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ABSTRACT: In this paper, the linear theory of Moore-Gibson-Thompson ther-
moviscoelasticity based on Darcy’s law for Kelvin-Voigt porous materials is
introduced and the steady vibration problems of this theory are studied. The
governing systems of equations of motion and steady vibrations are proposed.
These systems are formulated in terms of the displacement vector field and
the changes of the following two mechanical values: the pore pressures and
the temperature of a porous material. The fundamental solution to the sys-
tem of steady vibration equations is constructed explicitly using four elemen-
tary functions, and its basic properties are established. Then, Green’s identity
is obtained and the uniqueness theorems for classical solutions of the basic
boundary value problems are proved. Finally, existence theorems for classical
solutions of the boundary value problems of steady vibrations are established
using the potential method.

KEY WORDS: Thermoviscoelasticity, Kelvin-Voigt porous materials, steady
vibrations, Darcy’s law, potential method, existence and uniqueness theorems.

1 INTRODUCTION

A new model of generalized thermoelasticity based on the Moore-Gibson-Thompson
(MGT) [1, 2] equation is proposed by Quintanilla [3]. Unlike the classical Fourier-
based models, which predict infinite heat propagation speed (a physical paradox), the
MGT model is based on a third-order-in-time heat conduction equation that stems
from the MGT equation originally developed in acoustics. The theory of MGT ther-
moelasticity [3] is a modern extension of the classical theory of thermoelasticity that
incorporates finite-speed thermal wave propagation. This theory is especially rele-
vant in advanced materials science, including laser-material interaction, microscale
heat transfer, and high-frequency vibration analysis. Mathematically, it leads to a
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system of partial differential equations with memory-type terms, which require spe-
cialized analytical tools such as the potential methods (the boundary integral equa-
tion method) and the theory of singular integral equations for solving boundary value
problems (BVPs).

In the past five years, the theory of MGT thermoelasticity has become the sub-
ject of intensive research, with various authors proposing significant extensions and
generalizations (for detains, see [4]- [16], and the references therein).

Recently, Svanadze [17] examined the linear theory of thermoviscoelasticity for
Kelvin-Voigt materials based on the MGT law of head conduction. In [17], the fun-
damental properties of plane harmonic waves are analyzed and the basic BVPs of
steady vibrations of this theory are investigated using the potential method. The the-
ory of MGT thermoviscoelasticity is an advanced theoretical framework that extends
classical thermovicscoelasticity by incorporating memory effects, thermal relaxation
based on the MGT law of head conduction, and viscoelastic behavior of materials.

It is well known that, since the 1940s, mathematical theories of porous materials
have been introduced and intensively studied, motivated by the widespread use of
such materials in engineering, technology, medicine, and biomechanics. Two main
classical research directions have been established within these theories. The first is
based on the concept of volume fraction (referred to as theories for materials with
voids) and describes changes in the pore volume fraction. The second is based on
Darcy’s law of fluid motion through pores and accounts for changes in fluid pressure
within the pore network. For detail information on the theories of porous media, see,
e.g., [18].

More recently, on the basis of the volume fraction concept, a linear theory of the
MGT thermoviscoelasticity for Kelvin-Voigt materials with voids is developed by
Svanadze [19] and the basic BVPs of steady vibrations of this theory are investigated.

In this paper, a linear model of the MGT thermoviscoelasticity based on Darcy’s
law for Kelvin-Voigt porous materials is proposed and the basic BVPs of steady vi-
brations are investigated using the potential method and the theory of singular integral
equations. The basic results and a wide historical information on the potential method
are given in the books [18,20].

This paper is organized as follows. In Section 2, the governing systems of equa-
tions for motion and steady vibrations in MGT thermoviscoelasticity for Kelvin—Voigt
materials are presented. In Section 3, the fundamental solution is introduced and its
basic properties are established. In Section 4, the main internal and external BVPs
of steady vibrations are formulated and Green’s first identity is presented. In Sec-
tion 5, the uniqueness theorems for classical solutions of these BVPs are proved. In
Section 6, the surface and volume potentials are constructed, and their basic prop-
erties are derived. In Section 7, several singular integral operators are defined, for
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which Noether’s theorems are applicable. Then, the BVPs for steady vibrations are
reduced to equivalent singular integral equations, and existence theorems for classi-
cal solutions are proved using the potential method. Finally, the paper concludes with
a summary of the main results.

