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ABSTRACT: The Josephson junction, a fascinating element in superconduc-
tivity, is a cornerstone of quantum computer hardware. Analyzing this ob-
ject requires solving differential equations, often beyond the scope of analyt-
ical solutions. This article focuses on a model of the ϕ0-Josephson junction,
which describes the magnetic moment precession. A critical aspect of this in-
vestigation is addressing system stiffness, a common challenge in numerical
simulations. Various numerical methods are rigorously compared to evaluate
their efficiency. The study highlights the key contributions to identifying ef-
fective numerical methods for accurately solving stiff systems of the junction
model and demonstrating their applicability to previously inaccessible parame-
ter regimes. This paper presents the first use of certain methods for this model,
achieving higher accuracy and effectively managing stiffness.

KEY WORDS: computational mathematics, Josephson junction, magnetic mo-
ment, numerical analysis

1 INTRODUCTION

Contemporary science and technology depend on the modeling and analysis of com-
plex systems. These systems, often defined by spatial and temporal changes, are
commonly expressed through differential equations. Numerical methods, employing
various techniques and algorithms [1], provide practical solutions by approximating
results that traditional mathematical methods cannot easily achieve. In this frame-
work, the Cauchy problem for systems of ordinary differential equations (ODEs)
stands as a fundamental challenge, providing a basis for examining the dynamic be-
havior [2]. To ensure reliable outcomes, we shall confirm that they are within the
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range of the respective method. Implicit numerical methods are particularly signif-
icant in this regard, as they excel in addressing stiff problems by offering enhanced
stability and precision.

Typically, Josephson junctions consist of two superconductors separated by a
thin layer of dielectric or ferromagnetic material [3]. When current flows through a
Josephson junction, it generates a magnetic field. The magnetic moment in the junc-
tion arises due to the formation of currents, known as Josephson currents [4]. The
transfer of superconducting pairs through a thin insulating layer generates magnetic
fields and moments in the system, influencing interactions with external magnetic
fields [5]. Overall, the magnetic moment is a crucial concept in physics, explaining
how particles and systems interact with magnetic fields and create magnetic phenom-
ena.

Josephson junctions also play a key role in quantum computers, where they can
serve as elements for storing and processing quantum information [6]. The preces-
sion of the magnetic moment is significant in spintronics as well. One of the basic
mathematical models treats the phase of the Josephson junction as a linear function
of time [3]. However, this model cannot accurately incorporate certain external phys-
ical parameters. For this reason, a more complex model is considered that accounts
for the phase difference and the external current [5].

Physical results related to magnetization reversal are obtained in [7] using the
classic Runge-Kutta method. Due to the stiffness of the system, it was not possi-
ble to study the problem in certain parameter regions using the employed numerical
method. For that reason, special implicit ones applied to the investigated model are
first presented in [8]. Particularly, it is the Gauss-Legendre method with collocation
points.

In this study, we apply a large quantity of methods with higher-order accuracy
than the one in [8]. A comparative analysis of the numerical methods is conducted,
and conclusions about their efficiency are made.

2 PROBLEM FORMULATION

The primary mathematical model considers the phase difference of the Josephson
junction as a linear function of time. It consists of three ODEs representing the mag-
netic moment spatial coordinates mx, my, mz [3]. In our work we explore a more
complex model of the Josephson junction. It is modeled with a system of four ODEs,
three of them represent the spatial coordinates mx, my, mz of the magnetic moment
and the other one accounts for the dependency between the phase difference ϕ and
the external current Ip [7]. A numerical research for the extended model with four
ODEs is conducted in [8]. However, we present a more extensive numerical ap-
proach. It includes a comparative analysis of various implicit and explicit methods
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across different conditions. In comparison with the cited paper an important differ-
ence is that we implement more efficient numerical methods. A similar approach to
the one presented here for the simplest model with three ODEs is made in [9].

The extended model can be expressed as follows:
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with initial conditions mx(0) = 0, my(0) = 0, mz(0) = 1, ϕ(0) = 0, t ≥ 0,
where one of the unknown functions is the phase difference, determined by the pulse
current:

Ip(t) =

{
As if t ∈

[
t0 − 1

2∆t, t0 + 1
2∆t

]
0 in all other cases.

