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The crystal bodies without centre of symmetry are electrically
polarized under the effect of mechanical loads. The modern theory of this phe-
nomenon, called by Hankel piezoeffect, is developed by Toupin, Mindlin,
Eringen, Tiersten etc. [I—4]..

Piezoelectricity represents a complicated interaction between electric and
mechanical fields and usually for the sake of simplification of the theoretical
model it is assumed that:

— the considered body is elastic;

— the electric field is potential;

— the quadrupole moment as well as moments of higher order could be
neglected.

These assumptions give satisfactory results in the case of nonorganic
crystals which are used in technics. Recently papers appeared, however, offer-
ing more precise models of the electromechanical behaviour of the crystals.
Thus in papers (2, 5, 6] are considered the polarization gradients and in pa-
pers [7, 8] the visco-elastic character of the deformation is taken into account.

Subject of the present paper is the quadrupole theory of piezoelectricity.
Parallelly with the polarizatian representing the dipole moment, the effect of
the quadrupole moment is considered also. Thus, more precise information
about the motion of ions, forming the crystal lattice under mechanical loads
and electric fields could be obtained.

1. On the Behaviour of a System of Electrically Charged
Particles in a Quasi-Static Electric Field :

Let us consider a system of “n” electrically charged particles,
representing the ions of a single cell of the studied body. The total force and
moment of momentum by means of which the effective electric field acts on
the system are:

(1.1) Fr= D) qOExW),
=1
(1.2) M= enijgOE(x D).

I=1

13



g, x® and E, are the electric charge of the /' particle, the coordinates of

the /th particle and the effective electric field, respectively.
The work which is done by the electrically charged particles in the effec-

tive electric field per unit time .is

(1.3) W= qOE(xD)x).
=1

The condition of electroneutrality of each crystal cell is satisfied

n

(1.4) Dgh=o0.

=1

Dipole Approximation

Let us denote the coordinates of the mass centre of the crystal
cell with x,, and with u{) the coordinates of the /™" material point in a coor-

dinate system associated with the mass centre. Expanding Ex(x{)) in Taylor
series in terms of #{) and taking linear approximation with the help of (1.4)
for Fr, M, and W it is obtained

(1.5) Fo— Enm(X)Pr
(1.6) Myp=e,;;E{x)P;,
(1.7) W=Ey(x) o Py,
where

n
Pe= D qup
=1
is the crystal cell dipole moment.

Quadrupole Approximation

In the case of a quadratic approximation in terms of u{) for Fy,
M, and W it is obtained

(18) Fr= Ek,m(x)Pm+Ek,ms (x)Pms;
(1.9) M= eri] E{X)Py+Ei m(X)Pnj,
(1.10) W= Exx) 5 PetExm(%) o P
where

n

1 A
D N \ Dyl
lLkm*Q‘../q() k) (m)

=1
is the quadrupole moment of the crystal cell.

2. Kinematics

The equation of motion of dielectric body, considered as con-
tinuum medium, is

(2.1) Xp= Xk(Xk, t)
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where x, and X, are Cartesian coordinates by means of which the deformed
and undeformed state of the body is parametrized.
The velocity field of the material points is
o}
(2.2) Ur=5F 2 X, ) | X,
The deformed state of the dielectric body is described by the deformation
gradients

0
(2.3) Xk,K:.gX—K 1 Xy, 1).

3. Principles of Conservation
1. Mass conservation:
0
(3.1) '5;@1“ (06U, =0

¢ is the mass density.

2. Moment conservation:
1
(3.2) 0= U Totm+ 0BT+ Eot T,
where T, I, and II,; are Cauchy stress tensor, the dipole moment and the

quadrupole moment (per unit mass), respectively.
3. Moment of momentum conservation:
(3.3) eijl Ty + o Ejlle+ EjmlTine)| = 0.
4, Energy conservation:

d d d
&= TpmUmpt0En s 11, ~-0E m T Hmet-hnw,

(3-4) Qar

1
where E,= Ch (Emze+Erm)

¢ and /%, are the internal energy density and heat flux.
5. Clausius-Duhbem inequality

(3.5) e g (’gi)k/ 0.

"~ 5 and 6 are the entropy density and the thermodynamic temperature, respec-
tively.

6. Maxwell Equations

It is well known that for practically interesting frequencies, the electric

field could be considered as potential, i. e.

(36) e[jkEk,j:O-
In the considered dielectric body the electroneutrality condition is satisfied
(3.7) (Ep+4a0ll) =0, 7=3,14...

