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ABSTRACT: We present an analytical solution for the steady-state stress field
of a rotating elastic disk under gravity, supported by a frictionless localized
point contact with a rigid ground. The problem is formulated within two-
dimensional linear elastodynamics under plane-stress conditions, with grav-
ity and centrifugal effects treated as body forces and the contact as a singu-
lar boundary traction. The steady-state solution is obtained as the long-time
limit of the dynamic equations and exhibits a natural modal decomposition.
Monopole and dipole modes originate from torque balance and uniform body
force, while higher-order modes describe localized stress transmission. The
formulation recovers the classical solution for a freely rotating disk in the ab-
sence of gravity and contact.

KEY WORDS: Elastodynamics, Gravity, Point contact, Rotating disk, Steady-
state limit, Stress singularity.

INTRODUCTION

The deformation and stress fields of rotating elastic disks have long been a classical
subject in solid mechanics [1-7], motivated by applications ranging from rotating
machinery to flywheels and rolling elements. In most traditional analyses, attention
has been focused on axisymmetric stress distributions induced by centrifugal forces,
for which closed-form solutions are well established [3, 5-7]. In contrast, much less
is known about the stress fields generated when a rotating disk is simultaneously
subjected to gravity and supported by a localized contact with a rigid ground.
Such a configuration naturally arises in the mechanical modeling of wheels and
rolling bodies, where gravitational body forces coexist with highly localized reaction
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forces at the contact point. From a continuum-mechanical perspective, this problem
combines three distinct ingredients: uniform body forces due to gravity, inertial ef-
fects associated with rotation, and singular boundary tractions originating from point-
like contact. The resulting stress field is therefore intrinsically non-axisymmetric and
involves multiple length and force scales.

Analytically, this problem presents several theoretical challenges. The localized
contact introduces stress singularities that cannot be captured by smooth bound-
ary tractions [8], while gravity acts as a uniform body force that excites non-self-
equilibrated stress modes. Moreover, although the final state of interest is steady-
state, the presence of rotation and body forces naturally motivates a formulation based
on elastodynamics [2, 9] rather than purely steady-state elasticity. In particular, the
steady-state solution must be obtained as a limiting case of the two-dimensional elas-
todynamic equations [10,11], ensuring consistency with inertia and wave propagation
effects.

In this study, we derive an analytical solution for the steady-state stress field of
a rotating elastic disk under gravity, supported by a localized contact with a rigid
ground. The analysis is carried out within the framework of linear two-dimensional
elastodynamics under plane-stress conditions. By introducing appropriate scalar and
vector potentials and employing Laplace-transform techniques, we obtain explicit
expressions for the displacement and stress fields. The steady-state limit is then eval-
uated using the final-value theorem, which reveals a natural modal decomposition of
the solution. In particular, the monopole and dipole contributions are shown to corre-
spond to torque and gravity-induced body-force effects, while higher-order modes de-
scribe self-equilibrated stress transmission emanating from the contact. The present
formulation also recovers the classical stress distribution of a freely rotating disk in
the appropriate limiting case, thereby providing a unified theoretical description of
rotating disks with and without contact.

2 MODEL AND SETUP

We consider a two-dimensional elastic disk of radius R, rotating with angular velocity
w while resting on a rigid horizontal ground, as illustrated in Fig. 1. The disk is
characterized by shear modulus G, mass density og, and Poisson’s ratio v. The disk
is assumed to be thin, so that plane-stress conditions apply.

The contact between the disk and the ground is modeled as a point contact at
6 = 0. Here, og denotes the amplitude of the concentrated normal traction at the
contact point. It characterizes the strength of the localized reaction force exerted by
the ground, such that the total normal force is proportional to og. Accordingly, the
boundary conditions at r = R are given by

oo |1 >
(D Orrlpep = —000(0) = -— 13 +mZ:1005(m9)] ;. 0pgl,—p = 0.
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Figure 1. Schematic of the model. An elastic disk of radius R rotates with angular velocity
w and is supported by a point contact with the ground, where a concentrated normal traction
of magnitude oy is applied.

Here, we used the Fourier series representation of the Dirac delta function [12].

3 ELASTODYNAMIC FORMULATION

We analyze the problem within the framework of linear elastodynamics. As explained
in the previous section, the disk is assumed to be sufficiently thin so that a plane-stress
condition is applicable.

