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Introduction

Analysis of the effect of a vessel joint on the heart pulse propagation is of great
importance for organ implantation in general and for blood vessel implantation in
particular. The evidence of such a phenomenon has been discovered in [1] on the
basis of [2, 3, 4]

A sharp concentration of the axial, hoop and shear stresses takes place in a
joint and can essentially influence on a compatibility of organs. Especially dangerous
situation can be expected in the case of blood vessel junction due to great pulse
reiteration, that can be responsible for developing not only incompatibility.

Analysis of the deformed and stressed state of the anastomotic junction using
an isotropic elastic material on the basis of the classical theory of small deformations
has been performed in [S]. The recent work [6] indicates that the classical theory
overestimates the measured radial change near to the anastomotic junction. More
sophisticated model non-linear orthotropic shells is proposed in [7]. The author
applied the theory of the linear momentum state superimposed on an initial
momentumless state for two arterial locations.

In this study a different approach is accepted. The objective of the work is
investigation of the deformation and stress concentration near the suture line caused
by the propagation of a short pressure impuls with relatively high amplitude. Such
impulses can be connected with so-called “pistol shots” as a result of heart valve
insufficiency [8].

Our aim is to develop a physical-mathematical model of the above phenomenon
and on this basis to perform qualitative analysis to obtain some quantitative
estimations. It is assumed that the pulse reaches the joint and from this initial time
t = 0 propagates to the right (transmitted wave) and to the left (reflected wave). The
corresponding initial boundary value problem is formulated at two regions: the left
for the donor vessel of uniform thickness, —eo< x < 0, and the right for the host
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vessel of uniform thickness, 0 < x<oo, The problem is solved from initial time t = 0
for the heart pulse input at x = 0. After Laplace transform analytical solutions for
two above regions are written and substituted to the matching conditions. Further, a
numerical Laplace transform inversion allows to obtain the solutions and provide
the qualitative and quantitative analysis.

Statement of the problem

The problem of pulse propagation in an elastic piece-wise vessel consisting of
the two perfectly jointed vessels of different thickness is considered (Fig. 1, 2).

Bzdw/dx

Fig. 1. Bending deformed state of a vessel due to heart pulse propagation. The
corresponding moment
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is proportional to n.

Fig. 2. Traditional model taking into account only the circumferential (chain) stresses ©,,
uniformly distributed over the thickness 4. The corresponding circumferential force
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is proportional to A.
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The motion of shells is governed by the following differential equations (5)
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The fluid motion is governed by the equations [10]
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* The first term in (1) is responsible for the bending deformation (rotation vessel
wall) leading to the bending stresses which usually are presented by their integral
value such as the bending moment M (Fig. 1). Bending deformation is due to
nonuniform distribution of the pulse pressure along the vessel. The second term in
(1) is responsible for circumferential (chain) stresses due to internal pressure leading
to uniform radial extension (compression) of the vessel (Fig. 2). The third term in (1)
takes into account the radial inertia of the vessel wall. It should be noted that in the
case of the uniform vessel the most important is only the second term giving dominate
contribution. The matching conditions at the interface x = 0 are of the form

©) Bi=7(1)= by
(10) Uy =y,
(11) Wy =Wy,
owy; Ow,
(12) FERTS

3
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and each searching function s(x,?) should satisfy the following condition
(15) |s(x,t)| — 0, when |x| — .

The initial conditions are of the form
(16) s(x,8) ;=0 =0, 3s(x, £)/94,—9 =0.
The matching conditions (9-14) express the step of pressures (9), and continuity of
fluid velocities (10), shell displacements (11) and their derivatives (12), bending
moments (13) and shear forces (14).

Values of the left region d and the right region & (Fig. 1) are labelled with
indices d and A, respectively.

The notations of the values in (1-16) are (indices d and % are suppressed)

x — axial coordinate

r — radial coordinate

t — time

w — radial displacement of shell

p — mean pressure averaged over the cross-section

p; = q — radial stress (pressure) on the wall

u — mean velocity

a — radius of the middlie surface of shell

h — thickness of shell

E — Young modulus

v — Poisson’s ratio

Pr— fluid density

p — density of vessel material

D = ER*[[12(1 — v)] — flexured rigidity

M= Dc)2w/dx2 — bending moment

0= D03w/dx3 — shear force

f(t) — pressure pulse.

Equations (1-16) are written in nondimensional form according to the formulas
(asterisks are suppressed throughout in the paper)

(x*, w:i, w;, r;d*, r;h*, a, h*)=(x, Wi, Wp, i;d, 1;", a, h)/a,

*= JEJps t]a, (g u;)=,/pf/E-(ua, up),

* * * *

94> 9h> Pd> Phs J )=((Id, 4h> Pd» Phs )| E,
* * *
Pd> Ph Pf‘)=(Pd, Phs Pf,)/Pf-
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It is necessary to note that in all formulas the values a* = 1 and p} =1.

Analytical solutions

In the present paper the solutions are obtained by means of the method of
Laplace integral transform with further numerical inversion using expansions in
sines of even arcs [11].

