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Description of concrete within the framework
of the kinematic theory of damages

P. Henryk

Concrete is a good example of a brittle material in which the develop-
ment of microcraks and failure of structure are of greatest importance in both design-
ing and predicting the longevity of the construction elements. A simultaneous defor-
mation and failure of structure create numerous difficulties in constructing a formal
model which would comprehensively describe real properties of concrete. Hence the at-
tempts at describing those properties in terms of the theory of elasticity, the theory of
plasticity, the mechanics of damages, or through the mechanics of a body with inter-
nal parameters, It seems, however, that the problem of a formal model for concrete
remains still unsolved. In the present paper an attempt has been made to build a linear
(in the geometric sence) model within the framework of the kinematic theory of dama-

ges (I).
1. An outline of a non-linear model

Splitting of the real motion into two fictitious stages (Fig. 1) has been a
basis for the discussion of a non-linear model of a body with damages which are being
propagated in the process of deformation. The first stage constitutes the cause of the
process in which the body is submitted to virgin deformation (a lack of damage)
B,—B;. The reaction of the material to the virgin state of strain (it has been submit-
ted to) is demonstrated, on the one hand, by the stresses, a so-called “dynamic res-
ponse“ and, on the other hand, by cracking, the effect of which is a loosening of the
structure, viz. “a structural response“; in other words an additional motion denoting
the second stage B,—B,. It is essential that the second stage takes place without an
increase of stresses (Fig. 1), where F=®.F, while F, is gradient of virgin deformation,
and F— gradient of real deformation, and ® — gradient of structure loosening phase.
Two tensors of stresses are introduced: T, which characterized internal forces per unit
of virgin surface da, and T which describes the same forces but per unit of real sur-
face da. Therefore the condition

(1.1) Tda=T,da—~T=J]'@TT,
must be fulfilled.
An analysis of the change of a surface element resulting from loosening of the

structure allows to introduce a tensor object characterizing the state of damages in
the material

(1.2) . i< 1— /10T,
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If the linear model is considered geometrically then
(1.3) H=Hy+ Hq,

where A, H, and H, are gradients of the particular phases of deformation. The geo-
metric relations will then take the form

(L.4a) 2e=H+ H"'=2¢,+ 28,

where

(1.4b) 2e,=H,+H', 2e,=Ho+h,
Taking into account that

(1.9 Jo2l4-trH, and Jo=1+irH,,

the gradienrt of deformations can be determined in the equation
(1.6) . W =trHyl — HT.

An object thus introduced characterizes the size as well as the direction (including the
rotation) of a relative change of the surface vector due to cracking. Let us adopt the
tensors of damages defined through symmetrical part ¥ as a measure of the state of
damages in a body

(1.7) Q=05(F +¥7) = tr Hyl —0.5(Ho+ HT)=1r &1 —s,.

The antisymmetrical part characterizes the rotation resulting from the development of
damages

(1.8) ©p=0,5(F —¥7) = 0.5(Hy— HT).

According to the assumed principles of linearization of the state of deformation, the
differences between the tensors of stresses disappear T=7,=o0.

Thus the discussed approximation results in a geometrically linear model of a body
which means that the geometrical relations are independent from each other. Naturally,
g, and &, continue to be physically dependent objects through the brittle properties
of the body, that is a constitutive equation defining a structural response of material.

2. Constitutive relations

A definition of material in the proposed model must comprise not only

the physical relations describing properties of a body from the point of view of defor-

mation, but it should also contain the relations characterizing the process of appearmg
and growing of the damages.

Some experiments indicate that cracking is an anisotropic process in which the

privileged directions are determined by both the state of deformation and structure of

the body. It is convenient to express them as versors of the main (virgin) directions
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of the strain state. The directions thus chosen describe the effect mentioned above and,
additionally, define the material anisotropy (the privileged directions in the material can
be expressed through the main directions e,).

The behaviour of concrete is different when under loading from that under unload-
ing; moreover, the property inteusifies at each next cycle of loading-unloading. There
also exists a strong correlation between the response of concrete and the mode of load-
ing. At a constant velocity of displacements there appears a non-stable phase (a de-
crease of stresses at an increase of strains) which is not discernible during loading at
a constant velocity of stresses. Thus it follows that because of its brittle properies con-
crete possesses a memory. Let us then assume that “a structural response” of the con-
crete is determined by rate type equations with the versors of the main directions ¢,
among the arguments. At this point equations of the first degree are the simplest and
the most convenient for an experimental verification. If moreover we assume that in
the model under consideration concrete is a homogenous material then the physical
relations to be looked for in the form of functional

@1 FlO, Q, &, &, ni]=0,

where n' are main directions of g, and i=1, 2, 3.
When analysing properties of the material it is convenient to have among the argu-

ments also some objects characterizing the strains in the real motion e, e. Applying the
geometrical relations (1.4) and especially the functional (2.1), it is possible to write

(2:2) FlQ, Q, &, &, 8, & n/]=0.