In the laboratory frame, the displacement vector u at position (r,6) obeys the
Navier-Cauchy equation [2,4,9]

0? 14+v
2) goﬁu =G [V2u + EV (V- u)} +oorw?é, 4009 (cosfé, —sinféy),

where €, denotes the unit vector in the radial direction. The longitudinal and trans-
verse wave speeds vy, and vT, respectively, are introduced as

| 2 G |G
(3) v, = 1 -, VT = —.
— Voo Q0

For notational simplicity, we introduce the following nondimensional quantities:
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\/ Rg ~ Oap ~ 0
My, = Mr = = — =—.
L v 3 T v ; Oap G ’ ] G

Using these definitions, Eq. (2) can be rewritten in dimensionless form as

(&) ,
2 a

-~ 1+v
Mto 5t = Vi +

T, Vo (Vort)+ MA33? pé, + M2 (cos é, — sinféy)

where V, = RV and ¢, = €,.
To solve Eq. (5), the nondimensional displacement field u is decomposed as

(6) U= U + Uy,
where u; and us satisfy

~ 1 ~ <9 . . . pa
(7a) 0= V2 wy + T * va (V- 1) + M3&?pé, + M7 (cos 0é, — sin 0éy)

0% _ 14+v -
(T) M} oty = Vg + 1V (V- ha).

For Eq. (7a), we assume that the displacement can be expressed in terms of a
scalar potential ¢ as

®) ur = Vyor.

Substitution into Eq. (7a) shows that the equation is satisfied by

1 1
= —M}  -&%p*
9 b1 I <32 P+ 8p cos&)

Similarly, for Eq. (7b), Helmholtz’s theorem allows us to represent the displace-
ment using a scalar potential ¢ and a vector potential ¥ = (0,0,)"

(10) Uy = Vypo+V, x ¥,

Substituting this form into Eq. (7b), we find that the Navier-Cauchy equation is auto-
matically satisfied provided that

282¢2 2827/’
Mg Mg

These equations are solved using Laplace transforms. We define the Laplace trans-
forms of the potentials as

(11 Vi =

Vo =

(12) @2(07978)Z/w¢2(p79,t)e‘”dﬂ \If(pﬁ,S)Z/Oozb(p,e,t)e—”dr
0 0
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Assuming ¢2(7) = ¢h(7) = (1) = ¢'(7) = 0 for 7 < 0, substitution into Eq. (11)
yields

(13) Vody = Mis*®y, VoU = Mis V.

The solutions to Eq. (13) can be expressed in terms of modified Bessel functions
as [12]

(14a) Do(p,0,s) = Z A L (My,ps) cos(m@),
m=0

(14b) U(p,0,5) = > Byl (Mrps)sin(mo),
m=1

where I,,,(z) denotes the modified Bessel function of the first kind [13], defined by

o0 1 2\ 2n+m
(15) Im(2) = Z nIC(n+m+ 1) (5) ’

n=0

For later reference, we also introduce the Laplace transform of ¢; as ®;. Since ¢, is
independent of time 7, its Laplace transform is given by

M2 /(1 1
(16) D1(p,0,s) = _TL <32a2p4 + gp?’ cos 9> .

To summarize the above formulation, we introduce the combined scalar potential
® as

(17) b =Py + .

Using this definition, the relations between the (Laplace-transformed) displacement
and stress components (U, and X3, respectively) and the potentials are given by

(182) (7,,:‘3‘%;‘2‘;, N@:;g‘g_‘x,
~ 2
wo B G
(18d) ;ieg—;gf+p12§£—§p (;g’) + e,
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where
— o0 — o0
(19) Uaz/ Uye™*7dr, Eagz/ ogape TTdr,
0 0

and V% denotes the Laplacian in polar coordinates. Substituting the results of Egs. (14)
and (16) into Eq. (18), we obtain

~ 1 - 3
(20a) pU, = —8—SMEw2p4 + Zo 1 (Myps) Ao — 8—M 253 cos 6

+ ) [T (Mips) Am + mIy, (Mrps)By) cos(m),

m=1

-1
(20b)  pUy = = 2p3sin @
S

+ Z m(Mr1,ps) A — L1 (M1 ps)Byy,] sin(mé),
2
P 1 3 e A 13+v
2 —X,, = —— Miw To.o (M, - — M?
(20c) 5 2o ge1— ML + Zo 2(Mi,ps).Ag 11, Mep 3 cos b
(0.0
+ Z [Zin,2(MvLps) Am, + L 3(Mrps) By| cos(mb),
m=1
2
- 1
(20d) %Zpg = - MZp*sing
+ Z Lin3(Myps)Am — L a(Mrps) By, sin(md),
2
p° = 1 1 +3v 5. 1143y .
(20e) 5299 = 83 T ME?p 4T 5(Mrpps)Ag — P Mﬁp‘s cos 6