2  GOVERNING EQUATIONS

Throughout this paper, we assume that the skeleton of the porous material is com-
posed of an isotropic, homogeneous Kelvin-Voigt viscoelastic solid, and that a fluid
flows through its pores. The material is considered to occupy a region {2 in the three-
dimensional Euclidean space R3. Let ¢ > 0 denote time and x = (1, x2, 73) repre-
sent a point in R3.

In what follows, we adopt standard notations: vectors and matrices are denoted
by bold letters, functions and vectors that depend on x and ¢ are marked with a “hat”
symbol, subscripts preceded by a comma indicate partial differentiation with respect
to the corresponding Cartesian coordinate, repeated indices imply summation over
the range (1,2, 3), the Latin subscripts (unless otherwise specified) are understood
to range over the integers (1,2,3), and a superposed dot denotes differentiation with
respect to time .

Let & = (U1, G2, u3) be the displacement vector of the Kelvin-Voigt viscoelastic
solid, p be the change of the fluid pressure from the reference configuration, 6 be the
temperature measured from some constant absolute temperature To(> 0), ¥ be the
thermal displacement satisfying the condition
(1) 9 =4.

The governing system of field equations of motion in the linear theory of MGT
thermoviscoelasticity for Kelvin-Voigt porous materials is composed of the following
six sets of equations:

1. The equation of motion

() tiyj=p (ﬁl - ]:l) .
2. The constitutive equations

t1j = 2061 + Nerrdy; — (BD + €10)d5,

3) L ) )
pi) = ¢ + €165 + 2P.

3. Darcy’s law

(€)) v=——Vp—pis.
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4. The equation of fluid mass conservation

5) Bi + ap + Béj; + e20 = 0.
5. The heat transfer equation

(©) divg = ~Topn) — pés.

6. The MGT law of heat conduction
7 Tél +q=— (k‘*&,l + k‘éJ) .

We used the following notations in these equations: flj is the component of the
stress tensor, p(> 0) is the reference mass density, F = (]:"1,]:"2,]:"3) and 7) are
the body force and the entropy per unit mass, respectively; ¢(> 0) is the ther-
mal capacity, (3 is the Biot effective stress coefficient, £1(# 0) is the thermal ex-
pansion coefficient, €2 is the constitutive thermal constant of the porous material,
A=A+ /\*%, = pu+ ,u*%; A, pand A*, u* are the Lamé and the viscoelastic
constants, respectively; ¢;; is the Kronecker delta, v = (01, 02, 03) is the fluid flux
vector, g’ is the fluid viscosity, ’ is the macroscopic intrinsic permeability associated
with the pore network, p; is the density of fluid, § = (51, 2, §3) is the external force
for the pore network, 35,4 is the heat source, a is the compressibility of pore network,
a = (1,42, g3) is the heat flux vector, k(> 0) is the thermal conductivity, k£*(> 0)
is the conductivity rate parameter and 7(> 0) is the relaxation parameter, V is the
gradient operator, and the components of strain tensor ¢;; are defined by

) 1, . .
(®) élj = 5(%‘ + ).

Substituting Egs. (1), (3), (4), (7) and (8) into (2), (5) and (6) we obtain the
following system of motion in the linear theory of MGT thermoviscoelasticity for
Kelvin-Voigt porous materials expressed in terms of the displacement vector field 1,
the changes of the fluid pressure p and the temperature 0:

AAG+ (A + f)Vdivii — fVp — e,V = p <u - J‘f) :
) kAP — ap — Bdivi — £90 — —p divs,
K AO + kAO — TyM (cé + eydiviy + mﬁ) — _pMé,,

here A is the Laplacian operator. K and M g + A
w 1 1 R = — = A, T 5.
P P Y ot o
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It is worth noting that, for different values of the constitutive coefficients k, k*,
and 7, the system (9) yields distinct governing equations of motion corresponding
to various theories of thermoviscoelasticity for Kelvin-Voigt porous materials, each
based on a specific law of heat conduction:

(i) The Fourier classical law [21] (k* =7 =0,k > 0);
(ii) The Cattaneo-Vernotte law [22,23] (k* =0,k > 0,7 > 0);

(iii) The Green-Naghdi type II law [24] (kK = 7k* (in particular, kK = 7 = 0),
k* > 0);

(iv) The Green-Naghdi type Il law [24] (1 = 0,k > 0,k* > 0);
(v) The MGT law [1,2] (* > 0,7 > 0,k — 7k* # 0).
We suppose that 0, p, é, F ,§ and 54 have a harmonic time variation. This means
the following:
{0.5,0.%,5,31} (x,1) = Re [{w,p, 0, F, s, 51} (x) e~1].

