecker delta function. The axially symmetric
waves in the lower half space, and upper half space are considered in the following
subsections.

2.1 UPPER SELF-REINFORCED HALF SPACE

If a wave incidents in the lower poroelastic half space, and if it transmits, then from
the theory of isotropic poroelasticity, there exist two dilatational and a shear trans-
mitted waves in the upper self-reinforced poroelastic half space. The stress tensor o
for a self-reinforced layer along preferred direction & is [16]

(3) 0ij = Nexrdij + 2urei; + alaraerdi; + aiajey)

+2(pur — pr)(aarer; + ajarer;) + Baramermaia;

Herei,j,k, [, m = 1,2,3, e;;’s are the strain components given by

1 8uz 8’1,Lj T
€ij = = + ) and d = (a1,a2,a

K 2(81']' &cl ( Lo 3)
is the preferred unit direction of reinforcement. For axisymmetric waves, which are
under consideration, let & = (u1, 0, wy) and U = (U, 0, W7) be the displacement
components. Consider the potential decomposition of the displacements as given
below:

0 0 0 0
uy = 2P Y11 7 w = 0PI Y11 N @7
(4) 87’ aZ 8,2 87‘ T
_ Op1z 0o _ Op1a | 012 o
U= or 0z ' Wi = 5z Tar T

In the above (;; and 1);; are displacement potentials pertaining to the upper half
space, and are functions of 7, z and ¢. Following the paper [15], the displacement
potentials ¢;; and 1);; are assumed as given below:
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(<P( y + cpglm) = A, e @t=0m(rsinam—zcosam))
m
_ —l—Ang)ei(“’t*én(T sinal™ —z cosa%m))), m=1,2
P11 = o) + 901(;3) —  Ageiwt—d3(rcosaz—zsinag))
\ 4 AD t-srsima) —sconl?)
(P(m) + (szm) = Amei(m‘/*‘sm;‘in(r sin aum —2 Cos am))
> _ +A£Lm)6i(‘”t*5nﬂn(7" sin a{™ —z cos ozslm)))7 m=12,
e P+ ol = Ageilwt—daualrcosaz—zsinaz))
+A:(33)6i(m_53ﬂ3(7” sin Oé§>,3)—z cos aé‘o’))),

(m)
3

¢ll = Aém)ei(wt—§3(rsina —ZCos agm))) m = ]., 27 37

)

P12 = Agm)ei(“t*‘s?*m(”Si“aém)*zcosagm)), m=1,2,3.

In the above, «, is the angle made by the m-th incident wave with the normal,

a%m) is the angle made by the n-th transmitted wave with the normal when m-th wave

incidents, ¢(,,,) are incident wave potentials, gogbm) are transmitted wave potentials, w

is frequency, J,,are wavenumbers of incident waves, J, are wavenumbers of transmit-
ted waves, A;m) are coefficients of transmitted wave potentials, A,, are coefficients
of potentials of incident waves, T,Sm) = (A%m) /A, are transmission coefficients of
n-th transmitted wave when m-th wave 1s incident. In all the above, incident and
transmitted waves are either dilatational or shear. Using eq. (5) in eq. (4), after a
long calculation, the solid displacements are obtained as

(6)
2
—10mP(m) SN Qp+ (5n<p£Lm) sin a{™ — 53<pém) cos agm), m=1,2.
n=1
up = ]
10m P (m) COS A+ D 5ncp,(1m) sin a%m) — (53(,0:(1)3) coS agg), m=3.
n=1
SO BN CO BN () (m) ()
—i0mP(m) COS A+ D Ontpn ~ cosan +(pn /T) + 033  sinag ', m=1,2.
n=1
w1 = 2
10mP (m) SIN A+ D 5ngpglm) cos a%m)+(<pglm)/r) + 53¢§3) sin aés), m=3.
n=1