+Z Ton5(Mpps) A — In.3(Mpps)Bm] cos(mb),

where the auxiliary functions are defined as

(21a) T () = mIn(2) + 2L (),

@) Zua) = [ =)+ | (o) = b (2)
0l Tya(e) = mlm - Din(z) + malnon(2),

QO Tnae) = mlm— 1)+ 5] £(e) — (),
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V2’2

(21e) Tns(z) = [m(m —-1)— ] I (2) — 2Lmy1(2).

1—v

We now determine the coefficients such that Eq. (20) satisfies the boundary con-
ditions (1). Rewriting Eq. (1) in the Laplace domain, we obtain

= U N e IR
(22) zpp‘ = —Gp— 2+mZ::1cos(m9)] = T

p=1 ™

The coefficients are determined by matching these expressions with ¥ pp and ) po at
p = 1. For the axisymmetric mode m = 0, we obtain

134+v, 5.9 1
2 - — M Zo.o (M, = ——
(23) s 1ML + Zp2(Mrs)Ao 12570
which yields
¢ 1

24 Ag=——
( ) 0 4 SIO Q(MLS)
where

1._ 13+v . 4
25 =—09g— =
25) ¢ 71'00 21 —p -
For the m = 1 mode, we obtain

134+v, o 1

2 - — M7 + Tq o (M Ty 3( M = ——
(26a) L1 ML + 7y o(Mi,s) A1 + Iy 3(Mrs) By 5500

1
(26b) ZSME — T 3(Mys) A1 — Iy 4(Mrs)By = 0,

which leads to

1 ¢ 1
(27a) Al = —SDI (s) |:2IL4(MTS) + 4M1%Zl73(MTS):| s
(27b) [ (Mys) + Lz (My,s)
1= 5D1(s) B 1,3UMLS 1 L£12\MMLSs) | -
Here,
(28) Dy (5) = L2 (My,8)Lim,a(M18) — Iy 3(Mr1,s) Ly 3(Mrs).

Finally, for modes m > 2, we obtain

1
(29a) Lin2(My,s)Am + L 3(Mrs) By, = ~ 5500 (m > 2),
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(29b) — Im’g(MLS).Am — Im74(MT8)Bm =0 (m Z 2),
from which
1 Z,4(M 1 __ Z,.3(M
G0) A, = — L TmaMrs) L3 (Mvs) (m > 2).

Tor 0 D (s) m= 9g 70 8D ()

Substituting these coefficients into Eq. (20), the displacement and stress fields can
be expressed in Fourier series form as

7% IS L 0\ _ A
(31) Sop ¢ = Z E,(O’;‘) cos(m#), s (= Z f]?m) sin(m#).
Yoo m=0 iézl) po m=1 \“pb

Here, we present only the expressions for XJ,,; the remaining components are sum-

)

marized in Table 1. The explicit forms of f]g,?

134 via 9o € Tyo(Mups)

are given by

$(0
(322) EE)”) T 4s1-— VMLw 2 p25Tyo(Mys)
= 13+v
(32b) 20 = —5o7 J_r VMEp
_ o D2(Mrps)Tha(Mrs) — T3 (Mrps)T,3(Mys)
p?sD1(s)
. } 21.1’2(ML/)8)I173(MT8) - Il,g(MTpS)ILQ(MLS)
9k p?sD1(s) ’

~ 1_ Zyo(My,ps) Ly a(Mrs) — Ly, s(Mrps)Ly,.3(Miy,s
(320) som — L5, 2(Myps) Ly a( T2) 3(Mrps) Ly 3(My )7
T p?8Dp,(s)

which completes the formulation.
The solution at an arbitrary time 7 can be obtained by applying the inverse Laplace
transform to Eq. (31), namely,

33 Ta(p, 0 Lo Ua(p, 0, s)estd
( a) Ua(ﬂa 77—) — % /yioo Ot(pv )8)6 S,
- 1o o
(33b) ap(p,0,7) = — Eaﬁ(p,e,s)e“ds,
27Tl ’Y—iOO

where v > 0 is a real constant chosen such that it exceeds the real parts of all poles
of the integrands. In practice, the inverse Laplace transform is often evaluated nu-
merically. However, by reducing the inverse Laplace transform to a contour integral
in the complex plane and applying the residue theorem, it is also possible to compute
the solution in an explicit series representation [10, 14—16].
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Table 1. List of the expressions of [7&7”) and f]gz.