Then from (9) we obtain the system of steady vibration equations in the theory of
MGT thermoviscoelasticity for Kelvin-Voigt porous materials:

(A + pw?)u+ (A1 + ) Vdiva — BVp — e1V0 = F/,

(kA + a')p + f'diva + €48 = Fy,
(koA + mc)d + m(ediva + 2p) = Fs,

(10)

where w(> 0) is the oscillation frequency,
M=\ —iw\, g =p—iwp®, ky=k* —iwk, d =iwa, B =iwp,
ey =iwey, m=Tyw?(1—iwr), F =—pF,
Fy = —p1divs, F5 = p(iw+ Tw2)34.

Throughout this paper, we assume that the following condition is fulfilled:

(A1) p* >0, 3\4+2u* >0, k>0, ko#0, k—7k*>0, ac—ei#0.

We introduce the notation
2

A(Dy) = (Ars(Dx))sy5, Ay = (1A + pw)dy5 + (M + )
J
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0 0 0
A= —B—, Ar=—-e1—, Ay=0—., Au=kA [ Ay, = &l
14 ﬁaxl’ 15 618:5;’ 4l 56@’ a4 = KA +a',  Ays =gy,
0 0 0 0
Asp = mey——,  Agy = Ass = koA D, - (2 2 2
51 = Me1 oz, ot mea, 55 = koA + me, < 021" O 8953)

Obviously, the system (10) we can rewrite in the following form

(12) A(Dx) U(x) = F(x),

where U = (u, p,0) and F = (F’, F, F}) are five-component vector functions.
Remark 1. The mathematical model of MGT thermoviscoelasticity for Kelvin-Voigt
porous materials presented in this section constitutes a natural extension of the fol-
lowing two theories: (i) the linear theory of MGT thermoviscoelasticity for Kelvin-

Voigt materials presented in [17], and (ii) the linear theory of MGT thermoelasticity
presented in [3].

3 BASIC PROPERTIES OF FUNDAMENTAL SOLUTION

In this section, the fundamental solution of the system of steady vibrations (12) is
introduced and its basic properties are established.

Obviously, the fundamental solution of the system (12) is the matrix I'(x) =
(I'j(x)) 55 satisfying the following equation in the class of generalized functions:

A(DX)F(X) =d(x)d,

where §(x) is the Dirac delta, J = (8;;) .- is the unit matrix, and x € R,
We introduce the notation

ol + pw? A me1 A

B(A) = (Blj(A))gxg = —B KA +a mes ,
—£1 el koA +me/ , .
Mi(A) = L det B (A) = ﬁ(A—l—T-Q) Ms(A) :Ml(A)(A+T2)
/J,Okofi = YAl 4/

where 1190 = A1 + 2u1, 72, 72 and T32 are the roots of the equation M;(—¢) = 0 (with
respect to &), whereas 77 = pw?uy .
We introduce the matrix differential operator L(Dy) as

1 0
L(Dx) = (Lgs (Dx))sys,  Lij (Dy) = EMI(A) o1 + nu(A)m,

0 0
%7 Lrj (Dx) = nr—2;l(A)aTj’

er (Dx) = n,«_g;m_g(A), r,m = 4, 5,

(13) Ll'r (Dx) = nl;r—Q(A)
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where
A= ——|(A B "B} B;
1 (A) ok [( 1+ p1)Bjy + B'Bjy + mey 53]’
1
(A= ——DB =2
nl]( ) Liorko 1j» J ) 3y

and Bl*j is the cofactor of element B;; of B.
By direct calculation, we get

(14) A(DX)L(DX) = M(A)a
where

M(A) = (M (A))sy 5, Mix = May = M3z = Mo,
.2\444:]\455:_1\417 Mlj:()a l#], l’j:1727...’5‘

Let

W(x)=(V;(x))5x5, Y11(x)=War(x)=Vs3(x 2772 ™)

(15)
\1144( \1155 ZWMZJ 7 \Iflj(X):O, l#]? laj:1727"'757

where

) e T o 2

P (X):—Ma Mr = H (" —7)",
I=1,1#r
3
Ms= H (7 — )7, r=1,2,3,4.
=1, s

Obviously, the matrix ¥(x) is the fundamental solution of the operator M(A), that
is,

(16) M(A)¥ (x) =6 (x)J,
where x € R3. We have the following theorem.
Theorem 1. The matrix T'(x), defined by

(17) I'(x) = L(Dx) ¥(x),

is the fundamental solution of the system (12), where the matrices L(Dx) and ¥ (x)
are given by (13) and (15), respectively.