Using the displacement components of eq. (6) and stress displacement relations (3),
the relevant stress components are obtained, and are given by
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)

(o021 = A1(By + By) + As(By + Bs)
" A1(Bs + Bg) + Aa(B7 + Bs)

(o)1 = C1D1 + C2Dy + C3D3
= C1Dy+ CoDs5 + C3Dg

(7)

where

Ay = (aaras + 2a1a3(pr — pr) + Balas)
Ay = (pr + pr — pr(ai + a3) + Baia3),

B = 572ng0( (sin am Zéngon s1na )) — 53<p§m) coS 2a§m), m=1,2,

By = (52 ) sin 2a, — Z(Sgﬂgm sin 2a m) _ (¢ ,({”)/r)

—1-53«,0:(3 ) cos 2a3 + (i/r)é ngon ) sin aflm),

B3 = 52 ) Sin 2au, — Z&ngpn sin 2a m) _ 53g0gm) cos 2a§m),

By = 62, pm(sinay,)? — Z Snot™ (sin a™)2 — 5390§m) Cos 2a§m),
n=1

Bs = 0P (m) €OS iy, + Z (5ng0n sin a m) _ 53@2(33) cos ozg?’),

Bg = 572n<p(m) cos 20, — Z 5n<p£Lm) cos aﬁ[”) + (go%m)/r)

n=1

+53g0g )smaé + (1 /r) ngan ™) cos a(m),

B; = 5mgp ) COS 20ty — Z 6ncpn sin 2a m) _ 53@&3) cos 2a§3),

Bg = 0P (m) €08 200, — Z 5ncpq(l sin 2 a(m) - 53@&3) coS 2a§3),

n=1
C1 = (A + alal + a3) + Baia3),
Co = (aarag + 2ara3(ur — pr) + Bara3),
C3 = X+ 2ur + 2aa3 + 4ai(ur, — pr) + Bas,
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2
Dy = 5,%190("1) sin? oy, — Z 5ng07(1m) sin 2(1,({”) + 5§cpgm) cos Qagm)), m=1,2,
n=1

2
Dy = 67znap(m) sin 2a, — Z Snol™ sin 2™ + 5§cp§m) Cos 2a§m)), m =3,

n=1

2
D3= 572ng0(m) sin 2ay, + Z nol™ (sin 20[5;?) —cos? ™) — 5§<p§m)sin ozgm) ,m=1,2,

n=l1

2
Dy= 57%1g0(m) cos? ay, —I—Z 8n0t™ (sin 2™ —cos? al™) +5§<p§m)sin agm) , m=3,
n=l1
2

Ds = —5,2n<p(m) sin 20, — Z 5nt™ (cos® o™ + (1/r) cos al™ + sin 2a(™)
n=1

+ 5§¢gm) cos 2a§m)), m=1,2,

2
Dg = (53n<p(m) cos® az — Z (5ng0§3) (cos? al™ + (1/r) cos al™ + sin 2a{™)
n=1

+ 5§<pé3) cos 204&3)), m=3,

_ (puR—p12Q) — (PR-Q*)V,;? _
Un = (pQQQ_p12R) ) n_172737
(p11R — p12Q) — (PR — Q*)V,,;2

(p22@Q — p12R) ’

P = m=1,2,3.

V1 and V5 are the velocities of dilatational waves of first and second kind, respec-
tively, and V3 is the velocity of shear wave.

