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I. Introduction

An opinion exists that the plastic anisotropy of polycrystalline bodies is induced
by the nonhomogeneities on the micro level where the micro inclusions and defects
have a place. A proper investigation of such effects needs to connect the level of the
materials anisotropy and the inclusions orientation. For periodical nonhomogeneous
structures there is a special mathematical technique for an asymptotic analysis called
homogenization theory [1], [2], [3]. This theory is successfully applied for the elastic
behaviour where the explicit and fixed relation between strains and stresses exists.
Unfortunately for elasto-plastic materials the correct transition from micro to macro
level by the homogenization procedures is too complicated [4].

Usually additional simplifications have to be made. There are several examples
of such efforts to avoid the mathematical difficulties connected with the application
of the homogenization procedure. The approximate method suggested in [4] supposes
a constant plastic micro strain in each of the components (so-called a Generalized
Standard Material) of the heterogeneous media. The other surmountable case is when
the perfect plastic Hencky material is considered. Then (see f. e. [5]) the results are
received in the frame of the deformation theory of plasticity and hence they are
restricted to cases where this theory has a place. Obviously it is important to construct
the homogenization procedure in frame of the flow rule plasticity. In the rigid-plastic
case for the practical determination of the macroscopic yield locus a limit analysis
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problem on the unit cell Y is commonly required to be solved: the loading parameters
are the 6 independent components of the macro stress tensor [4]. The macro yield
locus P "™ is defined through the micro one P(y):

phom_ {Z,-J-:Elo,j e P(y), Vye?, div =0, oyn -laY—annp., (c,-j> = Zv}

Here <*> is the volume average of the variable inside. Most of the macro
quantities are the volume average of the micro one. This assertion suffers, as it had
been shown, counter exceptions: elastic coefficients, plastic strain, plastic work. Further
the macro and micro fields are respectively denoted by capital and minor letters (X, E;;
— macro stress and strain tensors, O & — micro stress and strain tensors and etc.).

In [6] the yield locus has been constructed using the limit analysis technique and
the concept of the “stress mode”. The stress mode is a fixed direction in the Z-stress
space and the proportional loading process is realized till the point on the macro
yield locus has been reached. The method is based on the supposition that the existence
of the limit on the micro level leads to the existence of the limit on the macro level.
These authors have investigated the heterogeneous structure with a basic cell which
is a thin square plate with a rectangular cuboid as an inclusion.

When the homogenization procedure is applied the evaluation of the actual
elastoplastic macro constitutive law requires the knowledge of an infinite number of
internal variables namely the whole set of inelastic microstrains. An efficient solution
of the limit analysis problem can be obtained when the macro-strain rate (in sense of
perfect plasticity) can be kept constant. In this case the limit analysis is realized
dashing ¢ (the relevant time parameter in the flow rule) — the only parameter of the
problem — at an infinite.

This paper concerns the establishment of a method to predict the plastic
anisotropy of a two-component on the micro level elasto-plastic material. The
investigation is subjected to the following simplifying acceptances:

(1) The structure is a periodic one related to the chosen representative micro
structural volume element Y (r.v.e.) and hence the existence of a small parameter d is
supposed. The process of deformation is examined on two levels — macro and micro
and hence the problem contains two scales: the “macroscopic” scale x (called “slow”
coordinates) on which the macro characteristics of the material depend and the

. - _X « . . . -
“microscopic” scale Yy = B (called “fast” coordinates) on which the micro quantities

depend;

(2) The displacements and strains are small and the assumptions of the linear
geometric mechanics have a place. On the micro level material is supposed to be
plastically incompressible;

(3) The mechanical properties of the matrix and the inclusion are different. On
the micro level the materials of the components are elastoplastic and isotropic with
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Fig. 1 Basic cell

different elastic characteristics and yield functions for the matrix and the inclusion.

The yield surface will be found throngh numerical experiments for the given
micro structure and given material properties of the matrix and inclusion. In reality
an effort to avoid the mathematical difficulty because of the absence of fixed relations
between stresses and strains in inelastic case is made.

As an application the problem for a thin square plate subjected to a plane stress
state is solved. The basic cell is composed of a matrix and centrally posed elliptical
inclusion (see Fig. 1). The parameter r=a/b (a, b — semiaxes of the ellipse) is used to
characterize the orientation of the structure.

The elestic and plastic anisotropy on tha macro level will be shown strongly to
depend on inclusions orientation. Inelastic macro characteristics giving a notion about
the influence of the local siructure on the heterogeneous quantities are searched for
without passing the complete bomogenization procedure.