Maia M. Svanadze 223

Proof. Using identities (14) and (16) from (17) it follows:
A (Dx)T (x) = A (Dx) L (Dx) ¥ (x) = M(A) ¥ (x) =6 (x)J.

Hence, I'(x) is the fundamental matrix of the operator A (Dx). O

It is worth noting that the matrix I'(x) is presented explicitly with the help of four
elementary functions 1) (j = 1,2,3,4).
Based on Theorem 1, we obtain the following results.

Theorem 2. The matrix I'(x) is a solution of homogeneous equation A (D )T'(x) =
0 at every point x € R3 except the origin of R?.

Theorem 3. In the neighbourhood of the origin of R? there holds
Lij(x) =0 (%™, Taa(x)=0(]xI7"),

55 (x) =0 (|x|_1) , I'ip(x) =0(1),
Gn(x) =0(1), Ga(x)=0(1), Gsa(x)=0(1), r=4,5.

Theorem 4. Let the matrix differential operator A (D) defined by

2

AO(Dy) = (49 (D, AY(Dy) = mAsy,
(Dx) = (ADD), o AL D) =iy + O )5
ADMDy) = kA, ADDL) = koa, AY =40 = 4D = A0 —0.

Then the fundamental matrix of the operator A©)(Dy) is T(©) (x) = (P&? (x)>

with the following properties:
i =0 (x™"), thE=0(x"), Te=0(x").
Pl () = T (x) = T (%) = T (x) = 0

in the neighborhood of the origin of R3, where

© M3 Oy At m; (0 L©

re = — — = T = -

Ij (X) 87 1o |X| 871 10 |X‘37 44 (X) 51/1 (X)7
0 oy L Oy — L _

I'ss (x) k’ow (x), ¥V (x) I m =4,5.

Theorem 5. In the neighbourhood of the origin of R? there holds

L'y (X)—Fg)) (x) = const + O (|x]), l,j=1,2,---,5.
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Theorems 2 to 5 can be proved using the same method as that employed for the
analogous theorems in the paper [25]. Hence, in view of Theorem 5, the singular part
of " (x) in the neighborhood of the origin of R is given by the matrix I'¥) (x).

Remark 2. Fundamental solutions play an important role in investigation of various
problems of mathematical physics and have a long history (see [20]). In the several
linear theories of viscoelasticity and thermoviscoelasticity, the fundamental solution
for systems of steady vibration equations are constructed in the series of papers [17,
25-29].

4 BASIC BOUNDARY VALUE PROBLEMS AND GREEN’S IDENTITY

At the beginning of this section, we give a definition of the class of regular vector
functions. Then the basic BVPs of steady vibrations in the theory under consideration
are formulated, and finally, the Green’s first identity of this theory is established.

Let Q1 be a finite domain in R? with the surface S,

SeC?, 0<v<l Qt=QTuUsS, Q =RN\Q+, Q- =Q U.

A vector function U = (Uy, Us, . .., Us) is called regular in 2~ (or Q) if
as) (i) U eC?(Q)nct@Q ) (or U e C?*(Q)nctQh)),
(ii) Uix) = O(x[™h),  Upj(x) = o(|x|™")

for |x| > 1, where l = 1,2,...,5.
We introduce the matrix differential operator R(Dx, n) as

0 0
R(Dy,n)=(R,s(Dx,n))sx5, Ryj =M15ljafn + Nlnj% + iy

0 0
(19) Ry = —pny, Ris=—e1ny, Ru=~r;—, Rs5=ko—,
on on

Ry = Rys = R5; = R54 = 0,

)
3CCJ'

where n(z) be the external (with respect to 27) unit normal vector to S at z, n =

(n1,ng,n3), n is the derivative along the vector n.

The basic internal and external BVPs of steady vibrations in the linear theory of
MGT thermoeviscolasticity for Kelvin-Voigt porous materials can be formulated as
follows.

Find a regular solution U = (u,p,0) to Eq. (12) for x € QF satisfying the
boundary conditions

(20) lim U(x)={U(z)}" =f(2)

Qtox—zelS
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or

(21) lim R(Dx,n(z))U(x) = {R(D,,n(z))U(z)} " = f(z)
Qtsx—zeS
in the internal BVPs () ; or (I1)f: ¢, respectively.
Find a regular solution U = (u,p,#) to Eq. (12) for x € Q™ satisfying the
boundary conditions

(22) Q—al;lcrgzeSU(X) ={U(z)}” =1£(2)
(23) Q*alirgzes R(Dyx,n(z))U(x) = {R(Dz,n(z))U(z2)} =f(z)

in the external BVPs (I)g ¢ or (II)g ¢, respectively. Here F and f are given five-
component vector functions, and suppkF is a finite subset of {2™.

