BULGARIAN ACADEMY OF SCIENCES

JOURNAL OF THEORETICAL
AND APPLIED MECHANICS

Sofia, 1991, Year XXII, No 1

A. V. Avdelas

A Personal Computer Program for the Elastoplastic
Analysis of Frames*

1. Introduction

In this paper, a personal computer program for the elastoplastic analysis of fra-
mes is presented. This program is based upon a method converging to the exact solution
and can easily cooperate with the existing elastic anlaysis programs.

Methods that are using linear, quadratic or nonlinear Mathematical Optimization
give results converging to the exact solution. Furthermore, by the use of these meth-
ods, the engineer can get a better understanding of the behavior of the structures
through the study of the optimization problems to which the elastoplastic analysis
problems are equivalent.

2. Elastoplastic analysis

2.1. Incremental elastoplastic analysis. First the basic laws of incremental
elastoplastic analysis are formulated under the following assumptions:

1. The cotinuum is discretized into n Finite Elements.

2. The displacements are large.

3. The deformations are small.

4. The existence of physical instabilizing effects is accepted.

5. The stress and strain fields of each element are described by means of “na-
tural” generalized stresses and strains [1-5, 19].

6. The generalized strains are not affected by the rigid body motion of the ele-
ment, the generalized stresses are self-equilibrated in each element.

7. The external loads are applied to the nodes. Further, the continuum is describ-
ed by means of the nodal displacement vector u# referred to a fixed Cartesian coor- -
dinate system and to a given reference configuration.
| Under these assumptions the problem is described [20, 24-29, 10, 11, 18] by re-
ations '

(1) e= €yt ex+ep;
(2), (3) ep=F,s, ep=V1i;

* The paper was presented at the Bulgarian-Greek Conference on Mathematical Modelling in
Mechanics and Techniques, Gjuletchitza, October, 1989,
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4 F=NT5— HL;

), (6), (7) A=0, F<0, FTi=0

for the assembled structure. Further, the equilibrium and compatibility equations
8) (9 G5 + Koii= g 6=G"0

are valid. As it is well known, relations (5)-(7) form a Linear Complementarity Pro-
blem (L. C. P.) [28, 29, 11, 13]. Using the same notation as in [41, 8], it can be pro-
ved, by the use of variational inequalities [38, 41, 39] that this L. C. P. is equivalent
to the Quadratic Optimization Problem (primal minimization problem)

. 1
(10) II(x)=min {H(xl)z 5 X Mx, + 97 x| xleK}-
) For matrix M the assumption is made that it is symmetric and positive semide-
finite. The former assumption is valid iff V=N (normality) and there exists reciprocity
of the interaction of the yield modes (H=HT). The sufficient condition for matrix M
to be positive semidefinite is ensured by the positive semidefinitenss of matrices

(non-existence of softening) and K; (geometrical effects non-instabilizing). Under this
assumption xTMx is convex.

Expressed in terms of the displacements # and the plastic multipliersX, (10) takes
the form of relations

min {1 2 =2 4TKa+ - ATHA~ 7GRN b+ - KTNTKy N+ e] Ko NX
(11) —é{KoGTu—p" [ 4=0 }

or
min {H (@ 1) =g aTK it 5 ATH = GTGKNA+ - AT NTK, N &GN 4

(12) —€IKGT ii—pTu| ¥=0 }.

In a similar way, under the assumption again that M is symmetric and positive semide-
finite, the dual minimization problem is obtained

(13) I¢(x)=min {H‘(x1)= —;— xTMx, | x € K? } .

Expressed in terms of the displacements z and the plastic multipliers A, (13) ta-
kes the form of

(14) min {TT(d, A)= 47K i+ —ATHA— iTGKN A+ - ATNTKN &

| Kii— GKo NA—(p+G Ky €0)=0, NTK(GT 4 —(H+NTKoN)A—NTK, ¢4<0 }
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From (14), (2), (1) and (9) and by the use of Kz=GK N7, the dual minimization pro-
blem takes the form

min {IT(d, &, §)= 50"Kgu+—5 M HA+ 5-5TFs+ 57é + 5 €TKy &, |
(15) |GT u— Vi =Fys+ ey, Gs + Kgi=p, N7s — HL<0 }

Relation (15), in the case that K;=0, and under the condition that H is positive se-
midefinite (non-softening), takes the form

(16) minfTIs, X)=—ATH h+ 3-8 Fos +57 &g +-5¢7Ko | Gs=p, NTs— HA=<0 b

When the initial assumption, that matrix M is symmetric and positive semide-
finite, is valid, then the set of solutions of the primal problem (10) is convex. In this
case any solution of the primal problem (1)-(9), or equivalently of (10), is also a so-
lution of the dual problem (13) but not conversely [23]. Furthermore, the primal problem
has a solution iff there exists a solution for the dual problem [12, 27].