77(0) 1 a~2 3 € Zoa(Myps)
U, —— M, - —
P S L 4 pSI()’Q(MLS)
i(o) 13+4+v 2~9 o ¢ IO’Q(MLPS)
PP T A1 _ L T 5 3
4s1 —v 2 p2sZyo(My,s)
7(0) LI+ 5 o + ¢ Zo,5(Myps)
96 4s 1 — L 2 p2sZy2(Mys)
7w 3 02,2 ¢ Zy 1 (Myps)Zya(Mrs) — L1 (Mrps)Zy 3(Mys)
P P W N
8s 2 psD1 (s
_ 1M211 1(MLpS)Il 3(MTS) Il(MTpS 1172(MLS)
4k psD1(s)
fj(l) M2 9 C Il(MLpS)Il 4(MTS) Ilﬁl(MTpS)IL‘g(MLS)
0 o +
85 2 psD1(s)
M2 Il(MLpS)Il 3(MTS) Il’l(MTpS)ILQ(MLS)
psD1(s)
i(l) 1 3 + VM2 Q:IL?(ML/OS)IlA(MTS) — 1-173(MT/)S)2-1)3(ML5)
pp T 5.1 _ - B}
25 1—v p2sD1(s)
_7M o L1,2(Mvps)Ti 3(Mrs) — Iy 3(Mrps)Zi,2(Mys)
2L p%sD1(s)
~ 1 T1 3(M; T a(M — 1 4 (M- T1 3(M
Ef)le) %Mz pic 1,3(Mrps) T 4( T«;)D 1,4(Mrps)Zy 5(Mys)
p?sDy(s)
1M2:Zl 3(MLpS)Il 3(MTS) 2-174(MTPS)I172(MLS)
2 L p?sD1(s)
= 11 + 3v 11_5(MLpS)I1 4(MTS) — Il 3(MTp8)Il 3(MLS)
2(1) o M2 ) s > ,
o6 2 1_p LP e p?sD1(s)
4= MQL 5(MLp8)Il 3(MTS) Il 3(MTpS)ILQ(MLS)
2 p2sD1(s)
gom _i/&OIm,l(MLpS)ImA(MTS) — Ay (Mr1ps) Ly 3(Mys) (m >2)
2 p$Dp(s)
(’jem) iao mIm(MLpS)ImA(MTS) - Im,l(MTps)Im,3(MLS) ( > 2)
27 p$Dp(s)
=~ 1 _ Zyo(Myps)Lma(Mrts) — Ly, 3(Mrps)Ly,.3(Mrs
som | _15 2(Myps)Im a( T2) 3(M1ps)L,3(Mys) (m>2)
™ p?8Dp ()
~ 1.7, M, 7 M- -7, M- T M
Z(ZL) Z50 m,3(M1ps) L a(Mrs) m,4(Mrps) L, 3(Mys) (m > 2)
P T p25Dy,(8)
S(m) 1 ~ Im,,5(MLp5)Im,4(MT5) - Im,S (MT,DS)Im,S(MLS)
by — > 2
00 WUO 25D (5) (m > 2)




Satoshi Takada, Yosuke Mori, Ryu Suzuki 247

4 STEADY-STATE SOLUTION

The steady-state solution can be obtained from the dynamic solution by taking the
limit 7 — oo. In this context, the long-time behavior of a physical quantity f(¢) can
be evaluated by invoking the final value theorem of the Laplace transform [10,11,16].
Specifically, if f(s) denotes the Laplace transform of f(t), its asymptotic value is
given by

(34) lim f(7) = lim [sf(s)] .

T—00 s—0

This theorem can be directly applied to Eqgs. (31) and (32). However, in general, the
quantities U, ,S” and U, él) diverge in the limit s — 0. For these expressions to remain
finite, the following condition must be satisfied:

- 2

4Mf — Gy = éMﬁ,

1.1
(35) 5¢=1

This condition represents the balance between gravity and the reaction force exerted
by the ground.