In what follows, the scalar product of two vectors v = (vq,v9, - ,v;) and
!
/

v/ = (v],vh,---,v]) is denoted by v - v/ = v;v}, where v’ is the complex

J=1 ’
conjugate of v’.

We introduce the notation

1 _
WO (u,u) :§(3)\1 + 2p1)divadivy’

3
{1 ol
+52 Z (wjg +wg) (), + g ;)
Lj=1;1#£j5
3 - ou
M1 Qu;  du, Ouj _ 0uj
24 3 = \on Oxj) \Owm  Oa;
24) P <<3‘fvl 33%‘) (axl o)

WU, W) =W O (u,u) — pwu-u' — (Bp + £16)divdd,
W3(U,p') =xVp - Vp' — (d'p + B'diva + £50)p/,
WEN(U,0') =koVO - VO — m(ch + e1diva + exp)@,

where u)(l = 1,2,3),p" and ¢’ are functions on R3, and v’ = (u}, u}, u}).
With the help of (24), we have the following result.

Lemma 1. If U = (u,p,0) and U = (U, p/, 0') are five-component regular vectors
in QF, then
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/ [A<1>(DX)U(X) ' (x)+ WO (U, u')} dx =+ / RO(D,,n)U-u 4,85,

gt

(25) / [A‘Q)<DX>U(><>W+W@>(U, pf)] dx — 4+ gp 54,8,
oFf J
/ [A(3)(D ) U(x) ¢'(x) + WP (U, 9)] dx—iko/ﬁd s,
ot

where

AD(Dy) = (A5 (Dy) . A (Dx)=4;(Dy), AT (Dy) = (A4} (Dy))

lj 3%5 lj 1j

Ag;) (Dx) = Ar+2;j (DX)7 R(l) (DX7 n) = (Rl(]l)(DX7 n))

)
1x5

3x5
R{Y(Dy,n) = R;;(Dx,n),  j=1,2...,5, r=203

On the basis of Lemma 1 we can easily verify the following theorem.

Theorem 6. If U = (u,p,0) and U' = (U, p',0") are five-component regular vec-
tors in QOF, then

26) / x)-U'(x) 4 W (U, U')] dx= i/R (D, n)U(2)-U'(2)d, S,

where the operator R is given by (19) and
W(U,U) = wh(U,u) + w(U,p) + WO (U, ).

The relation (26) is Green’s first identity in the linear theory of MGT thermoevis-
colasticity for Kelvin-Voigt porous materials.
Obviously, from (24) it follows that

3
1
w (u,u) :5(3)\1 + 2p1) |divul? + % E g+ Ul,j|2
Li=1; U]

8’11,1 8’&]' 2

8.1’1 8.%']'

3
M1
+ = )
27 3 lz_:l

WU, u) =W (u,u) - pw’[u® - (Bp + e16)diva,
W@
WO

u
U, p) =k|Vp|? — iwa|p|? — iw(Bdivu + £20)7,
U, 0) =ko|V0|? — mc|0)? — m(e1divu + £9p)0.

)
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From (27), we have
ImW® (U, 1) = —~wW*(u) — Im[(8p + £10)dival,
ReW ®)(U, p) = k| Vp|? + wIm[(Bdivu + £20)7],
ReW ) (U, ) = k*|VO|> — moc|f]> — moRe[(e1divu + £9p)d]

(28) _
—wrmplm[(e1divu + eap)b)],
ImW G (U, 0) = —wk|VO[> + wrmoc|8)? + wrmoRe[(e1divu + e9p)d]
—molm[(e1divu + e2p)0),
where
1 e
@9 W(w) = (3N +2u") [divul’ + % S Jug
Li=1;1#5
* 3 2
EI e LUl
+ g i|° + 3 l]zzl Ox; Oxj

At a glance, from (28) it can be verified that

—ImWM (U, u) +£ReW(2) (U, p)=wW*(u)+ g |Vp|? — Im|(edivu+eap)d],
wrReW ) (U, 0)+ImW ) (U, 0) = —wk!|V0|? —mo(1+w? %) Im[ (1 diva+e9p)d],

where k' = k — 7k*. Consequently, we deduce that

mo(1+ w?7?) | —ImW O (U, u) + 1ReW(2)(U,p)} — wrReW®) (U, 0)
(30) w

—ImW®(U,0) = mo(1 + w?r?) (wW*(u) + g|Vp\2) + wk'| V2.