I1. Relatioas between mechanical mieasures on macro and micro levels

On the micro level the basic equations for the representative volume element Y
are: ‘
-- The equilibrium equation:

. _ {00 1 2
(1) Oy, =0 U, f=12, 3).
— The equation of geometry: ‘
; _1f .
2) &= g(lﬁ,yj iyl

where u; (i=1, 2, 3) is the displacement vector and g is the strain tensor;
— The constitutive equations are:
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- P
gj = €J+8y,

G = C&dekz,

3) : deP = . OF
v acy

where C,‘J)k,(y) is the elastic modules tensor on the micro level, Se and sp are the

elastic and plastic parts of the strain, the factordA (y) is a plastic flow parameter and
F(y) is the yield function of the materials creating the volume element Y.

In the present investigation a method for homogenization is used which requires
that the stress and strain fields are ¥ — periodical functions [4]. That means:
1. For the displacement field the following decomposition is valid:

@ u=vi+E;y;+c;, (i=1,2,3),

where v is a periodic vector function of y; ¢ is a constant vector characterizing the
displacement field of the cell as a rigid body and may be missed without loosing the

generality, Ej; = %(”i,yj + ”Jy,>

2. For the points M and N situated on the opposite sides of the unit cell Y the equalities
have a place:

Gij(M) = Gij(N),

Gynj(M) = —G,]-nj(N),

where n is the normal vector to the ¥ boundary — 9Y.
In the linear elastic case it is possible to represent the displacement field through the

®

set of elementary desplacements w,’-d:

(6) U= E,dw,kl.
The elementary displacement fields are induced by the unit macrostrains

1
1,51 = 5(511‘:51] + 5’}7511') (k, I=1, 2, 3 fixed for each of the six unit problems). The strain
and the stress localization tensors are defined by:

ki

™ B =ey(w). 4=l B,
The properties of the localization tensors are detailed discussed in f. e. [7]. The problem

to find Bl‘l is formulated f. e. in [8].
The variation formulation of the problem to find the fields wX’ (k,1=1,2,3)and

respectively the tensor Blfl is:
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Find wX (k, =1, 2, 3 fixed for each problem) such that:
w ,ld: v ,l-d+ I,jd Yjs

® J.C:J)Pqem(vkl) E.’y(a")dy o j[Cf}k,]alqnj ﬁ,
N s

for every gy periodic function of y.
It is supposed that the inclusion (medial) and the matrix (mediaII) have constant
elastic characteristics and:

(9) [C}}k[] = C,]le(media H) - Cg-kl(media I).

With the help of the finite elements method, for the 2D strain state and the circular
inclusion, the problem has been discussed in [8].

To find the average characteristics of the heterogeneous structure the procedure
to express them through localization tensors is used [7].

Using the localization tensors for given macro strain and stres fields we can find

the corresponding micro fields 0'1(.;1) and el(.;l) such that:

oiy) = 44(y)24,
ey) = BY(y) By,

10 PR ,e\
o olh(y) = QW) y),

_ [ (e (el)
= (de), 5= (),

Than the true microstresses and strains may be represent as:

)
Gij = (5!-]- + I?]-,
(11) (el) ,
8!']‘ = Eii + 8!-]'.
Therefore the residual stress rij is connected with the appearance of a strain 8;;.:
* -1 -1 (el)
(12) 817 = (Cg'kl) Vg t+ Eg = Eg' - (Cg‘kl) Gi]. "

which fulfills the conditions of the strain compatibility.

The conclusion is that in the elastoplastic case the macro equations depend on
an infinite number of internal parameters. Really, if we admit the existence of the
plastic potential for the homogenized media this potential will depend on the self
equilibrium stress field (see also [9]).
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II1. The yield surface for the homogenized structure

The aim of our investigation is to find the qualitative influence of the
microstructure anisotropy on the plastification of the heterogeneous material. The
method proposed to find the yield function uses only the connection between macro
and micro plastic strains and the localization tensor. That is a possibility to avoid the
difficulties of the limit analysis or the restrictions on the materials response. For the
plastic part of the macro strain the following is held:

The periodic conditions, (2), (3) and (10) give that the plastic part of the

macrostrain is connected by 85 as follows:

(13) Ef = <4jkl£/€l>'
This result is a classic one for the homogenization theory in elasto-plastic case [10].
To characterize the macro plastic strain tensor we use its Euclidean norm:

EP

o= 'K”"J'k’ﬁm"z'

Therefore it is possible to find the point X in {Z;} space corresponding to the given
micro plastic state assessing the EP. This point ¥ is assuming to belong to the initial
macro yield locus. Thus it is possible to have a plastic flow on the macrolevel and
uncompleted plastification on the microlevel. In [11], for the polycrystalline structures,
the yield surface have been searched estimating the strain but the applied method
requires the micro strain to be a constant (e,-j=E ij)-

It will be shown that using the E-estimation it is easy to observe the influence of
the size, geometry and the orientation of the micro inclusions on the plastic properties
of the heterogeneous material.

