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Can the reputation of the Lagrangean dynamical
equations be saved ?
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My name has been mentioned in the article [1] of T.Boyadjiev published
in this journal. Since this quotation has been made in the utmost inadequate manner,
I find it ad nec plus ultra necessary to put things right in this connection.

The article [1] begins with the following statement:

»Ha ceMunape cextopa ananutTHueckoii Mexanukn npod. Ms. YoGaHoBbIM GHIA pEa~
JIOXKeHb! J(Be 3ajlauyd 06 HCCJAEIOBAHHNW [ABHMEHWUS TBEpABIX TeJ IPH HaJu4uu cBfseH
onpejeneHHoro BHAa. B nepBofi 3ajade pacCMaTpHBAeTCs BOMPOC, BO3MOXHO JH JBH-
*XeHHe B cepe TMeNOro CTEPKHSA, MJIHHA KOTOPOro paBHa AnaMeTpy cdepsl. Bo BTOpOi
3azaye aHaNOTHYHBI BONPOC CTABHUTCS M5 CHCTEMBl' M3 JABYX TSDKEJBIX T[OMOTEHHbIX
mapos B cdepe, AuamMeTp KOTOpOH paBeH CyMMe AHaMeTpOB IIAPOB.“

I have done nothing of the kind.

Before explaining what namely I have done, I find it relevant to make the follow-
ing, though non-mathematical, remark.

The article [1] is dated 31. 10. 1983. Not a word in connection with the dyna-
mical problems formulated in the above fragment from [1] has been published by me
until 1987, when the articles [2—4] have seen the light of day. The basic ideas deve-
loped in [2—4] have been reported by me in the seminar on analytical mechanies not
later than 1982. Now [ suppose it goes without saying that any participant in a sci-
entific seminar should, for elementary- ethical reasons, refrain from: printing any re-
sults engendered by some report in this seminar before the author of -the report has
published the latter himself, not to say anything about misrepresenting the -content of
the report in question.

Alas, my report in the seminar on analytical dynamics has been intolerably mis-
represented ‘in the article [1].

First of all, it is not true that ,npod. Ve. UoGaHoBHM OBIN HpefJOXEHH [BE
3afiayy 00 HccaeJloOBaHWH JBHXeHHs TBepAHX Tea“, as T. Boyadjiev states. The home
truth is that 1 have reported the solutions of the problems in question rather than the
formulation of these problems only.

Second, it is not true that I have formulated the problems in question ,npu na-
JAHuME cBs3eH onpejenenHoro Bujxa“. The home truth is that I have emphasized that
all constraints in these dynamical problems are smooth.

Third, it is not true that in these dynamical problems ,paccmarpuBaeTcst BONpoc,
BO3MOXHO Jau JBHxkeHHe...¢ The home truth is that I have proved that these two pro-
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blems are in possession of entirely different, completely inconsistent, solutions when
they are solved by the Eulerian dynamical axioms (the laws or principles of mo-
mentum and. of moment of momentum (kinetical moment) of a rigid body), on the
one hand, and by the Lagrangean dynamical equations, on the other hand. This is
" the core of my observation which I have reported in the seminar on analytical me-
chanics. Such dynamical problems have been called by me would-be dynamical para-
doxes (dynamical “paradoxes™) or dynamical antinomies (see [2—4], as well as [5—9]).
The dims of all the publications [2—9] is to disclose the mechanism of this mathema-
tical phenomenon, namely the existence of helonomic, as well as non-holonomic, dyna-
" mical problems concerning rigid bodies, the solutions of which obtained by the Eule-
rian and by the Lagrangean dynamical traditions contradict each other. :

[ have explained this mechanism in the seminar on analytical mechanics mentioned
in [1]. The one, only, and unique reason for the contradiction of the results obtained
by means of the Eulerian approach, on the one hand, and by the Lagrangean one, on the
other hand, is rooted in the fact that the Lagrangean dynamical equations are neces-
sary but by no means sufficient conditions for the motion of a rigid body; that the
Lagrangean dynamical equations are immediate corollaries from the Eulerian dyna-
mical axioms but the vice versa is not true: the Eulerian dynamical axioms are unde-
rivable on the basis of the Lagrangean dynamical equations; that the Lagrangean dy-
namical equations are not in the position to answer the question about the existence
of a solution of a dynamical problem concerning rigid bodies; at last, that any
dynamical “paradox” represents a dynamical problem, the conditions of which are in-
consistent, i. e. which does not possess a solution; at that, the Eulerian dynamical
axioms “catch” this fact, while the Lagrangean dynamical equations are “blind” at its face.