Remark 3. Green’s first identity admits important generalizations in the classical
theories of elasticity and thermoelasticity, as well as in modern microstructural linear
theories of continuum mechanics. On the basis of this identity, one can establish the
uniqueness of classical solutions to BVPs (see the books [18,20]).

5 UNIQUENESS THEOREMS
In this section, the uniqueness theorems for classical solutions of the BVPs (I )% £
and (/7 )f ¢ are proved. We have the following results.
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Theorem 7. The internal BVP (K ); ¢ admits at most one regular solution, where
K=11I

Proof. We suppose that there are two regular solutions of the BVP (K ); ¢» Where
K = 1I,11I. Then their difference U is a regular solution of the internal homé)geneous
BVP (K )3 o- that is, U is a regular solution in Q" of the system of homogeneous
equations

(1A + pw?)u+ (A1 + p1)Vdiva — Vp — V0 = 0,
(31) (kA + a')p + f'divu + €50 = 0,
(koA + me)f + m(erdiva + e9p) = 0,
satisfying the homogeneous boundary condition
(32) {Uz)}" =0
in the internal Problem (I )E;O, and
(33) {R(D,,n(z))U(z)}" =0 for zc S

in the internal Problem (II)JO, where the operator R(D,, n(z)) is defined by (19).
In view of the relations (31)—(33), from (25) for U’ = U we deduce that

(34) / WO (U, u)dx = 0, / W@ (U, p)dx =0, / wO(U, 0)dx = 0.
Qt Qt Qt

Now, from (34) we can easily verify that

1
(35) mo(1+ w?r?) / [—ImW(l)(U,u)—i-wReW(Q)(U,p)] dx
O+
- / [wTReW(S)(U,G) +ImW(3)(U,9)} dx = 0.
O+

Taking into account the identity (30) from (35) we get

(36) / [moa + w?r?) (MW*(u) + g|Vp|2) + wk'\veﬂ dx = 0.
Ot
In view of (11) the relation (29) implies W*(u) > 0 and from (36) we obtain
W*(u) = 0. On the basis of (29) it follows that
du(x)  Ouj(x)

(37) divu(x) =0, w;(x)+uj(x) =0, 1y o0x;

=0, 1#]
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for x € Q%. Clearly, by relation of (37) from (27) we get I/V(O)(u7 u) = 0 and
consequently, we can write

(38) WU, u) = —pw?|ul?.
Substitution of (38) into the first relation of (34) yields
(39) u(x)=0

forx € Q.
Afterwards, from (36) we obtain Vp(x) = 0, i.e.,

(40) p(x) = ¢1 = const

for x € Q7. In addition, on the basis of (39) and (40) from the first equation of
system (31) we deduce that VO(x) = 0, i.e.,

(41) 0(x) = co = const

for x € QT. Now, by virtue of the relations (39)-(41) from the second and third
equations of (31) it follows that

42) acy + egca = 0, €ac1 +cco = 0.

Taking into account the last relation of (11) from (42) we get c; = c2 = 0 and
consequently,

(43) p(x) =6(x)=0

for x € Q. Therefore, on the basis of (39) and (43) we have U(x) = 0 forx € QT
and we have desired result. g

Theorem 8. The external BVP (K )y ¢ admits at most one regular solution, where
K=11II

Proof. We suppose that there are two regular solutions of the external BVP (K )y ¢,
where K = I, I1. Then their difference U is a regular solution of the homogeneous
BVP (K )6,0, that is, U is a regular solution of the homogeneous equation

(44) ADx)U(x)=0 for xe€ Q™
satisfying the homogeneous boundary condition

(45) {U(z)}" =0
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in the external Problem (I)g ¢, and
(46) {R(D.,n(z))U(z)} =0 for ze S

in the external Problem (11)g g
In view of the relations of (44)—(46), from (25) for U’ = U we deduce that

(47) /W(1>(U,u)dx =0, /W<2>(U,p)dx =0, /W(3>(U,9)dx =0.
a-

Obviously, from (47) we have

(48) / [mo(l + w?r?) (wW*(u) + Eyva) + wk’yveﬂ dx = 0.
w
O
As in Theorem 7, similar reasoning applied to Eq. (48) yields relations (39) and (43)
for x € Q7. Therefore, U(x) = 0 for x € 2~ and we have desired result. O

Remark 4. The main results and a broad historical overview of the uniqueness
theorems in the classical theories of elasticity and thermoelasticity are given in the
books [20, 30].