' Under the assumption that matrix K is nonsingular, another family of .variational
inequalities is formulated, expressed with respect to the plastic multipliers A. Through
the substitutions

(17) (18) Z=K,GTK-\GK,—K,, sE=K,GTK~'p + Ze,
relation
(19) F=NT sE—(H—NTZV)\

is obtained. This relation together with (5)-(7) constitute a L.C.P. If matrix D=H
—NTZV is symmetric (N=V, H=HT) and positive semidefinite, then by the use
again of variational inequalities, the minimization problem

(20) R()= min {R(hs) = A D i —(NT$E 3y | 4,20 }
_.is obtained. The dual of (20) is
@1) Re(h)=min { ReCk;) =53] Dy | N7 58— Dxlgo}.

It must be noted that for the relations between the solutions of the primal
(rel. (20)) and the dual (rel. (21)) problem and depending on the nature of matrix D
the various cases that have been examined for matrix M are valid.

2.2. Holonomic elastoplastic analysis. Unlike the incremental elastoplastic ana-
lysis, in the holonomic case, only the final loading condition is important and not the
loading history. Furthermore, after the complete unloading, there are no permanent de-
formations. The assumptions and relations that are valid for the structure are analo-
gous to (1)-(7), with the difference that the Y-vector of the positive constants % is present
in the relation of the yield functions (cf rel. (4)). Furthermore, the stress and strain
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A

vectors are finite and not incremental. The holonomic minimization problems are similar
to the incremental ones.

3. The optimization method

The method that has been used for the solution of the problem [21] is a gener-
alization of the the methods of Dantzig [15] and of Van de Panne and Whinstom
[43] for the convex problems of quadratic optimization. This method is considered [11],
together with the miethods of Beale and Wolfe, as one of the most prominent ones
for the solution of quadratic programming problems. As it is based on the exchange
between a dependent and an independent variable of a system of equations, the meth-
od is a direct one [13]. Direct methods are applied in L.C.P.s where they generate a sequ-
ence of transformations of W=g+ Mz. The method is not an iterative one, in the sense:
that the methods of Hildreth or Cryer are [13]. Thatis, it does not produce a sequence
of iterations, possibly infinite in number, (trial solutions) converging to a solution.
Unlike the iterative methods which modify the trial solutions, this method modifies
the problem data and uses first-order information from the transformation of the ob-
jective function in order to guide its steps. Furthermore, most convex quadratic opti-
mization algorithms require positive semidefinite matrices and unlike the method used
here, do not satisfy the necessary conditions in the nonconvex case. An exception is
the' algorithm of Beale [43, 9, 11], which however, in most cases, needs a number
of steps at least two times as many as the method studied here. Furthermore,
in Beale’s method the tableaux of the problems are larger.

3.1. The general Q. O. problem and the equivaleni tableau

The quadratic optimization probiem

(22) min[% #'Du+cTu+p| Au=b and u>0 ]

is considered, where D is a mXm symmetric matrix, A is a pXm matrix, & and ¢
are respectively p- and m-vectors and & a constant. As it is very well known, the
solution of the Kuhn-Tucker (K-T) conditions of the problem is a special case of the
LCP. [28, 11, 41 etc]

(23) W=g+ Mz
(29 W=0, 2=0, W7z=0,
where

0 A —b s u
25 M: N = . W: ; = .
o YIS DS NS s b

It can be proved [11, 7, 8 ] that rel. (22) is equivalent to
(26) min | f0e)= 5 bMys,+qlx,+B Mux;=—g, and x,>0]-

and the problem can take the form of the following tableau
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(27) i
_MITJE M, \aq, =JYs

T =F(x, y)—xTy,

where M;;=0 and a=2p.