~ Not a word in connection with these circumstances has been said in the article [1]
although its author is familiar with them, these ideas being not once nor twice set forth in
the seminar on analytical mechanics. This is not a fair play, in my opinion. Euler’s
and Lagrange’s names are never mentioned in [1] in this context. As a matter of fact,
Euler’s name is mentioned twice, and Lagrange’s once, in [1]. The corresponding texts
read as follows (p. 13): . ‘

- ,BMecTe ¢ COOTBETCTBYIOIMMH KHHEMATHYECKHMH ypaBHeHUsMH, ypaBuenue (10)
06pasyeT 3aMKHYTYIO CHCTEMY, KBHBAJICHTHYIO ypaBHeHHsM Jfijepa AJs Teaa C Henoj-
BHXXHOH TOUKOH. “ '

,Ciolla 106aBuM KHHeMaryyeckue ypapHeHus Jfepa. .. “

oMckmouass Bequuunsl o, W3 ypasueHuit (14) u (15), npu nomomn (16) noayuaem
ypaBHeHusi cepuuecKoro (u3uYecKoro MasTHHKA — CHCTEMY H3 JIBYX KBasHIMHEHHbIX
ypaBHEHHIl BTOPOTO [OpAAKa, SKBHBAJEHTHYIO ypaBHeHHMIO Jlarpanxka BTOPOTO poja AJd
CTepHKHA.“ ) g : o

Why such a line of conduct? : : ;

The answer is a very simple one. The author of the article [1] is striving for
saving the repufation of the Lagrangean dynamical equations, in particular, and of the
Lagrangean dynamical tradition, in general. (He has alredy engaged his name with
these equations and with this tradition in his previous writings.) Faced with particular
cases of dynamical antinomies or “paradoxes”, i. e. with cases when the Lagrangean
dynamical equations enter in irreconcilable contradictions with the Eulerian dynamical
axioms, he seeks an exoneration of Lagrange’s approach towards dynamical problems
in a slight reformulation of the conditions of the problems. In other words, instead
of smooth constraints, as the original formulation proposed by me reads, he substi-
tutes it by a convenient for his cause surrogate, proposing ideal constraints, and he
states that in such a case no contradiction between Euler’s and Lagrange’s solutions
takes place. Now what of it? This is an entirely different problem. The behaviour of
‘the author of [I] may be compared with that of a person whe turns down Euler’s
proof that the Diophantine equation a3+ 6% = ¢® has no solution in whole numbers
a, b, ¢ by means of the objection that this equation has solutions in real numbers
a,. b, c. : ' :
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Can, however, the reputation of the Lagrangean dynamical equations be saved >

Before proceeding to the answer of this question let us mnote that examples .of
dynamical problems concerning rigid bodies possessing no solutions have been known
long ago. So for instance, the author of [10] has written:

»,On sait que lorsqu’on schématise, selon ’habitude des problémes mécaniques con-
crets physiquement possibles, on obtient parfois des problémes mathématiques impos-
sibles. . . Exemples avec frottement (Painlevé), exemple connu de la barre pesante dia-
métrale gllssant sans frottement dans une sphére“ (p. 7).

To all appearances, however, the traditional mechanicians have paid little attention
to such exotic mechanical exztravagances and they have mnot considered it worthy to
dedicate them a closer attention.

.For my part, | have sought such solutionless dynamical problems with premedl-‘
‘tation. It will not be superfluous to expose the reasons for such a scientific policy.

Still in my student time I have noticed that in all textbooks, treatises, and mono-
graphs on analytical mechanics I had at my disposal the Lagrangean dynamical equa-
tions were not deduced but for mechanical systems counsisting of a finjte number of
mass-points only. The first years of my assistentship in the chair of analytical mecha-
nics in the Mathematical Faculty at the University of Sofia only confirmed this im-
pression. Now rigid balls, ellipsoids, cylinders, prisms, pyramids, etc. are by no means
systems of a finite number of mass-points. Nevertheless, the dynamical -problems I was
compelled to solve on the blackboard by means of the Lagrangean dynamical equa-
tions, by virtue of the syllabus and of the established mechanical tradition, involved
those namely balls, ell1psmds cylinders, prisms, pyramids, etc., for which these Lagran-
gean dynamical equations have been never proved. I have described in detail the
psychological atmosphere I was compelled to work at in my lecture [6]. Now, it was
quite natural to try and find a proof of the Lagrangean dynamical equations for
rigid ‘bodies.