In addition to the change in the number of unknown functions mx(t),my(t),mz(t),
ϕ(t), there are also changes in the parameters used, which are listed below.

Primary parameters include: ωF – resonance frequency of the ferromagnet,
α – damping parameter, G – phase difference coupling parameter, r – spin-orbit cou-
pling parameter, M - magnetic moment norm. The added parameters are as follows:
w – ratio of the characteristic to the resonance frequency, AS – amplitude of the ex-
ternal current, ∆ t – time interval of current injection, t0 – middle of the time interval
of current injection.

3 NUMERICAL APPROACH

The Cauchy problem with initial conditions is a fundamental concept in the theory
of differential equations [1]. To present the different numerical methods we will
introduce the system in the following general form:
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d~y

dx
= ~f(x, ~y),(2)

~y(x0) = ~y0,

where ~y is the unknown vector function, ~f is given function that defines how ~y
changes with respect to x.

In our case ~y(t) is the vector function (mx(t), my(t), mz(t), ϕ(t))T , x = t and
~f(t,mx(t), my(t), mz(t), ϕ(t)) is the right-hand side of (1). Cauchy initial value
problems for ODEs can often be solved effectively using standard numerical meth-
ods. Sometimes the problem occurs to be stiff. The definition of stiffness is displayed
below.

Definition: (Stiff problem [10])
A system is called stiff when, for every x and ~y in a certain region (for all solutions of
the Cauchy problem (2)), the eigenvalues λj , j = 1, r of the r-dimensional Jacobian

matrix
∂ ~f

∂~y
satisfy the following conditions:

1. Re(λj) < 0, j = 1, r,

2. C = max
j
|Re(λj)|/min

k
|Re(λk)| >> 1 – the stiffness coefficient.

The stiffness in computational mathematics manifests itself as a rapid accumu-
lation of the error. Such problems require a specific subset of numerical methods,
known for their ability to handle stiffness. For this reason, we consider standard as
well as specific numerical methods to analyze the difference between their applica-
tion. The methods used in this investigation are described further.

REQUIREMENTS

In order to solve Cauchy problem we shall determine the values of the vector-function
~y at different points x numerically. Let us divide the interval [x0, b] into n equal parts
with a step size of h = b−x0

n , where xi = x0 + i.h for i = 0, n.
Let us assume that the right-hand side ~f(x, ~y) of the differential equation (2)

and its partial derivatives with respect to yj , j = 1, r are defined and continuous in
some domain G(x, ~y). The highest order of the necessary derivative depends on the
concrete method.
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3.1 EULER’S METHOD

Euler’s method is presented in the following manner [11]:

~yi+1 = ~yi + h · ~f(xi, ~yi), i = 0, n− 1.

The order of the local error of Euler’s method is O(h2), where h is the step size.
The global error is of order O(h).

3.2 RUNGE-KUTTA METHODS

Runge-Kutta methods are based on the following general formula with s intermediate
coefficients ~k`, ` = 1, s [12]:

~yi+1 = ~yi + h

s∑
`=1

p`~k`,

where h is the step size, s is the number of intermediate steps, p` are the weight
factors, and ~k`, called Runge-Kutta coefficients, are computed as follows:

(3) ~k` = ~f

(
xi + α`h, ~yi + h

s∑
m=1

β`mkm

)
.

The coefficients β`m, p`, and α` are usually organized in a Butcher table [13]:

α1 β11 β12 · · · β1s
α2 β21 β22 · · · β2s
...

...
...

. . .
...

αs βs1 βs2 · · · βss
p1 p2 · · · ps

where all the coefficients are chosen such that the local approximation error to be
O(hs+1). Accordingly, the global error will be O(hs).

3.2.1 EXPLICIT RUNGE-KUTTA METHODS

The explicit methods are obtained when in (3) the sum is computed with m =
1, `− 1. It means that we do not use all the coefficients ~k`, ` = 1, s, but only those
which are already computed.