Laplace transform is determined for any function s(x, ¢) as

oo

(17) S(x,7) = J.s(x,t)e_”dt,
0
Ol-+ico
(18) S(x,t) = ‘,.S(X,T)G_Tth,

and applied to the problems stated above.
In accordance with (17), (18) the equations (1-9) taking into account the initial
conditions (16) are reduced to
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The matching conditions (9-14) at the interface x = 0 are reduced to

ﬁd+F(’t)=ﬁh, Ud=Uh,
Wy =W, awy _aw,
an d  dx
2 2
aw,;  dw, aw, dw,

D = Dy~ , D =D, .
Ta a2 TUad T
It follows from (21) and (24) that

(28) 220, @’
r 1 d*p

W,=—i_1L%"h
(29) APYP

Substituting (22), (28) into (19) and (25), (29) into (20) and making some
transformations yield the ordinary differential equations of the sixth order for Pd and ﬁh

dP,  4%P
(30) dxé’ + dx"szd
d°B, . d°B,
(31) ——ﬂ bl +byb, =
where

a = ['E;‘g-d“f dhltz"”ﬁ}/pd,

a=-22 (D)

b1=[%ﬁ+p;/w2+f§}/nh,
h

by =222 /(D).

Corresponding characteristic equations are bicubic and their roots can be found
using the Cardano’s formulas. There is a couple of real roots of different signs and
two couples of complex-conjugated roots. Let us denote these roots by * [;, & /,,
* [y for (30) and + gy, + g,, + g5 for (31), wherel;, g; > 0 and /; and g; (2, 3) have the
positive real parts.

According to this analysis and the conditions (5) the solutions of the equations
(30) and (31) can be presented as follows
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(32) B;= Cl(t)ellx+C2(t)e5x+C3(1)eI3x,

(33) B, = B(1)e 8" + By(1)e 82" + By(1)e &~

From (28), (29), (32), (33) and expressions for M the displacements and bending
moments are written in the form

4 Wy = (G0 + eI + (),
(35) W, = 2’ L (BOGEo + Bo)e ™ + B()e ™),
(36) M;= %{zﬁ(Cl(t)lf‘el‘x+Cz(t)l§eb"+03(f)l§e ),
37) M, = %(ﬁ(t)gfe"g‘x + By(1)ghe & + By(n)efe ).

Substituting the solutions (32-37) into the matching conditions (27) yields the system
of algebraic equations to determine unknown coefficients C,(t), B;(t) (i=1,3).

(3%) B+ By+ B;—C;-C,—C3=F(1),
(39) 8B+ 2B+ &8 +1C +HC + 5G =0,

h 2 d
@0) "B +r"edB, + B - nYC - BC, - nBCs = 0,
@) BB+ BB + 1" ABy+ 5 BC + 1 BCy + 1 BCs = 0,
(42) D, gt B, + D, ;g3 B, + Dy 63 By - D 1fCy - D *BCy - Dy B3 =0

43) Dy, 1" B + D ;"3 By + Dy " @3By + Dy Cy + Dy °BC, + Dy “BC; = 0.

A computer program has been developed for solving the problem. It includes
the determination of coefficients from the system (38-43), their substitution into (32-
37) and the algorithm of numerical Laplace transform inversion based on the
representation of the solutions by expansions in the orthogonal sine functions [11].

Numerical calculations and analysis of results
Numerical calculations have been carried out for the pressure pulse of the form
(44) f(f) = AP ™  when 4=0.5, a=1

The following results have been obtained:
(a) the pictures of pulse dispersion in uniform hydroelastic system show:
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0.2 0.001

p(t) M(t)

(a) (b)
-0.1 -0.002
0 t 27 0 t 27

Fig. 3. Pulse evolution in the uniform vessel at the cross-sections:
x=0,+025 05, +1, 1.5, when
hd= O.I,Ed"'—‘Eh = 1, Vg = Vp = 0.5, pd= ph= 1.1, a=1:
(a) the pulse pressure p; (b) the bending moment M

0.2 0.1

pi(1) P

-0.1 -0.2
0 t 27 0 t 27

Fig. 4. Evolution of the pulse pressure p(?) for different vessel thicknesses &, and 4, at the
cross-sections:
x=0,£025 %05 1, +15, £2 when
hd = 0.1, hh = O.IS,Ed=Eh = 1, Vg=v = 0.5, pd = ph= 1.1, a;= a, = 1:
() the pulse pressure py; (b)the pulse pressure py

— shift the first extremum of p(t) (Fig. 3 a);

— appearance of pressure oscillations in every cross-sections, except x = 0;

— oscillations of the bending moment M(?) in cross-sections x # 0 with the
greatest deviations in the cross-section close to x = 0 (Fig. 3 b); in the cross-section
x = 0 the bending moment M(t) =0,

(b) pulse evolution in the jointed vessels (Fig. 4, 5); unlike the uniform system in
this case:
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0.002 0.002

(b)

M,(1) M,(¢)