(14) EP =

IV. An algorithm to define the yield loci

The following algorithm is proposed to find the plastic part of the macrostrain

tensor:
Step 1. Find w o (k, [ fixed for each problem) such that:

K_ K, ki
wi=vi+1liy;,

i Cl(])pqepq(" kl)eij(av)dy = i[cgﬂ]a\qn ;dS,

[C?kl] = Y [(media IT) - Cy/(media I),

Yl L/ y

(15)

for every gy periodic function of y. Further we denote: [Cgkl]n ;= F;k" i I';kl have a

meaning of forces on the inclusion contour [8].
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Step 2. Using the solution of “Step 1” determine the localization tensors from (7).
Step 3. Solve the system (1), (2), (3) with boundary conditions:

(16) i jlay = =i

Step 4. Determine the plastic part of microstrain tensor.

Step 5. Using the formula (14) calculate E”.

Step 6. Realize a proportional loading until E” reaches the given limit value (f. e.
0.12%). The corresponding point Zis assumed to belong to the initial macro yield
locus.

Then approximating the results from “Step 3-6” for different directions in {Z;}
space we receive the yield surface.

It is possible to apply this algorithm for arbitrary yield functions on the micro
level. A macro plastic flow can be realized without completing the plastification on
the microlevel. It will be shown that using the proposed algorithm it is easy to observe
the influence of the size of the inclusion, geometry and orientation on the material
behaviour.

V. A numerical example

To demonstrate the applicability of the proposed in the previous section algorithm
a thin plate of the heterogeneous material containing periodically distributed elliptical
micro inclusions is considered. In the case of 2D stress state and inclusion’s form —
ellipse the forces are:

F¥ = _[Clglzj] il

a7 afP -y -2

where i,j=1, 2 and &, /=1, 2.

Because of the existing symmetry it is obviously that only three problems among
standing in “Step 1” need to be solved: P1: k=I=1; P2: k=I/=2 and P3: k=1, [=2. The
finite element method is used to solve these three problems. The Fig. 2 shows the
kinematics boundary conditions (fixed displacements on dY) and the applied loads
(uniformly distributed on the inclusion’s contour forces F, ,-kl).

A four node isoparametric finite element with four Gauss integration points is
used. The finite element discretization is shown in Fig. 3. The material characteristics
of the matrix and the inclusion (elasticity modules, Poisson’s ratio, yield stress) are
given in the Table 1.

Following the “Step 1, 2” in every finite element Gauss integration point the

strain localization tensor Bg] and respectively the stress localization tensor A,f‘l are

calculated.

The finite element mesh used in “Step 3” is the same as in the previous steps. In
such a way the points where the localization matrix is calculated are the same where
the plastification is checked up.
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Fig. 2. Kinematic and static boundary con-  Fig. 3. The finite element discretization
ditions for “Step 1-2” problem

Table 1. Material constants for the matrix and inclusion.

elasticity module Poisson's ratio yield stress
[MPa] [MPa]
inclusion 22000 0.31 210
matrix 18000 0.33 200

The aim is to find such values of the load for which the plastic macro strain
measure E” reaches 0.12%. A proportional loading is simulated and the elastoplastic
problem (1)-(3) with Misses type flow rule is solved until the micro yield locus point
is reached. If using (13) and (14) we receive that E” reaches 0.12% than we can say
that the corresponding to the given loading state point in macrostress space %, belongs
to the macro yield locus. In the numerical procedure E” is estimated by:

s e

where ”*"{e is an Euclidean norm in the Gauss integration point of the corresponding

quantity, /¢ is the finite element area, NE is the number of the used finite elements.
Fig. 4. presents the yield surface of the homogenized material for three different
values of the inclusions form parameter r (r=2.67; 0.67; 1).
The results demonstrate a significant influence of the microstructure on the
plastic behaviour of the heterogeneous material. We can approximate the numerically
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Fig. 5. The yield surface orientation: ¢ versus r
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Fig. 6. H(O), G(©) and F(+) versus r
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received yield stress points by a central ellipse. When r changes its value the yield
locus changes not only its sizes but it is turned on the axis origin (Fig. 4). This result
shows that the plastic anisotropy is in an accordance with the inclusion’s orientation
(Fig. 5). The theoretical results and conclusions drawn in the present work are in a
qualitative agreement with the experimental results reported in [12].

The approximation by the central ellipse of the yield locus leads to the well
known Hill’s model for the orthotropic plasticity in sheet metals. Then in terms of
standard parameters F, G, H [13] the equation of the macro yield loci is:

(19) (G+H)23 -2H2 20 +(F+ H)23, = 1.
Fig. 6 presents how the numerically received values for the F, G, H depend on the

ratio r. It is seen that predictions of the used method to construct the yield locus are
in a good agreement with the Hill’s model for the orthotropic plasticity.

V1. Conclusions

The proposed simple method used to estimate the macro yield locus of the
heterogeneous material leads to the reasonable results. This method can be successfully
used to model the initial anisotropy due to the microstructure.
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