Then the Butcher table representing the coefficients for the explicit Runge-Kutta
methods has the following form:
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0 0 0 0 · · · 0
α2 β2,1 0 0 · · · 0
α3 β3,1 β3,2 0 · · · 0
...

...
...

...
. . .

...
αs βs,1 βs,2 · · · βs,s−1 0

p1 p2 · · · ps−1 ps

The following is a selection of explicit methods that are widely utilized in numerical
methods and computational techniques [11]:

RUNGE-KUTTA METHODS OF SECOND ORDER

The Butcher tables for second oreder Runge-Kutta can be seen below:

0 0 0
1
2

1
2 0

0 1

0 0 0
1 1 0

1
2

1
2

0 0 0
2
3

2
3 0
1
4

3
4

The order of the local error of the Runge-Kutta method with two intermediate steps
is O(h3), whereas the order of the global error O(h2).

3.2.2 RUNGE-KUTTA METHODS OF FOURTH ORDER

The most popular formula with four intermediate coefficients can be written as fol-
lows:

0 0 0 0 0
1
2

1
2 0 0 0

1
2 0 1

2 0 0
1 0 0 1 0

1
6

1
3

1
3

1
6

The order of the local error of the Runge-Kutta method with four intermediate
steps is O(h5), whereas the order of the global error O(h4).

IMPLICIT RUNGE-KUTTA METHODS

In explicit methods the new value of the solution is obtained using consequently
computed Runge-Kutta coefficients ~k`. In implicit methods, however, the sum (3)
includes all terms, meaning that the unknowns appear on both sides of the equations.
As a result, the Runge-Kutta coefficients cannot be computed sequentially. Instead,
they must be determined simultaneously by solving a system of nonlinear algebraic
equations at each step. It is important to note that implicit Runge-Kutta methods have
the same order for both local and global errors as explicit methods.
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Gauss-Legendre methods, which have been used in this paper, are a specific subset
of the implicit Runge-Kutta methods derived from the collocation at Gauss-Legendre
quadrature points. This choice makes Gauss-Legendre methods capable of achieving
higher order accuracy [13,14]. However, methods implemented with Gauss-Legendre
coefficients are often preferred for problems requiring high accuracy and when the
efficiency of the integration step is critical.

The Butcher table for Gauss-Legendre method of second order has the following
form:

1
2 −

√
3
6

1
4

1
4 −

√
3
6

1
2 +

√
3
6

1
4 +

√
3
6

1
4

1
2

1
2

The Butcher table for Gauss-Legendre method of third order can be expressed as:

1
2 −

√
15
10

5
36

2
9 −

√
15
15

5
36 −

√
15
30

1
2

5
36 +

√
15
24

2
9

5
36 −

√
15
24

1
2 +

√
15
10

5
36 +

√
15
30

2
9 +

√
15
15

5
36

5
18

4
9

5
18

The local error of the Gauss-Legendre method is of the order of O(h2s+1), where s
is the number of the Runge-Kutta coefficients. The global error is of order O(h2s).

3.3 ADAMS METHODS

The Adams methods are multistep numerical methods for solving ODEs, based on
the interpolation of previous values of the function and its derivatives. There are two
main types of Adams methods: extrapolation (predictor) [15] and interpolation (cor-
rector) [16]. They are effective in solving large systems of differential equations, as
they use information from previous steps to improve the accuracy and stability of the
solution.
The interpolation method cannot work on its own. For this reason it is paired with
a suitable extrapolation method. The combined Adams method, as we call it in this
paper, typically applies the extrapolation method first to predict the next value. Then
it is followed by the interpolation method used for correction. This approach pro-
vides a good combination of speed and stability, making it suitable for a wide range
of problems.

The formula derived by Adams can be expressed as follows:

∆~yi = h

(
~y ′i +

1

2
∆~y ′i−1 +

5

12
∆2~y ′i−2 +

3

8
∆3~y ′i−3 + . . .

)
,
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where ∆~yn is the increment in the solution at step i, ~y ′n represents the current deriva-
tive of the solution and ~y ′i−1, ~y

′
i−2, ~y

′
i−3 are finite difference approximations of

higher-order differences of the derivative values at previous steps.