In the general case, where M, need not be equal to zero, the following propo-
sition can be formulated:
Proposition 3.1. Let P be the above tableau, where matrices M, and M,, are symme-
tric. Then, by a finite number of 11 or 22 pivots, it is possible to obtain a new
tableau P* from which one of the following can be concluded :
3.1.a. The K-T conditions of the problem are satisfied. In this case vector ¢* is non-
negative.
3.1.b. The objective function is unbounded from below in the feasible region.
3.1.c. The feasible region is empty. «
In all three cases matrix M*,,,, is positive semidefinite.

3.2. The algorithm

The whole procedure takes the form of the following algorithm [21]:

Step 0. Let c=1. ,
Step 1.1f ¢5.=0 is valid, then the procedure has been completed. If not go to the se-

cond step.
Step. 2. A t¢ J¢is chosen such that ¢¢<0 is valid. Go to the third step.

Step 3. If m¢ <0 is valid, then go to the forth step. If on the other hand, me, >0 is
valid, then find, if possible, a £ such that relation

4 4
g {q_tﬂmf,<0i€[‘]

T
My it

is valid also:

< 4 -
(3.0.) If either relation z}zﬂi— is true or the set of indices i for which m¢, <0, i¢ [,
T Mye
is empty, then perform a 1x1 pivot on 7 and return to the first step replacing
¢ by c+1.
c c
(3.p.) If ,%;—<g—fg; and if mg,==0, then perform a 1 X1 pivot on £ and return to the

third step replacing ¢ by c+1.
By) If ’—:%<£—f— and if m§,=0, then perform a 2X2 pivot on (k, 7) and return to
T kT
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the first step replacing ¢ by ¢+ 1.
Step 4. If m¢ <0 is valid, then find, if possible, a £ such that relation

(51

9% q;
£~ max {—: yms, < 0i¢ 16]
m m:.

is valid also:
(4.0.) If the set of indices { for which m¢ <0, i¢ [, is empty, then case 3.1.b. has heen

reached.

(4.8.) It m¢,=0, then perform a 1X1 pivot on & and return to the third step repla-
cing ¢ by c+1.

(4.y.) If m¢,=0, then perform a 2X2 pivot on (k, 1) and return to the first step re-
placing ¢ by c+1.

4. The computer program

The general steps of a computer program using this algerithm in the form of a
subprogram is further presented [7, 8]. As it can be seen, most of the necessary soft-
ware is usually avaliable.
1st Step. Member Information (Nodal Coordinates, Moments of Inertia, Plastic Mo-

ments of the Sections etc).

The use of a Worksheet or Text Editor is possible for the preparation of the input

data.

2nd Step. Analysis of the Statically Determinate Structure
a. For the Unknowns
b. For the External Loading.

Necessary Software: Any available program for the elastic analysis of frames
giving the results in Text File form.
3rd Step. Automatic Generation of the Matrices that will be used in the next Step.

Necessary Software: Simple programs of matrix analysis or the equivalent library

subroutines. g
4th Step. a. Automatic Creation of the Problem Tableau :
b. Application of the Algorithm for the given Load/Load Factor.

Necessary Software : The SYSFORSIM subprogram.

The numerical results (Plastic Multipliers A, Rotations 6, Plastic Moments s” and
Total Moments s) can be read from the screen, printed by a printer or stored in Text
(ASCII Code) Files for further use.

5. The numerical applications

-5.1. General remarks

. In the following, some applications of the method presented above,in the problems
of the theory of plasticity, will be given (for applications in other classes of
problems equivalent to L.C.P, see [6]). All the matrices or vectors are compu-
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ted during the elastic analysis of the structure or are obtained directly from this ana-
lysis. This results to the easy implementation of the method.

The method can be used for a number of unknowns at least equal to the one
that the available elastic analysis method can accept. It must be pointed out that the
algorithm is characterized as a physical one, in the sense that there is a direct rela-
tionship between the steps of the method and the successive equilibrium phases of
the structure, up to collapse.

5.2. Further assumptions

The following assumptions are valid in addition to the ones made at the begin.
ning of the second chapter:

a). The material law is elastic-perfectly plastic.

b). The inelastic deformations concentrate in single sections causing rotations 0.