4. Constitutive Equations

The accounting of the quadrupole moment appears to be espe-
cially perspective when the considered dielectric body has a complicated crys-
tal cell and every kind of ion, forming the crystal cell is characterized by
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individual motion. In the present paper parallelly with the quadrupole moment,
the visco-elastic character of the deformation, characteristic for greater part of
the organic dielectrics, will be considered also.
The general form of the proposed constitutive equations is
Tw=Tri(Cre; Iy ; Hkr 50,5505 a"™) Xk kX011,
E, :EK(CKL;HK;HKL 10305 a™)x, k,
(4.1) Ey=Exi(Crr; g5 g 39,1505 a™)Xp k%01,
y = y(Cre s Hys Hrr 3 8505 al™),
n —=(Crrs s i 86305 a™),
hy = /ZK(CKL; [71(; []KL;U‘K;O;G(m))xk,K, m=1,2,..., N,
where y=¢—b is the free energy density.
Crr=XpxXp,05 Hrxr = HuXexXi 1,
Hyg = I,Xpx; 0,k =0, kXkK
o, [=1,2,...,N, are the internal variables, responsible for the visco-elastic

character of the deformation [9, 10].
* a) satisfy the evolution equations:

(4.3) )= Oy s I3 ka3 03 85.0), 11,2, N.

(4.2)

With the help of the energy conservation priniciple (3.4) and relations(4.1),
Clausius-Duhem inequality could be presented in the form:

0 de O
(4.4) oSy +n) 4 +e (200 xuwtpy 2 gt Twxnx
\ d Jy
+aw b= Tklxl*) dt ‘C’L*O(au Ek) L

d ():7 d
+9(d/1 ’Xk KXIL+Ekl) gt Hut 06, - XrL o 0K

N

)
\Y ()1/1 ia_—v‘_ }sz k
T = a s

Since vy, n, Ty, Ex and Ek, do not depend, according to (4.1) on the indepen-
dent thermodynamic rates

d da d d , d
ar 85 g7 exs gy sy Thas 5 O

then from inequality (4.4) the following relations are obtained:

dq} .
%,
i)
=== -ai;L )
1 oy 0 dy
" Tu=2 ey xk,sz,LJrgI%;L i Xmx XL —f—ﬁ 1% k,
(4.5) Ep— Oy 7
aHL k, L
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Oy
Ekl — mxk,kxt,L ,

N
\Y Oy dat®) hd

&~ 0a® dt b

Assuming that the heat conductivity processes do not depend on the in-
ternal variables oY) inequality (4.5)¢ is separated into the following two ine-
qualities:

<0.

oy  da¥
(4.6) 5%*7‘;*<0§ hed >0,
=1 V¢

With the help of (4.5)s5 equation (4.5); could be written in the following
equivalent form

1 0"
= Py 5CL XpxXie+EidIy+ Epm .
¢ KL

5. Linear Theory

In the case of small deformation and weak electric field, the free
energy density could be presented as a quadratic function of the infinitesimal
strain tensor ¢;, the temperature 0, the polarization II, and the quadrupole
moment II,. If in its reference state the body is undeformed and nonpolariz-
ed, the constitutive equations, following from (4.5) and the assumptions done, -
are:

N
QL Ty = Apaiseij+ Apilly + Coagj(Ilyy— 117,) + Bu(0— 90)+2 Cialm),
m=1

N
—n=Byeyt Collit Dyy(Ily— 1} )+ K(O—00)+ > Hmalm,
m==1

(5.1) ' N
J '
Ey= Ayreij+ Andli+ Dyiy Iy — IT5 )+ C(6—6°) + 2 Hatm,
m=1
N
Es = Cyaigeiy+ Dinalli+ Busiy Iy + 1) + Dy(6—89) + Y Cialm),
m=1
where
Aklif: Alkij: Ai];l:
Akli = Al;;i;
(5.2) Biuij= Bigij = Bijuis

Criz= Cupij = Cijna,
Bij =Bji; Du=Dy,; CjP=C{m
are constant tensors, characterizing the material medium.
H{) are constant material vectors and H® — material constants. IIZPI. and 6°
are the quadrupole moment and the temperature in the reference state.
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From (4,1) and (4.6) the fol]owing equalities are obtained in the linear
variant
d X 0
(5.3) = ’%L(lmxjﬁ); = dopml s

where the matrix LU is negatively defined, and the tensor iz, — positively.
The solution of the evolution equation (5.3) has the form:

=t
(5.4) o= [eryt) s 102 s )5 627,
=0
o
where L_() are linear functionals of the variables ¢;(#'), II(?'), IT;{t'), and 6(¢').
=0

6. Isotropic elastic dielectrics
[f the considered medium is elastic and isotropic
Ay, CO, C,, HY, HO, Dy

are equal to zero.
The constitutive equations (5.1) obtain the form:

% Tr= Awiseij+ Cpuyy (I —117; )+ Biy(0—6°)

—n= By + Di(I;— 1T )+ K(8—86°),
Ep= Aull,
Eyu= Crujeij+ Buij(Liy— I, )+ D 09,

(6.1)

where the tensor coefficients on the right side of the equations have the pre-
sentation:

Apij=aM0,0 1+ aD (81074010,

Bklii = b(”‘sr’jékl + 5@ (5ik‘5ﬂ + 61'1‘31'/@);

Cruiy= W88+ 04,01+ b 1),
Biy=bd;;; A= adp; Diy=ddy.

a, b, d, at), a®, b b ¢M) and ¢ are material constants.

It could be seen from Equations (6.1) that in the quadrupole variant of
piezoelectricity the electromechanical interaction exists even in isotropic bodies.

(6.2)
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