3.3.1 ADAMS-BASHFORTH

In general, Adams extrapolation refers to methods that use previous derivative values
to predict the future solution value. Adams-Bashforth methods are a specific case
of this approach. It can be emphasized that Adams-Bashforth is a special case of
Adams extrapolation, where the coefficients are chosen to maximize accuracy for a
given number of previous steps.
After substituting with the finite differences ∆~y ′n−1, ∆2~y ′n−2, ∆3~y ′n−3 accordingly
we get to following term cut to derivative of the fourth previous step. The formula of
fourth order is expressed as follows:

~yi+1 = ~yi +
h

24

(
55~y ′i − 59~y ′i−1 + 37~y ′i−2 − 9~y ′i−3

)
The local error of the Adams extrapolation method is of order O(h5). The global
error is of order O(h4).

3.3.2 ADAMS-MOULTON METHOD

The Adams interpolation method uses new derivative values that are yet to be com-
puted, which makes it more accurate but requires solving non-linear equations at each
step.

The Adams-Moulton formula, cut to the third previous step, can be expressed as
follows:

~yi+1 = ~yi +
h

24

(
9~y ′i+1 + 19~y ′i − 5~y ′i−1 + ~y ′i−2

)
The local error of the Adams interpolation method is of order O(h6), whereas the
global error is of order O(h5).

It must be noted that in order to use the refining Adams interpolation method it
shall be combined with the extrapolation one. When combining the Adams extrapo-
lation and Adams interpolation methods, the local error of the interpolation method
typically overrides the local error of the extrapolation one.

3.4 SUMMARY AND NOTATION OF THE METHODS

Table 1 showcases all the methods used in this paper. In the first column, the names
of the methods can be seen; the second column presents a notation of the methods,
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which later can be seen in other tables. In the third column, the global errors of the
methods are presented. The fourth column shows the main characteristics of each
method.

Table 1. Notation of the methods used.

Method Name Notation Global
Error

Characteristics

Euler Euler O(h) single-step, explicit

Runge-Kutta 2nd order RK2 O(h2) single-step, explicit, two
intermediate steps

Runge-Kutta 4th order RK4 O(h4) single-step, explicit, four
intermediate steps

Gauss-Legendre 2nd order GL2 O(h4) single-step, implicit, in-
creased stability and pre-
cision, two intermediate
steps

Gauss-Legendre 3rd order GL3 O(h6) single-step, implicit, in-
creased stability and pre-
cision, three intermediate
steps

Adams-Bashforth 4th order AB4 O(h4) four-step, explicit, uses 4
previous derivatives

Adams-Moulton 3rd order AM3 O(h5) three-step, implicit, uses
three previous derivatives

4 RESULTS

In order to examine the magnetic moment and its precession, the system is solved
numerically, and to ensure the reliability of the results and the error value during
calculations, the obtained result is verified with the norm of the magnetic moment.
The global absolute error is calculated using the formula

Aerr =

∣∣∣∣∣∣
√∑n

i=0(m
2
x,i +m2

y,i +m2
z,i)

n
−M

∣∣∣∣∣∣ ,
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which takes the averaged calculated value of the magnetic moment at each point i in
the considered interval and by subtractingM = 1 (the norm of the magnetic moment)
we find the deviation from this norm.

Various programming modules have been created for visualizing the magnetic
moments and precession. All program modules for solving and visualising are com-
posed in the environment of Wolfram Mathematica [17].

4.1 CASE 1 – NON STIFF

The first case we examine is under the following parameter constraints α = 0.1, r =
0.1, G = 90, w = 0.44, ωF = 0.44, t0 = 10, ∆t = 10, As = 0.45. Let
us investigate the problem up to t = 50. Table 2 shows the order of theoretical
(Terr) and actual (Aerr) errors obtained in the computation process, as well as the
computational time (CT (s)) in seconds. The table presents a comparative analysis
of various numerical methods with different step sizes h = 0.1, 0.01, 0.001.