¢). The plastic moment-rotation 6 relationship is deplicted in Fig. 1.

d). The moment-rotation law is reversible (holonomic).

5.3. Formulation to be used

For the solution of the problem the following formulation will be used (see also
rel. (20)).

(28) min {R(t) = --ATDL—(NTsE—E)h |10,

5.4. Numerical examples

First, the simple portal frame of Fig. 2 is studied [39, 8]. The frame is of uni-
form cross section £/=10.0 kNm? with a plastic moment M,=65.73 kNm.

As it is well known, the possible critical sections of the structure are the 8.
Since the work-hardening matrix H is zero, the relation giving the 16X16 matrix D
takes the form

(29) : D=NTZN,
156.96 kNm
M
235.44kNm 2 3 ¥
M, fpmememn
1.0m
= 9
1 5
r O (P
sz — M,
— 1.0m ———-—{——-w‘l.Om ———{

Fig. 1 Fig. 2
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where the 8 X8 matrix Z is obtained from rel. (17) and NV is the 8Xx 16 diagonal ma-
trix of [1-1]. The 81 vector s is obtained from relation

(30) sE=K,GTK™'p
and k& is the 16X 1 vector of the plastic moments of the sections.

From the elastic analysis of the statically determinate structure, the elastic mo-
ment vector s7 is obtained

sT=[0,39.24, 39.24,0,0, —196.2, —196.2, 0].

Furthermore, the 8x8 flexibility and stifiness matrices F, and K, the 5X8
equilibrium matrix G and the 5X5 matrix K can be easily computed [34]. For

(31) dy=—(NTsE—R)
the K-T conditions of the problem take the form
(32) Dh+d,=y
(33) (34) (35) A=0, y=0, ATy=0.
The 1717 tableau of the problem has the form

AT 1

]
D dy  |=Y
al | o =P-2Ty.

The solution, i. e. the values of the plastic multipliers, has been obtained in three
pivotal steps in elements 15/15, 12/12 and 2/2

AT=[0, 17.422, 0, 0, 0, 0, 0, 0, 0, 0, 0, 25.048, 0, 0, 20. 162, 0] rad.
Since [16] 6=NA, sP=2708 and s=sE+sP, the vector
sT=[—65.73, 38.247, 38.247, 64.738, 64.738, —65.73, —65.73, 65.73] kNm

of the moments can be easily obtained. The occurrence of a forth hinge is caused by
a rise in the values of the loads, to 236.63 kN and 157.75 kN, respectively. The
solution has been obtained again in three pivotal steps and the bending moments are
given by

sT=[—65.73, 39.438, 39.438, 65.73, 65.73, —65.73, —65.73, 65.73] kNm

(cf. the results in [33]). A further increase in the values of the loads, to 236.64 kN
and 157 .76 kN respectively, causes the collapse of the structure after an unsuccessful
attenpt to redistribute the loading. This attempt is equivalent to the forth step of the
algorithm. Thus the program has to optimize an unbounded from below potential
energy function, but the structure is now unstable and the procedure is interrupted.

The structure of the second example is the three bay-ten storey steel frame de-
picted in Fig. 3.

In this case the critical sections of the structure are 200. The workhardening
matrix H is zero again. The structure must be analyzed for combined gravity and

92



A Personal Computer Program for the
Elastoplastic Analysis of Frames...

wind loads. Following the same procedure but taking into consideration the fact that
in this case the loading is continuous [42], the 401401 tableau of
formulated. The structure has been analyzed for different values of the load factor o

Data for the Frame of Fig. 3

Storey Height : 3.0 m Columns
Bay Width: 6.0 m Bars Section
1 to 20 8W40
E: 200.8 GPa 21 to 40 8W35
41 to 60 8W28
Roof Load: 20.43 kN/m 61 to 80 8W20
Floor Load: 23.94 kN/m 81 to 100 8W13
Wind Load : 5.84 kN/m height
Beams
Bars Section
2 to 19 16W26
22 to 59 14W26
62 to 79 14W22
82 to 99 12w22
1N 92 ot e sl e 99
; 91 94 97 100
16.9kN 82 83 85 g6 5 8
81 84 87 90
72 73 75 76 TR
7 74 77 80
62 63 €5 66 58 . 69
i €4 67 70
52 53 55 .56 58 59
42 43 45 46 TR
41 44 47 50
32 33 35 36 38 39
3 ' 34 37 40
PPREEEETS TR S TR
21 24 27 130
2 13 15 16 18 .19
11 14 12 20
2 3 5 6 8 9
L 4 7 ] 10
Fig. 3