I did not manage to find such a proof in the course of three clear decades, till
1982, when at-last I happened to find one [11]. (Here and later, saying “I”, I mean

we”: the names of the collaborators get clear from the literature cited.) The analysis
of this proof unambiguously manifested the following mathematical facts:

1. The Lagrangean dynamical equatmns are necessary corollaries from the Eule-
rian dynamical axioms,

+ 2. The Lagrangean dynamical equatlons are not equivalent with the Eulerian dy-
namical axioms (in other words, the first do not imply the latter) save in the case
of a free from geometrical constraints rigid body.

3. The reactions of the geometrical constraints being expelled from them, the
Lagrangean dynamical equations cannot answer the question why (under the action of
which forces) does a rigid body move. :

4. The Lagrangean dynamical - equations cannot answer the question of the con-
sistency of the conditions of the dynamical problem under consideration (i. e. of the
existence of a solution of the problem).

5. The most the Lagrangean dynamical equations can accomplish is to answer the
question how does a rigid body move, if it moves at all.

: 6. No dynamical problem concerning a rigid body subjected to any geometrical
constraints can be solved by the aid of the Lagrangean dynamical equations.

7. The so-called Lagrangean mechanics (i. e. analytical mechamcs based on the
:Lagrangean dynamical equations) reduces to nonsense,

Even God needs tolling bells, as the saying goes. Euler does not. All the analy-
tical dynamics is based on, and is developed from, his famous dynamical laws Let us
state them explicitely here in a modern redaction.

Ax 1E (first Eulerian dynamical axiom or law (principle) of momentum of a
rigid body). There exists such a Cartesian system of reference S that, all derivatives
being taken with respect to S, for any rigid body B and for any system of forces F
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acting on B, the derivative with respect to the time of the momentum of B equals
the basis of F.

) EDli 1 E. Any system of reference satisfying 'Ax 1 E is called inertial according
‘o Euler.

Ax 2 E (second Eulerian dynamical axiom or law (principle) of moment of
momentum ‘(kinetical moment) of a rigid body). If S isan inertial according to Euler
system of reference and all derivatives are taken with respect to S, then for any rigid
body B and for any system of forces F acting on B, the derivative with respect to
the time of the moment of momentum of B equals the moment of F; both moments
being taken with respect to the origin of S.

Things- being as they are, after the results published in [11] it became clear that
when seeking a strict mathematical proof of the Lagrangean dynamical equations for
rigid bodies subjected to any geometrical constraints and o the action of any active
forces I have been following the traces of a phantom. In the same time a suspicion
has come into being that maybe there exist:dynamical problems -with no solutions
(according to Euler’s dynamical axioms) for which the Lagrangean : dynamical equa-
tions should describe a motion. As the articles [2—9] unequivocally display, such pro-
blems exist indeed. The first of them, together with the explanations given -above,
have been reported in the already mentioned seminar on analytical mechanies.

Things did not, however, come to:a standstill here.

About the end of 1981 it has been observed that, for a free rigid body at least,
the Lagrangean dynamical equations are projections of the Eulerian dynamical axioms
on appropriate axes [12], see also [13]. This fact brought forth the suspicion that one
has to do with a more general ‘mathematical phenomenon, in other words, that the
Lagrangean dynamical equations are projections of the Eulerian dynamical axioms even
in the general case of non-free rigid bodies, i e. of rigid bodies subjected to‘any geo-
metrical constraints. This idea turned out to be a rather fruitful one. The correspond-
ing results are reflected in the articles [14 —16]. Moreover, it turned out that this
mathematical phenomenon holds in the non-holonomic case too [17]. For the sake of
brevity, I shall restrict my following exposition to the holonomic case only.

In order to fix the ideas, let B be a rigid body subjected to certain geometrical
constraints restricting its possible positions in space and reducing its degrees of
freedom from 6 to [; let ga(A = 1,..., ) be mutually independent parameters of B
determining any of its positions in space compatible with the geometrical constraints-
in question; the derivatives (jx of ga(A =1,..., 1) with respect to the time ¢ are mu-
tually ' independent quantities (holonomic dynamical - problem), inasmiich as the con-
‘trary is not hypothesized explicitely in the conditions of the dynamical problem under
consideration (non-holonomic dynamical problem). One of the aims of any dynamical
. problem concerning rigid bodies consists in determining of the parameters of B as
functions o =¢, () (A = 1,...., [) "of the time, the initial conditions gi, = ¢(0) and
@0 = 91.(0) of the dynamical problem being prescribed, dots denoting, as traditional
for analytical mechanics, derivatives with respect to the time. At that, it is supposed
that B is under the action of the active forces (i. e. forces wholly determined in the
conditions of the dynamical problem under consideration for any possible position
of B).