Table 2. Comparison of the accuracy of results obtained with different step sizes for case 1.
Method h = 0.1 h = 0.01 h = 0.001

Terr Aerr CT (s) Terr Aerr CT (s) Terr Aerr CT (s)

Euler 10−1 7.1× 10−1 0.06 10−2 5.1× 10−2 0.7 10−3 6.1× 10−3 20

RK2 10−2 3.1× 10−3 0.1 10−4 3.8× 10−6 1.2 10−6 3.8× 10−9 25

RK4 10−4 2.2× 10−5 0.2 10−8 2.4× 10−9 2.3 10−12 2.3× 10−13 43

GL2 10−4 3.6× 10−11 0.8 10−8 1.8× 10−12 6 10−12 3.2× 10−14 60

GL3 10−6 2.5× 10−15 2.1 10−12 1.1× 10−15 14 10−18 8.8× 10−16 90

AB4 10−4 1.0× 10−2 0.1 10−8 2.5× 10−7 2 10−12 2.2× 10−11 45

AM3 10−5 5.0× 10−5 0.7 10−10 3.3× 10−9 7 10−15 3.3× 10−13 90

The explicit Euler method exhibits the highest errors among all methods, with
Aerr = 10−1 at h = 0.1 and decreasing to 10−3 at h = 0.001. However, despite its
simplicity and fast computational time, its accuracy remains relatively low compared
to higher-order methods. RK2 provides a noticeable improvement, reducing error
order significantly, while RK4 further enhances accuracy, achieving Aerr = 10−12 at
h = 0.001, making it a more reliable option for moderate computational cost.

Implicit methods, such as GL2 and GL3, offer superior accuracy at the cost of
increased computation time. GL2 achieves Aerr = 10−14 at h = 0.001, while GL3
reaches an impressive accuracy of Aerr = 10−16, albeit requiring 90 seconds of
computation time, the highest among all methods. These methods are particularly
useful in problems where precision is paramount.
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The Adams-based methods, AB4 and AM3, strike a balance between accuracy
and computational efficiency. AB4 achieves Aerr = 10−11 at h = 0.001 with
moderate computational cost, whereas AM3, being slightly more accurate, attains
Aerr = 10−13 but demands increased computation time.

How the magnetic moments evolve over time for the parameters α = 0.1, r =
0.1, G = 90, w = 0.44, ωF = 0.44, t0 = 10, ∆t = 10, As = 0.45 is illustrated
in Fig. 1. It can be observed here that, after some oscillation in the system, the
coordinate mz changes its sign, resulting in the so-called reversal of the magnetic
moment. The precession of the magnetic moment is also shown below.

Fig. 1. Values of the spatial coordinates mx, my, mz using the fourth-order Runge-Kutta
method in case 1.

Precession refers to the gradual shift or movement of the axis of a rotating object,
and it often occurs in systems with angular momentum. In the context of a mag-
netic moment, precession involves the motion of the magnetic moment relative to
an external magnetic field or a reference plane in space. The precession under the
aforementioned parameters is illustrated in Fig. 2.

Fig. 2. Precession of the magnetic moment in case 1.

4.2 CASE 2 – STIFF

Another set of parameters that we consider is α = 0.3, r = 0.01, G = 60, w =
1, ωF = 1, t0 = 10, ∆t = 10, As = 0.3. We investigate the problem up to t = 30.
It is crucial to note that, due to numerous parameter interference in the problem,
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methods that do not incorporate refinement through cyclic iterations tend to produce
larger errors and may fail to achieve the anticipated order of accuracy (Table 3).

Table 3. Comparison of the accuracy of results obtained with different step sizes for case 2.
Method h = 0.1 h = 0.01 h = 0.001

Terr Aerr CT (s) Terr Aerr CT (s) Terr Aerr CT (s)