the problem is

93



A. Avdelas

starting from 1.24, in which appears the first hinge, up to 2.21, in which the structure
collapses fully. The change of the values of the moments in the sections in which a
hinge appears, for the different load factors, has been obtained in graphs, for each of
the ten storeys separately. Some of these graphs are included here. Fig. 4 to Fig. 8
show the moments for values of o from 1.24 up to 2.09. For this value of the load
factor, 66 hinges have been formed. If the load factor takes the value 2.10, the struc-
ture begins to collapse gradually. This can be seen in Fig. 5 to Fig. 9. It must be

[kNmj
srsemzoamens 3.,:‘
““““ 4L
'''' 43
-ae - 63
i s unh Y ; B
-100 _m—-» .1 -. . e
H‘i“'":?t: MR : : 5 - A
I
300 4—r—r—f—r—r — — - sy ~— -4 LF.
1.24 1.34 1.44 1.54 1.64 1.74 1.84 1.94° 204
Fig. 4. Fust storey-plastic
[kNm]
i
' &
4 it
waesmssnacar m
""" 4L
""" 4R
- - sR
—~ T
tamemmmees QR
=-e=-= 0L
t.F.,

2,09, 214 2.19

Fig. 5. First storey-collapse
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pointed out that, as it can be seen in Fig. 10 and Fig. 11

the plastic range appear in bar 20L for a equal to 2.03.

[kNm]

o R i e e

150 ks st
. B eeioiser st
o e i v o

ke e ®

s

100

<160

-150

<200

-250

-300
1.24

Fig. 6. Second storey-plastic

fkNm]

2.04

20000

15000

cowasusamncas

L.F

2.09 2.14

Fig. 7. Second storey-collapse

2.19

unloading phenomena in
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The only data the program needs are the member information for the flexibility
matrix of the structure, the initial loading, the results of the elastic analysis of the
statically determinate structure for this loading and the plastic moments of the sections,
all stored in text (ASCIl code) files. The numerical results, i. e. the plastic multi-
pliers A, the rotations 0, and the moments s, can be read from the screen, printed by

100 IR e b EEUS S M :

F A e ":f:‘:::'xﬁ:'?.?‘"imﬁe:\:m;i...
""" B DO i T

-150 T i

-200 1
4

-250

300 e SN . — e o ot LF
1.24 1.34 1.44 1.54 1.64 1.74" B4 1.94 2.04

Fig. 8. Third storey-plastic

[kNm}
40000 e ? H

30000

20000

10000

04

-10000

~20000

L.F.

~30000
2.08 2.14

MY
W

Fig. 9. Third storey-collapse
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a printer or stored in text files so as to be further processed easily by any of the

popular Spreadsheet, Data-base or Graphics programs.

The implementation of the applications has been done in an Apple-Macintosh SE
personal computer with 1 MB RAM-256 ROM memory (20 MB Hard Disc), in com-

[kNm] -

2600

1800

1000

500 “peacrr

Fig. 10. Bar 20 L

{kNm]

1.24 1.34 144 1.54.  1.64 1.74

1.84

1.94

2.04 214

224

-140

L.F

-180
. 1.24 1.44 1.64

Fig. 11. Bar 20L-plastic

1.84

2.04
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piled Basic and with single precision variables. A Bland-type [14] technique has been
used to avoid degeneracy for certain values of the load factor.

List of Symbols

e — the strain vector,

¢, — the initial strain vector,

e, — the elastic strain vector,

e, — the plastic strain vector,

F, — the natural flexibility matrix,

s — the stress vector,

F — the yield functions vector,

N — the gradient of the yield functions which are zero,
V — the gradient of the corresponding plastic potentials,
H -— the workhardening matrix,

A - the plastic multipliers vector,

G — the equilibrium matrix,

K; — the geometric stiffness matrix,

4 - the displacement vector,

p — the load vector
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