In what follows, we focus on the stress field. Taking the limit s — 0, the steady-
state expressions for each stress component are obtained as

l1-vo 3+v ~
36 2L — 1 - p*)&?
(3] 1- 2
— 142 Z p"™ cos(mb) + 2/) Z mp™ cos(m&)] ,
m=1 p m=2
l—vo,y 1-— P2 = .
(36b) MG = Z mp™ sin(mf),
m=2
1—vog 3+v 143V 5\ <
36 — = 1—
(36¢) M G 4 < 3+v7 ) “
(9] 1- 2
— (142 Z p"" cos(mb) — 2p Z mp™ cos(m@) | .
m=1 P m=2

To further simplify these expressions, we introduce the complex variable [17]
(37) z=pe?,
and denote its real and imaginary parts by Rz and 3z, respectively. Noting that

(38) Rz" = p" cos(nd), 2" = p"sin(nb),
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Eq. (36a) can be rewritten as

1-vo,, 3+v 2y ~a o m
(39) WG (1-p2)a? - R 1+2mZ::z

Since |z| < 1 inside the disk (r < R), the following summation formulas hold:
o
z (2 —2)2% 2
40 m= .
(40) Z’Z 1—2’ Zmz 1_2)
m=1
Substituting these relations into Eq. (39), we obtain

1+2z 1—p2(2-2)22
1—2 p? (1—2)?

l—voy, 3+v
M G 4

(41a) (1—p*a* - R {

By the same procedure, the remaining components are obtained as

(41b)
l1—vo, 1—/p? 2 — 2)2?
WG S| )
(41c)
l—vog 3—|—I/<1_1+3Vp2>&2_%[1+z_1—p2(2—z)z2
M G 4 3+v 1—2 p? (1—-2)?2

We note that this expression exactly incorporates contributions from all modes (m —
00), and therefore no truncation is required. These expressions can equivalently be
written as

1—vop,+og 3+v ~2
(42a) . e = [ 5 —(I+v)p ] w* = R[P®(2)],

1—vogg—0pp+2i0,9 1—v 5.4 1-p?
42b = 2——VU
(42b) 0 G ; P2 (%),
where

1 2 — 2)2*

(43) B(z)= 17 _2=2)2

i Y@=

which can be regarded as Goursat stress functions [18].

Finally, we consider the case of pure free rotation, in which neither external loads
nor gravity are present. Although the present nondimensionalization employs the
gravitational acceleration, the parameter

44) M=
UL
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does not involve gravity. Accordingly, the appropriate limit is
(45) My, — 0, Mpw = const.

Applying this limit to Eq. (41), we obtain

1—-vo, 3+v

(462) w7 ¢ = q LT o =0,
1—V0'99 34+v 1+ 3v 2\ ~2

46b = = 1— ——r :

(46b) ME G4 ( 3+yp)”

These results coincide with the classical solutions well established in textbooks on
strength of materials [3, 6].

5 RESULTS

In photoelastic experiments [19-22], the observed fringe patterns are directly related
to the difference between the principal stresses [8,22]. Motivated by this exper-
imental background, we focus on the principal stress difference as a key quantity
characterizing the stress field inside the elastic disk.

The principal stress difference is defined as

47 Ao = \/(O'pp — 099)2 + 40/%9,

which is invariant under rotations of the coordinate axes and therefore provides a
physically meaningful scalar measure of the internal stress state.

Using the steady-state stress components derived in Section 4, the spatial distri-
bution of Ao can be evaluated throughout the disk. Figure 2 shows representative

1.04 1.5 1.04 1.5
1.0 1.0
0.51 051
05 4° 05 9
£ oo 4= Z o0 |
= = =N =]
0.0 @0 0.0
\ < =
—0.51 —0.51
~0.5 -0.5
—1.0 -1.0 —1.0 -1.0
-1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0
z/R z/R

(2) (b)

Figure 2. (Color online) Contour plots of the principal stress difference Ao for Poisson’s
ratio v = 0.3: (a) w = 0.1 and (b) 3.0.



250 Revisiting the Stress Distribution in a Rotating Elastic Disk

contour plots of Ao for Poisson’s ratio v = 0.3, comparing two typical cases: a
small angular velocity w = 0.1 (a) and a large angular velocity w = 3.0 (b).

For w = 0.1, the contour pattern is dominated by the localized normal load ap-
plied at # = 0. The distribution of Ac is symmetric with respect to the loading
direction, and no pronounced secondary extrema are observed away from the contact
point.

In contrast, for w = 3.0, the stress pattern changes qualitatively. As shown in
Fig. 2(b), a clear local minimum of the principal stress difference appears at a finite
angular position 6 > 0, indicating that the rotation significantly modifies the internal
stress field.