(1) Fu=(Fs M) (=1,...,m)
where v
(29' F.= 0, F.M, =0 w=1,...,m),

éll moments M,(pn=1,..., m) being taken with. respect to the origin of a tixed iner-
tial ‘according to FEuler orthonormal right-hand orientated Cartesian system of refe-
rence Oxyz.
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Let the geometrical constraints imposed on B generate the passive forces or
reactions of the constraints

(3) §v=(Rv: Nv) (V= L, ..., Il)
where
(4) RV:FO; Rva=0 (V= 1,’...,]1),

all moments Ny(v =1, ..., n) being also taken with respect to O. The quantities (3)
are unknown, and another of the aims of the dynamical problem under consideration
is their determination.

For the sake of brevity let

(5) Em+v:l_év (V=1,...,Il),
i e. .
(6) Fotv =‘>.Rv» Mn+v = Ny (V = 1y, ﬂ)
provided
M le{-v = (Frtvs Mmyy) v=1,...,n
and let |

Comekn m+n

(8) F=J F, M= M.
. v=1 v=1

Let P denote any point of B, r = OP, v = z (with respeét to. Oxyz). Besides, let
dm denote elementary mass of B. Then by definition »
© 'K#fvdm,Lz/f}(vdm,_T;%fwﬁdm

'(the integrals being taken over the space occupied by B) are the momentum, the mo-
ment of momentum, and the kinetic energy of B respectively with regard to Oxyz.
Now the Eulerian dynamical axioms have the following mathematical expressions

’ dK aL
(10) x =6 =M

Let GEng be an orthonormal right-hand orientated Cartesién system of reference
invariably connected with B, G denoting the mass —center of B. Let ® be the instan-'
taneous angular velocity of GEnG with respect to Oxyz, and let by definition

(1 - Lr = [p X (@ X p)dm — mrg X Vg,
m denoting the mass of B. Ii |
12 | . Mg=M+FXrg
then it is proved that the Eulerian dynamical axioms (10) may be written in the form
(13)  K—F=0, Lr—M;=0.
At last, let P,(v=1,..., m + n) be points of B incident in the moment of time ¢

with the directrices of the forces 1-5v v=1,..., m+n) relépectively. In other vfords,
if ry=0P,(v=1,..., m+ n), then '
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(14) 7 r. X F, =M, (V;l,...,mﬁ-ﬂ).
Besides, let “ '

m ' n
o d - iy
(15) Qx=»2; F. —5%" Q.= ZR\;-E@?-
. 4u=l . _v==1 ‘

(A =1,...,1) denote the so-called active and passive generalized forces acting on B
respectively. ' . . » :
Under these conditions and notations the following relations are proved -

d O  or
16)  ZF %, ~om

PR org z (i) _
- —Q,=K-—F oy +(LF~MG)§}:0"~ Liannsd)

The relations (16) are identities, i. e. they are derived by means of identical
transformations accomplished on the definitions of the mechanical entities therein in-
volved. No dynamical hypothesis has been made in the process of deriving these re-
~ lations. In other words, the relations (16) are folerant to any such hypothesis or,
~ should we say, to any dynamical principle whatever. : '

The relations (16) have been called fundamental identities of Lagrangean forma-
lism in the article [15]. The reasons for this denomination will be explained imme-
diately.

The choice of the dynamical principles being wholly at our disposal inasmuch as
the relations (16) are concerned, let us hypothesize the Eulerian dynamical axioms (13).
Then. (16) imply .

(17) 4O T = @=0 (=1 . D).

The relations (17) represent the Lagrangean- dynamical equations in the presence of
any reactions of the geometrical constraints. If ‘

(s), -2 Qo

then the equations (17) are useless: according to the definition (15) of the passive.
generalized forces Q, (A =1, ..., ) acting on B, the number of the unknown quan-
tities participating in (17) exceeds the number ¢ of these equations. Therefrom, a car-
dinal hypothesis of the Lagrangean dynamical tradition consists in the acceptance that
the méchanical nature of the geometrical constraints imposed on B is such that the
conditions ' S