2.2 LOWER POROELASTIC HALF SPACE

If a wave incidents in the lower half space, and if it is reflected then from the the-
ory of isotropic poroelasticity there exists two reflected dilatational and a reflected
shear wave. In order to solve the pertinent problem, it is convenient to introduce
displacement potentials ¢;; and 1);; are given below:

_ Opa1 0P _ Opa1  OYor b
®) R - 2=, + or + T
Uy = Opay O Wy = D22 n 0122 LY

or 0z’ 0z or r
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The displacement potentials ¢;; and v;; which are functions of r, z, and ¢ are given
by [6]

P(m) + SDl(m) — Amei(wt—ém(rsinam—zcosam))
+Al(m)ei(wt—6t(rsin ozl(m)—z COSOtl(m))) m=1.2
Y21 = o) + (pé?)) _ A3ei(wt—63(7‘COS az—zsinag))
+A:(33)6i(wt—63(r sin aég)—z cos ags)))
Sp(m) + SOl(m) — Amei(wtfém,um(rsinamfzcosam))
©) +Al(m)€i(Wt_6l‘ul(r sinal(m>—z cos al(m))) m=1.2
¥22 = ©@3) + 905(’,3) — Agei(wt—&;ug(r cosagz—zsinas))
+Ag3)€i(wt753u3 (rsin aég) —z cos agg,)))
o1 = Ai()’m)ei(Wt_éis(r sinozgm)—;;cos agm))), m=1,2,3,
¢22 _ Agm)ei(wt—égpg(rsinaém)—z cosaém)))’ - 17 2’ 3.
Using eq. (9) in eq. (8), one obtains
(10)
: : = 5 o™ gin o™ (M) og o ™)
—i{0mp(m) sinam+_dip;  sinag’ — 303 cosag , m=1,2.
- , B
1034 (m) COS am+Y. 53g0l(m) sin agn) — 53¢)§3) cos agg), m=3.
=1

Using these displacement components in eq. (2), the non-zero stress components
are derived, which are given by:

2
Néfngo(m) sin 2a,;, — Y (5lcpl(m) sin 2al(m) - (gol(m)/TQ)
=1

(A1) (o72)s = +6208™ cos20{™ + (i/r)5™ sinal™, m =1,2

2
Néfnnp(m) CoS 20ty — Y. (5l<pl(m) sin 2al(m) — (gol(m)/r2)
l_

+5§<p§m) cos 2a§m) + (i/r)&lgpl(m) sin al(m), m = 3.
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2
—N 62,0 (m) €08% ot + > 51’805 ™ ¢os? al( ™ 4 N53<p:(3 ) sin 2a§m)
=1

+(=1/7) (A + Qpim)0mp (m) SN iy, + Z 514,0[ (A + Q) sin al(m)

—(A+ ng)éggoém) oS ozg m) Nélgol(m) cos ozl( ), m=1,2,

(UZZ)Q =
Néz ©(m) SN 200, + Z 51 <plm) cos a;m) + N5l2<p§m) sin 2al(m)
(=1 /T) (A + Qp3)mp (1m) €OS Qv+ z (A+ Qus)sipl™ sin o™
1=
—(A+ Qﬂl)dl%(m) oS Oél( ™) N53<p(3) cos oz:()) ), = 3.
Ineq. (11),

_ (p11R — p12Q) — (PR — Q*)V;?
(p22Q — p12R)

3 BOUNDARY CONDITIONS

. 1=1,2,3.

Assume that at z = 0, that is, at the interface, the stress components and displacement
components must be continuous, i.e.,

(12) (Urz)l = (Urz)27 (Uzz)l = (UZZ)Qy (U)l = (u)27 (w)l = (w)2

From eqgs. (11) and (12) after long calculation, the following relations are obtained:

3
(13) ZA"”TW =AW, jmn=1,23,

where Ay:) are

A = aaras + 2a1a3(ML — pr) + Batas(sinal™)? + pr + pr, — pr(af + )
+ BaZai(sin2 o™ — (1/1)) + (aaras + 2a1a3(pp — pr)
+ Balas(sin ozt )2 + A+ a(a? + a?)
+ Ba2a2) sin 20™ + (aayas + 2a1a3(ur — pr)
+ Badaz(sin 2™ — cos? ™) + (A + 2u7 + 2042 + 402 (g, — pr)
+ Bai(cos a™)? 4 (1/r) cos o™ + sin 20{™))62, n = 1,2,
Agg) = (awayas + 2aya3(py, — pr) + Basas cos 20451 m) _ wur