6 DISCUSSION

The emergence of a local minimum of the principal stress difference at § > 0, ob-
served in Fig. 2(b), is a distinctive feature of the rotating case and does not appear in
the non-rotating limit. This behavior can be understood from the analytical structure
of the steady-state stress field.

As shown in Section 4, the combination of stress components relevant to the
principal stress difference can be written in complex form as Eq. (42b). The prin-
cipal stress difference Ao therefore results from the competition between two con-
tributions: an isotropic term proportional to p?w?, originating from the centrifugal
body force, and a spatially nonuniform term governed by the complex function ¥(z),
which reflects the boundary-induced stress concentration.

For small angular velocities (w < 1), the rotational contribution is weak, and the
stress field is dominated by the boundary term. As a result, Ao attains its extrema
along the loading direction (6 = 0), consistent with the symmetric pattern observed
in Fig. 2(a).

When w becomes sufficiently large, however, the rotational term modifies the
balance between the real and imaginary parts of the complex stress combination.
This leads to a stationary point of Ao at a finite angle § > 0, giving rise to the off-
axis local minimum observed in Fig. 2(b). From a symmetry perspective, rotation
introduces a preferred circumferential direction through the centrifugal body force,
thereby breaking the mirror symmetry of the stress field with respect to the loading
axis.

These results have direct implications for photoelastic experiments on rotating or
driven granular disks. The appearance of off-axis minima in the principal stress dif-
ference suggests that photoelastic fringe patterns cannot be interpreted solely in terms
of contact geometry when rotational effects are significant. Instead, body forces as-
sociated with rotation must be taken into account to correctly infer internal stress
distributions from observed fringe patterns.
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Finally, although the present analysis focuses on a solid disk with a single contact
point, the same theoretical framework can be extended to more complex situations,
including tangential contact forces, multiple contact points, and annular (hollow)
disks. Such extensions are expected to further enrich the structure of the principal
stress difference and the corresponding photoelastic patterns.

7 CONCLUSIONS

In this study, we have presented an analytical solution for the steady-state stress field
of a rotating elastic disk under gravity, supported by a localized contact with a rigid
ground. The problem was formulated within the framework of two-dimensional lin-
ear elastodynamics, and the steady-state solution was obtained as the limiting case of
the dynamic equations. This approach allows a consistent treatment of gravity as a
body force and of the singular boundary traction associated with point contact.

By employing scalar and vector potential representations together with Laplace-
transform techniques, we derived explicit expressions for the displacement and stress
fields under plane-stress conditions. The resulting solution admits a natural modal
decomposition in the angular direction. The monopole contribution represents a pure
torque mode, while the dipole contribution originates from the uniform body force
associated with gravity. Higher-order modes are self-equilibrated and describe lo-
calized stress transmission emanating from the contact point. This decomposition
provides a clear physical interpretation of the respective roles played by gravity and
contact in shaping the non-axisymmetric stress field. In the absence of contact, the
present formulation correctly recovers the classical stress distribution of a freely ro-
tating disk, confirming the consistency of the theory.

The present analysis also highlights the usefulness of an elastodynamic formu-
lation even for problems with a steady-state final configuration. In particular, the
dipolar stress mode induced by gravity cannot be obtained within a purely steady-
state Airy-stress-function framework [23] without body forces, but emerges naturally
as a particular solution of the elastodynamic equations. This observation clarifies
the theoretical origin of stress components that are otherwise difficult to interpret in
steady-state elasticity.

Several extensions of the present work are worth pursuing. First, the analytical
framework developed here can be directly applied to fully dynamic problems involv-
ing time-dependent rotation or transient contact forces. Since similar elastodynamic
techniques have been successfully employed in related contexts, the extension to dy-
namic loading conditions is expected to be straightforward in principle. Second, the
present formulation can be adapted to cases in which the localized contact force acts
predominantly in the tangential direction. In such situations, global equilibrium re-
quires the introduction of an additional torque, which can be naturally incorporated
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through appropriate boundary conditions within the present theoretical framework.
Third, an important extension concerns hollow disks. In practical applications such
as wheels, the elastic body often consists of an annular domain, with a rigid hub
surrounded by an elastic rim or tire. The analysis of hollow disks with inner and
outer boundaries is therefore essential for realistic modeling and can be addressed by
extending the present solution to annular geometries.
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