6 BASIC PROPERTIES OF POTENTIALS

In this section, the surface (single-layer and double-layer) and volume potentials of
the theory of MGT thermoviscoelasticity for Kelvin-Voigt porous materials are de-
fined and their basic properties are established.

Let us introduce the following potentials:

i) QW(x,g) = /F(X — y)8(y)dy S is the single-layer potential,
S

(i) Q¥ (x,g) = / [R(Dy,n(y))T" (x —y)]"g(y)dyS is the double-layer po-
tential, and

(i) Q¥ (x, ¢, 0F) = / I'(x — y)(y)dy is the volume potential,
[@E=
where I'(x) is the fundamental matrix of the operator A(Dx) and given by (17), g
and ¢ are five-component vector functions, the matrix differential operator R defined
as

- ~ - 0 0 0
R(Dy,n) = (R;j(Dx,n))sx5, Rij(Dx,n) = ,U«15lj67n + g + Alnl%,
J
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Rl4<DX7 Il) = _Blnh Rl5(DX7 Il) = —meiny, er(DXa Il) - er(DX7 l'l),
?":4757 m:1127"'>5'

Using Theorems 1 to 5, we derive the following four consequences, which present
the basic properties of these potentials.

Theorem 9. If S € C?V, the vector function g belongs to the Holder space C'V ' (S), 0<
v <v <1, then:
(@) QU(.g) € C™ (R NC* (@F) nC*(QF),
(b) A(Dx)Q"V(x,g) =0,
1
(49 (¢) {R(Ds.n(z)) Q" (z,8)}* = F g(z) + R(D,,n(z)) Q" (z.g),
(d) R(Dgz,n(z)) Q(l)(z, g) is a singular integral, where z € S, x € QF.

Theorem 10. If S € C*¥, g e CY'(S), 0 < v’ < v < 1, then:
(@ Q¥(,g)e ' (QF)n =0,
(b)) A(Dx) Q¥ (x,g) =0,
1
50 (c) {Q¥(z,g)}* ==+-g(z)+QP(zg),

2
(d Q¥ (z,g) is a singular integral, where z € S,

(¢) {R(Dy,n(z) Q®(z,g)}" = {R(D,,n(2) Q¥ (z,2)} ",
where z € S, x € QF.
Theorem 11. If S € C'", ¢ € CO¥'(O), 0 < v/ < v < 1, then:
(@) Q¥ 6,0") € CW' ®) NCAQ) N (9f ),
(b) A(Dxl Q¥ (x, ¢, 0) = P(x), where Q0 is a domain in R3, QF T, and
x € QF.

Theorem 12. If S € C'7, ¢ € CO"' (Q7), suppp =QC Q, 0<v/ <v <1,
then:

(@) Q¥ (-, ¢,07) € CH' (R} NCHQ™)NC?'(Qy),

3 _ . . . — _
(b) A(Dy) Q( )(X, ¢, Q") = ¢(x), where Q is a finite domain in R?, Qy C O,
and x € Q).
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7 EXISTENCE THEOREMS
In this section, we will first establish the properties of certain singular integral opera-
tors. These properties are then used to prove the existence theorems for the classical
solutions of the BVPs (1) ¢ and (I1)g ;.

We note that the basic definitions and theorems of the theory of singular integral
operators are given in the book by Kupradze et al. [20]. For the subsequent analysis,
we will require the following matrix singular integral operators:

L0 g(z) =  g(2) + Q¥ (z. ),

£ g(s) = 3 8(2) + R(D, n(z) Q") (2. 8),
61 £L9g(a) = S 8(2) + Q% (2,8,

£g(z) = | g(z) + R(D,,n(2))Q" (7, 8),

Log(2) = 5 8(2) + X QP (n,8)

for z € S, where x is a complex number. The symbol of the operator £U) (j =
1,2,3,4) we denote by ) = ((I)l(iz)5><5. Keeping in mind Theorem 5 and the
assumption (11) from (51) we find

(A1 +p1) (A1 +3p1)

0,
323 7

(52) det @M =— det @) =— det @) =det ®¥) =

1.e., the operator £U) (j =1,2,3,4) is of the normal type.
Let @, be the symbol of the integral operator £, and ind £, be the index of this

operator. From (51) we can write
P — g

det @, = — 32,u(2)

and consequently, only at two points X1 and 2 of the complex plane we have det ®, =
0.
It is easily verified that in view of (52) and det ®; = det®(") we get X;#1(j=
1,2) and
ind £; = ind £ = ind £y = 0.