+ (pz — pr)(a? + a3) cos 205™)53,
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Agg) = (sina!™ — cosa{™)52, n =1,2,
Ag;) = (sin ozg?’) — cos a?))ég,
AM™ = qayas + 2a1as(pr — pr) + Badas((sin 200 — (cos al™)?)
—sinal™))62, n=1,2,
A:(g) = aajas + 2a1a3(pr, — pr) + Badas(cos ags) — sin a?))&g,
Al = (aaras + 2a1a3(ur, — pr) + Badas(sin ag)? + pr
+ (pr — pr)(ai + af) + faiad sin20,)07,, m = 1,2,
Agg) =+ a(a% + ag)(sin ak)2 + aayas + 2ara3(pr — pr)
+ Bayad(cos ay,)?62, m = 1,2,
A = (A + 27 + 2003 + a3 (ur, — pr) + Bal(sin 200,)82,, m = 1,2,
Ag%) = (aayaz + 2a1a3(pr — pr) + Badaz)(sin 204, )63,
Ag%) = (ur + pr, — pr(a? 4 a3) 4 Ba2a3)(cos 2a,,) )03,
Aé?())) = (aaraz + 2a1a3(pr, — pr) + Ba?ag sin 2 am)ég.

The transmission coefficients are:

T = (AR + ALY + A — (AR + ALY + AL (A An)

— (AfY + AGD + AT AD f4)] [Al) + AL + AGY]

4 NUMERICAL RESULTS
For the numerical process, polypropylene material is considered for self-reinforced

upper half space [12], whose material parameters are
pr = 2.46 x 107 N/m?, pr, = 5.66 x 10° N/m?,
a = 1.28 x 10° N/m?, B = 220.90 x 10 kg/m?,
pi1 = 1.926137 x 103 kg/m>®,  p1o = —0.002137 x 10% kg/m?,
paz = 0.215337 x 103 kg/m?,
whereas sandstone saturated with water is considered for poroelastic lower half space
whose material parameter values are [17]
A =0.922 x 10'° N/m?, N =0.92 x 10'° N/m?,
Q = 0.13 x 10'Y N/m?, R =0.63 x 10'° N/m?,
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p11 = 1.90302 x 10° kg/m®,  p1a =0,
paz = 0.2268 x 10° kg/m?.

Employing these values in eq. (13), reflection and transmission coefficients are
computed as a function of angle of incidence, and the results are depicted in Figs. 2
to 10. The notations Reyl-1, Reyl-II, Tcyl-1, Teyl-11, are used in the figures represent-

ing the

reflection coefficients of upper half space, reflection coefficient of lower half

space, transmission coefficient of upper half space, transmission coefficients of lower
half space, respectively. When fast dilatational wave is incidents, the reflection coeffi-

Fig. 2:

4.5
g 25 —s—Rcyl-I
Z . —=—ReylI
é 2 ‘ ——Teyl-I
= o
= o -15 —s—Teyl-IT
== == —_— —
£ — Tt
23S 35
k=t
3
E 5.5

15 20 25 30 35 40

Incident angle

Reflection and transmission coefficients as a function of angle of incidence

(in degrees) form = 1, n = 1.

Fig. 3:

55 |
y w

15 ’//\— " —s—Reyl-]
05 | /A/&—'ﬂ\'ﬁ\ﬂ —=—ReylI
-2.5 — ——Teyl-I
45 / T~ —eTgll

4
6.5 1 1 | |

15 20 25 30 35 40
Incident angle

coetficients

Reflecction and transmission

Reflection and transmission coefficients as a function of angle of incidence

(in degrees) form = 1, n = 2.
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Z 35 4
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Z ., 15 } —e—Reyl-I
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S2 05| —a—Reyl-II
g9 —a—Teyl-I
S8 257 —w—Teyl-II
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D 45 F
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15 20 25 30 35 40
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Fig. 4: Reflection and transmission coefficients as a function of angle of incidence

(in degrees) for
45
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Fig. 5: Reflection and transmission coefficients as a function of angle of incidence

(in degrees) for
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Fig. 6: Reflection and transmission coefficients as a function of angle of incidence

(in degrees) for

m=2n=2.