-0.003 -0.001
0 t 27 0 t 27

Fig. 5. Evolution of the bending moment M(t) for different vessel thicknesses 4, and 4, at
the cross-sections:
x=0,£025 %05 £1,+15,+ 2 when
hd= 0.1, hh = O.IS,Ed =Eh = l, Vg=v, = 05, pd = ph= 11, Qg =dy = 1:
(a) the bending moment M; (b) the bending moment M,

0.15 /.\ 0.05

P;.(t)! \g ps(?) /
\JA

() V (b)

-0.05! 0.15
0 t 27 0 t 2

Fig. 6. The influence of the thickness variation on the pulse pressure at the cross-section
x = 0 when h; = 0.1, b, = 0.1025, 0.1050, 0.1075, 0.11, 0.12,
Ed=Eh = 1, Vd=vh = 0.5, pd= ph= 11, a;=a, = 1.
(a) the pulse pressure p,; (b) the pulse pressure p,

— there are considerable oscillations of both pressure and moment at the cross-
section x = 0;

— deviations of p, (Fig. 4a), p, (Fig. 4b) and M, (Fig. 5a), M, (Fig. 5b) are
larger in the region Q,, where the vessel is thicker,

(c) the dependences of p(t) and M(t) are analysed at x = 0 but for different /,;
it is shown that

— initial pulse (approximately finite in time) breaks down into two ones, each of
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0.02 (a) 0.0t
0.1025
Pu(t) Dy (®
0.12
0.12 (b)
-0.01 -0.02
Y t 27 0 t 27

Fig. 7. The dependences p(t) in Fig. 6 in the case of extended vertical scale:
(a) the pulse pressure py; (b) the pulse pressure p,;

% Fig. 8. The influence of the thickness

variation on the bending moment at the
cross-section x = 0 when 4, = 0.1,
/ hh—01025 01050 0.1075, 011 012
0 : 27 aq=ap =

0.0003

M, ()= M (1)

them has a great extremum (Fig.6a, Fig.6b) and in further oscillates over a long
interval of time (extended pictures Fig.7a, Fig.7b); oscillations increase with increasing
hy, (Fig.7a, Fig.7b) and with increasing h, the moment M(1) in the section x = 0 also
begins to oscillate, that is not observed in the uniform system when k4, = h; (Fig.8).

Due to dimensionless parameters introduced the computer program was able
to carry out the calculations for the following data: duration of the pulse is about
0.01s (cutting the asymptotic tail with the exactness 10 %); maximum of the given
pressure pulse p, ., = 1.46 kg (force)/cm2 maximum of the transient pressure in
both regions in the case of uniform vessel p_, /2 = 0.73 kg (force)/cm maximal
bending moments for the difference of vessel thicknesses 5 % and 10 % are equal to
0.0004 and 0.0008 kg (force), respectively. Dimension quantmes are determined via
dimensionless ones as ¢ = 0.002¢"s, p = 5p* kg (force)/cm M =5 M"* kg (force).

The values of bending stresses correspond rather the low boundary due to the
shortness of pulse considered and the application of the linearized theory valid for
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small elastic deformations. Nevertheless, it is interesting to compare the bending
stresses predicted by the theory presented here with the circumferential stresses and
the stresses of static pre-stressed state.

Here are the formulas used for the calculations of stresses: maximum bending
stresses at the outer and inner fibres of vessel wall

45) Of = M,
circumferential stress
(46) o8 = Pyt 0

stress of the pre-stressed state

CY) 6 = Pomy

Calculations have been carried out for the following parameters: the wall
thickness £ =0.001m, radius of the middle surface a = 0.01m, maximum systolic

pressure ps)m,?tx =20000 n/m?, pressure of the pre-stressed state p,,, = 4000 n/m?[12],

M 7%= 8000 n (for the thickness difference 10 %).
From the formulas (45-47) for numerical values given above the following results

are obtained: ¢™* = 48000n/m?, ¢/&* =200000n/m?, o, = 40000n/m?.

These results show that the bending deformations near the vessel joint need to
be taken in consideration and it is necessary to conduct experimental investigations
in the future.

Conclusions

1. Difference of the wall thicknesses of jointed vessels leads to appearance of the
bending moment in a joint unlike the case of uniform vessel (Fig. 8);

2. Variation of the wall thickness at 2.5 % can increase the bending moment two
time in the location of a joint (Fig. 8, curve 0.1025 and curve 0,1050);

3. The greatest extremum of the bending moment takes place close to a joint due to
the pressure step applied to the joint location (Fig. 5, curves 0,25);

4. Similarly, in the case of uniform vessel the greatest extremum of the bending
moment takes place close to the joint (Fig. 3b, curve 0,25);

5. The bending moment is redistributed so that the greater extremum takes place in
the thicker vessel (Fig. 5);

6. The difference of jointed vessel generates considerable oscillations of the pressure
and bending moment (Fig. 4, Fig. 5);
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7. The bending stresses in a joint can be the order not less than one for the pre-
stressed state due to the background pressure in vessel.
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