Obviously, from (52) we obtain

ind£® = —ind2® =0,  indL® = —ind£® =
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Thus, the operator £\9) is of the normal type with an index equal to zero, and
therefore, Noether’s theorems are valid for the singular integral operator £0) (j =
1,2,3,4).

We recall that the volume potential Q® (x,F, Q%) is a regular solution of Eq.
(12), where F € C%'(Q%F), 0 < v/ < 1; suppF is a finite domain in Q™ (see
Theorems 11 and 12). On account of this reason we will establish the existence
theorems for the BVPs (I)Oi,f and (II)Oi,f‘

Theorem 13. If S € c' fe Cl”’//(S), 0 <v” < v’ <1, then a regular solu-
tion of the BVP (I )a' ¢ exists, is unique and is represented by double-layer potential

(53) Ux)=Q¥(x,g) for xeQ,
where g is a solution of the singular integral equation

(54) LWg(z) =f(z) for zeS,
which is always solvable for an arbitrary vector f.

Proof. We seek a regular solution to the BVP (I )(J)r ¢ in the form of the double-layer
potential (53), where g is the density of the potential and represents the unknown
five-component vector function. By Theorem 10, the vector function U satisfies the
homogeneous equation (31).

Moreover, in view of equations (20), (50), and (51), from (53) we obtain Eq. (54)
for the unknown vector function g. It remains to prove that equation (54) is solvable
for an arbitrary vector function f.

To this end, we now consider the adjoint homogeneous equation corresponding to
equation (54), which takes the following form:

(55) LBhy(z) =0 for ze S,

where hg is the required five-component vector function. Let hg be a solution of
the homogeneous equation (55). By Theorem 9 and Eq. (55), the vector function
V(x) = QW(x,hy) is a regular solution of the BVP (II)g o. By Theorem 8, the

BVP (11)g o admits only the trivial solution, and therefore we can write
(56) V(x)=0 for xe€ .
By Theorem 9 and Eq. (56) it follows that

(57) {V(z)}" ={V(z)} =0 for z€S.
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Therefore, the vector function V is a solution of the BVP (I )(J{ o- By Theorem 7, this
BVP has only the trivial solution, that is,

(58) V(x)=0 for xeQF
and from (49), (56) and (58) we obtain
(59) ho(z) = {R(D,,n)V(z)}” — {R(D,,n)V(z)}T =0 for z€S.

Thus, the homogeneous equation (55) admits only the trivial solution, and by
virtue of Noether’s theorem, Eq. (54) is always solvable for an arbitrary vector func-
tion f. 0

Theorem 14. If S € C?>*', f € C%*"(S), 0 < v" < v' < 1, then a regu-
lar solution of problem (I1)y ¢ exists, is unique and is represented by single-layer
potential

Ux) =QW(x,h) for xeQ,
where h is a solution of the singular integral equation
LDh(z) =f(z) for zeS,
which is always solvable for an arbitrary vector f.

Theorem 15. If S € C*¥', f € C'*"(S), 0 < v” < v’ < 1, then a regular solu-
tion of problem (I ) ; exists, is unique and is represented by double-layer potential

Ux) = Q¥ (x,g) for x e,
where g is a solution of the singular integral equation
L) g(z) = f(2) for ze S,
which is always solvable for an arbitrary vector f.

Theorem 16. If S € C?>*', f € CO*"(S), 0 < v" < v’ < 1, then a regu-
lar solution of problem (I1 )arf exists, is unique and is represented by single-layer

potential
Ux) = QW(x,h) for xeQF,

where h is a solution of the singular integral equation
LOn(z) =f(z) for ze€S,

which is always solvable for an arbitrary vector f.
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8 CONCLUSION

1. This paper examines the linear theory of MGT thermoviscoelasticity for Kelvin—
Voigt porous materials and presents the following main results:

(i) The governing equations for both motion and steady vibrations are pro-
posed;

(i) The fundamental solution to the system of steady vibration equations is
explicitly constructed using four elementary functions, and its essential
properties are given;

(iii) Green’s identity is derived and the uniqueness theorems for classical so-
lutions of BVPs of steady vibrations are proved;

(iv) Surface and volume potentials are introduced, and their key properties
are analyzed;

(v) Singular integral operators are defined, and their symbolic determinants
and indices are computed;

(vi) The existence theorems for classical solutions to these BVPs are estab-
lished.

2. Based on the results of this paper, it is possible to introduce the linear model
of the MGT thermoviscoelasticity for materials with multiple porosity, and
to investigate the BVPs of steady vibrations of this model using the potential
method.
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