R. Gurijala, S. Ala, M.R. Perati 15

cients ZZ»(l) (¢ = 1,2, 3) and transmission coefficients Ti(l) (i = 1,2, 3) are calculated
as a function of angle of incidence and the results are depicted in Figs. 2—4. From
the Figs. 2 and 3, it is observed that reflection coefficient increases, and transmission
coefficient decreases as angle of incidence increases. In Fig. 4, it is seen that the re-
flection coefficient decreases, and the transmission coefficient, in general, increases

as angle of incidence increases. When slow dilatational wave is incidents, reflection
coefficient Z (¢ = 1,2,3) and transmission coefficient T (1 =1,2,3) are cal-

7 7
culated as a function of angle of incidence, and the pertinent results are depicted in
Figs. 5-7. From Figs. 5 and 6, it is clear that the reflection coefficient, in general,
decreases and the transmission coefficient increases for both the half spaces as angle
of incidence increases. From Fig. 7, it is seen that the reflection coefficient, in gen-
eral, increases and the transmission coefficient decreases for both the half spaces as
angle of incidence increases. When shear wave incidents, the reflection coefficient

3)

Zi(?’) (¢ = 1,2,3) and transmission coefficient 7, (i = 1,2, 3) are computed as

a function of angle of incidence and the results are depicted in Figs. 8—10. From

55 | )
/—'_,—

LY S

g 15 ——Rceyll

g 05 & ——RceyHI

g E i

£ as | ——Teyl

=

g8 45 | ——Tcyl-II

g8

g 65 . . , .

= 15 20 25 30 35 40

v

~ Incident angle

Fig. 7: Reflection and transmission coefficients as a function of angle of incidence
(in degrees) form = 2, n = 3.

55
35 r
15 F ReylI

8
Z
%’ﬁ 05 ———Rey kI
£E5 25 F Teyl-l
=.2 i
SE s \ Tyl
g o —_—
—
,% = 6.5 . . T
D 15 20 25 30 35 40
=
o~ Incident angle

Fig. 8: Reflection and transmission coefficients as a function of angle of incidence
(in degrees) form = 3, n = 1.
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55 |
s m
g
2 15 \ Reyl-I
éé 05 | " —g —a—Rcyl-II
Té‘::{( 25 —a—Toeyl-I
52 45 | —e—TeylI
g
é 6.5 1 1 1 1 )
e 15 20 25 30 35 40

Incident angle

Fig. 9: Reflection and transmission coefficients as a function of angle of incidence
(in degrees) form = 3, n = 2.

55 |
35 |
15 | Reyl-l
05 Rey I
25 | —=—Tcyl-l
Z as | —— Ty
R
2 6.5
g 15 20 25 30 35 40
o

Incident angle

Fig. 10: Reflection and transmission coefficients as a function of angle of incidence
(in degrees) form = 3, n = 3.

Figs. 8 and 9, it is concluded that reflection coefficient increases and transmission
coefficient, in general, decreases for both the half spaces. In Fig. 10, it is seen that
reflection and transmission coefficient for self-reinforcement half space decrease as
angle of incidence increases, whereas, in the case of poroelastic half space, the trend
is reversed.

5 CONCLUSION

Reflection and transmission phenomena are investigated for axially symmetric waves
incident at the interface of two media. Reflection and transmission coefficients are
calculated as a function of angle of incidence. In the case of two dilatational waves
and a shear wave, both reflection and transmission coefficients are calculated.
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