Let us further assume that the equations (2.2) can be solved for the velocity of the

tensor of damage Q and that the velocity depends on the state of damages Q only
through the state of strains, both virgin and real

(2.3) f=Fla, By 5 & #,

Because of the principle of the material objectivity, / must be an isotropic tensor func-
tion of its arguments. Representation for any function of this type is (2).

24) Q= a*Gp
where of are scalar functions of non-reducible set of invariants while the generators
G, are tensor objects consisting of a combination of arguments (2.3).

The received form of the constitutive relation defines the brittle properties of con-
crete only in a very general sense. Concrete is such a material for which the destruc-
tion of the structure is of decohesive type. The growth of the microsurface takes
place in the main directions of the strain state. Among various possibilities inherent
in the equalions (2.4) this property is described by the equation

3
(2.5) Q=3 fie/, ¢, a/ e/l +1% [/, &/, s! &/] nk(Qn*,

k=1

where f% f% are functions expressing anisotropy of both the structure and the process.
If we next assume that concrete is an isotropic material then ff=f; and fi=f, for
k=1, 2, 3.

An experimental study carried out on concrete elements under tension and com-
pression indicate to different effects of the damage propagation in both cases, while
positive main strains always have a decisive influence on the process. An observation
of the morphology of microcracks occuring in the concrete under loading (3) shows
that most of the microsurface is created in the direction of the positive strains but
there also exist suth ones which develop in other directions as well. In case of
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tension they evoke the effect of loosening of the structure also in the directions of
the negative strains. In order to describe the presented space effects, functions f; and
have been modified by means of Heaviside’s function while the equations (2.5) have

fz
taken the form
3
(2.6) Q= 3 g WD 1—n'@n’]+ gu(er) nHRQnk—m gy w(—eFnARn’
k=1

+ 8y w(— &)1 —nfXn’),
, A
where m=u| 3 #(e?), &*= eigenvalues &, functions g for =1, 2,3, 4 have been assum-

i=1

ed in the form
@7 g,=f(e") . g(&*) &"+ f(e"). g} (e¥) €

k£ —is an indicator corresponding with the indicator in equation (2.6) and gk, gk — ei-

.genvalues &, €.
In order to facilitate an analysis of the material thus defined let us omit some less

significant effects represented by functions ég, ;}4 and let us consider an attempt to
submit a concrete element to tension and compression. For tension we shall have

(2.8) 0y = 0= f(E})&(e?) €8+ f;(eNg] (%) &
—foEVgE)el 13 (e) g5 (Ve
@y =0, o,—eigenvalues Q, ’
while for compression
0y =0y =1, (1) &u(eN) !+ £ (&) gi(e?) €
(2.9) 03 =2[fi(e )@ (6Y) el +1; (1) & (1) ']
~f2(2%) g5 (£°) 83— F;(?) &(e?) &
Let us assume that concrete is an elastic — brittle material for which the dynamic res-
ponse is defined by Hook’s relations. Let the element undergo compression at a con-
stant velocity &3=—uf. On the grounds of (1.4a), (1.7), (2.9) we shall obtain
(2.10) fi(—vt) g (—) €3+, (—vt) g5 (— )&+ 283 =—20
Fi(EY) @i e+ f; (1) gi(eY) &l —2e2+ el =el.

The first of the equations permits to determine €3, and, allowing for c®=¢%F, it helps

to find curve o®=g3 The second equation determines real strains &l In-case of tension
ed=qt virgin strains af ought to be determined from the equation

(2.11) fi(vt) g(v) 3+ (oh) g; (v) 83+ &3 =v—R(e%, &),
where

R(8%, €3)=v &3 f5(—v &%) gs(— v &%) + Ve fy(—ved) 5 (—Ved).
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file)=e"?

Pi(£)=3%108 for &>0

g&=x(—¢)

#(e) =075

.. |64%10¢ for £>0

PoE=\ _ 16,1104 for £<0

f4(e)=(800¢)2+800 ¢

g5(e)= (e)

According to (2.8) there will be slzs:= +ve? for perpendicular strains (v— Poissons
ratio). Some studies indicate that in a certain range of velocity (short times of loading)
It can be assumed that concrete is not sensitive to velocity. Such an effect can be
obtained if it is assumed that

(2.12) g (€)= € p,(&), g\, pp=const.
In reality g, and g, are any positive functions and in order to be able to describe
important properties, viz. the loop in the loading — unloading process, g, and p, ought

to be approximated by constant values, different for negative and positive arguments
(see Fig. 2). Other functions have been taken to be root functions. Material constants
occuring in those functions have been chosen with the help of other studies (4; 5). In
Fig. 2 there have been presented curves o3~eg3 for the discussed model; under both
compression and tension the non-stable phase is visible. For compression, moreover,
the process of repeated loading and unloading has been shown. The diagrams (Fig. 3),
illustrating the change of both real dilatation and Poisson’s coefficient, confirm the
experiments as well.

The presented results constitute a particular case of the possibilities the model
yields for description of a number of properties of concrete; it appears particularly
useful under conditions of long-lasting processes for an analysis of the longevity of
constructions,
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