Euler 10−1 — — 10−2 8× 10−1 0.3 10−3 6× 10−2 6.1

RK2 10−2 3.7× 10−1 0.06 10−4 3.2× 10−4 0.6 10−6 3.2× 10−7 9.3

RK4 10−4 4× 10−3 0.1 10−8 3.8× 10−8 1.3 10−12 3.9× 10−14 17.3

GL2 10−4 5.5× 10−12 1.7 10−8 2.2× 10−16 5.9 10−12 3.2× 10−16 50

GL3 10−6 3.3× 10−15 8 10−12 8.8× 10−16 16 10−18 1.1× 10−16 90

AB4 10−4 — — 10−8 4.5× 10−6 1.3 10−12 1.1× 10−10 70.2

AM3 10−5 1.4× 10−2 0.7 10−10 2.4× 10−7 4.5 10−15 1.1× 10−11 89.4

Simple methods, such as Euler and AB4, result in what is known as Overflow
– an inability to continue calculations due to the limitations of the computer and
the occurrence of excessively large numbers. In particular, such cases provide an
opportunity to assess which methods are known for handling stiffness.

In this case, it is clearly evident that the chosen set of parameters creates a predica-
ment for Euler’s method and AB4. The explicit Euler method shows poor accuracy,
with Aerr only computes for h = 0.01 and h = 0.001. At h = 0.01, the actual
error is 8 × 10−1, which remains significantly high. Even at the smallest step size
h = 0.001, Aerr is still 6×10−2, indicating relatively large accumulated errors com-
pared to higher-order methods. However, the computation time is short, reaching
only 6.1 s at h = 0.001.

The second-order Runge-Kutta method (RK2) improves upon Euler’s accuracy,
reducing Aerr to 3.7 × 10−1 at h = 0.1, and further decreasing to 3.2 × 10−7 at
h = 0.001. The computation time gradually increases from 0.06 seconds at h = 0.1
to 9.3 seconds at h = 0.001. The fourth-order Runge-Kutta method (RK4) provides
even greater accuracy, withAerr reaching 3.9×10−14 for the smallest step size, while
requiring 17.3 seconds of computation time.

Implicit Runge-Kutta methods (GL2 and GL3) demonstrate superior accuracy,
with GL3 achieving the smallest actual error of 1.1 × 10−16 at h = 0.001. GL2,
while slightly less accurate, remains computationally more efficient, with Aerr =
3.2× 10−16 and CT = 50 seconds at h = 0.001.

AB4 and AM3, display varied performance. AB4 does not compute for h =
0.1, indicating numerical instability at larger step sizes. However, for smaller step
sizes, AB4 performs well, reaching Aerr = 1.1 × 10−10 at h = 0.001, though
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its computational time is considerably high at 70.2 seconds. The Adams-Moulton
method (AM3) demonstrates a higher precision than AB4, reducing Aerr to 1.1 ×
10−11 for h = 0.001, but also requires an increased computational time of 89.4
seconds. Once again, GL2 and GL3 demonstrate the best results compared to the
other methods used. These cases also open the door for exploring other, more efficient
numerical methods.

The way in which magnetic moments evolve over time is illustrated in Fig. 3.

Fig. 3. Values of the spatial coordinates mx, my, mz using the fourth-order Runge-Kutta
method in case 2.

The precession under the aforementioned parameters is illustrated in Fig. 4.

Fig. 4. Precession of the magnetic moment in case 2.

5 CONCLUSIONS

Overall, the analysis suggests that explicit methods such as Euler and RK2 offer
computational efficiency but suffer from lower accuracy. RK4 provides a balanced
trade-off between computational cost and precision. Implicit methods, particularly
GL3, offer superior accuracy but at a significantly higher computational cost. The
Adams-based methods provide a middle ground but may suffer from stability issues
at larger step sizes. The selection of a numerical method must consider both the
accuracy requirements and the computational feasibility of the problem.

GL3 efficiently balances precision and stability, ensuring that even in the presence
of stiff components or rapid variations across different parameters, it provides reli-
able solutions. Moreover, despite its higher accuracy, it remains relatively time- and
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CPU-efficient compared to other high-order implicit methods, making it an excellent
choice for solving multiparameter problems where both performance and resource
management are important. For the considered model, the best results were achieved
using the GL method. This paper presents the first application of the GL3 method
to the considered model, demonstrating enhanced accuracy and efficient handling of
stiffness. It provides the opportunity to explore the model under parameter regimes
that were previously inaccessible.
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