(19 Q;=0 A=1...,0

are satisfied. In the light of the definition (15) the relations (19) can be written in

the form : '
Sy T,

20) SR, Tmsv g =T, eees

(20) 2R 0 =T

Geometrical constraints for which the conditions (20) hold are called ideal, and the

conditions (20) themselves are called the vostulate of ideal constraints.
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Accepting ihe postulate of ideal constraints, one obtains from (17) the traditional
form of the Lagrangean dynamical equations :

@1) L A =D = s, B

It is immediately seen that the Lagrangean equations (21)'are immediate corolla-
ries from the Eulerian dynamical axioms. Moreover, (16) and (19) imply

, A OT T ok 0T M) 00
22) ; Qn=(K—F) vy + (Lr—Myg) P
(A=1,..., ). In other words, the left-hand sides of the Lagrangean dynamical equa-
tions (21) are, simply and purely, linear combinations of the projections of the 16ft-
hand sides of the Eulerian dynamical axions (13) on appropriate axes defined by the

vectors gx and —g(?— (A=1,...,1). This fact throws a new light on Lagrange’s per-

formances in analytical dynamics. ,

If the Lagrangean dynamical equations are only projections of the Eulerian dyna-
mical axioms on appropriate axes, as the identities (22) provided (19) doubtless mani-
fest, then what value can be attributed to these equations? What value can be as-
cribed to a mathematical result (Lagrange’s equations) which is obtainable by a mere
projection on appropriate axes of somebody else’s result (Euler’s axioms)? Lagrange
has not seen this fact? This is Lagrange’s affair. Why did not Euler himself see it?
There are many reasons. First of all, Lagrange’s dynamical equations have become po-
pular after 1788, the year when his famous treatise [18] has been printed, and Euler
died in 1783. It is true that the equations have been proposed by Lagrange not later
than 1780 [19], but the publication has seen the light-of day in 1782, a year before
Euler’s death. On the other hand, Euler has been completely blind more than a dozen
of years ago. At -last, Lagrange’s mechanical expositions do not exactly justify his
own appraisal that they ne laissera rien & désirer. For instance, apropos of Lagrange’s
article [20] where one reads “Je considére les corps proposés comme l’'assemblage
d’une infinité de corpuscules ou points massifs unis ensemble de maniére qu'il gardent
toujours necessairement entre eux les mémes distances....” (quoted by [21], p. 590),
Euler who refused to accept the picture of a rigid body as composed of infinitely
_many mass-points, has written in the introduction of his memoir [22] with ill-concealed
if latent irony: “But when I tried with greatest avidity to follow his extremely pro-
found thoughts, truly I could not get myself to go through all his calculations, Even
the first lemma so deterred me that on account of my blindness I could not hope in
any way to check through all the analytical devices he used” (quoted by [23], p. 260,
see also [24]). In the same time, Euler’s blindness did not deter him from discovering
and publishing in this same memoir [22], the starry flash in his scientific mechanical
life, his greatest dynamical discovery, his immortal dynamical axioms-—a mathema-
tical scheme <“applicable to every part of every body, whether punctual or space-fil-
ling, whether rigid or deformable... scheme that remained general enough for all
mechanics for at least 100 years” ([23], p. 128, 173).

The fundamental identities of Lagrangean formalism (22) most clearly disclose the:
mathematical mechanism of the dynamical “paradoxes”. Let us suppose that the condi-
tions of a dynamical problem are inconsistent, i. e. that

(23)  (K—=F) + (Lr — Mg ==0.
Then, in general, the equations (21) will be violated. If now one solves such a pro-
blem by the aid of the Lagrangean dynamical equations (21), then he is accomplish-
ing an illegal mathematical act. The penalty for such an unallowed deed is a mathe-
matical error: a dynamical “paradox”.

As it is well known, the Lagrangean dynamical equations have various numerous
non-holonomic variants. Much could be said in connection with these versions which
17
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- are incomparably more pointless than the original holonomic Lagrangean equations
themselves [25]; the space-limitations of this jourmal, however, do not permit us to
enter in just any details whatever in this connection. )

Although contradictory to the status quo of mowadays mechanical establishment
(a phenomenon often observed in mankind’s history), the picture of the relation Eule-
rian dynamical axjoms — Lagrangean dynamical equations 1 have cursory sketched here
is nevertheless the nuda weritas, notwithstanding does Somebody like it or not.
To oppose it is a hopeless task. To oppose it means to oppose the logical spirit of
the Twentieth-Century mathematics. Someone has said that every century has its
Middle Ages. The Middle Ages of analytical mechanics, however, have lasted two clear
centuries due to Lagrange’s dynamical ideas,

. Lagrangean dynamical equations?

Old sins have long shadows.
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