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ABSTRACT: Based on classical principles of suspension system calculations,
theoretical approaches are proposed for determining the geometric and force
parameters of their supporting elements. The calculation of suspension sys-
tems with one or multiple spans is proposed to be performed by constructing
and solving systems of transcendental equations. For finding solutions to such
systems of equations, the graphical-analytical method and the method of suc-
cessive approximations are used. The paper presents a schematic representa-
tion of the diagrams of vertical load, tensions, and sag of the supporting ele-
ment of the suspension system, the results of numerical modeling (on specific
examples), indicates the areas of possible use of the obtained results, and the
prospects for further scientific research on the issues under consideration.

KEY WORDS: catenary analysis, suspension systems, flexible element model-
ing, tension, sag, multi-span structures.

INTRODUCTION

Suspension engineering structures (cableways, suspension bridges, etc.) have found
wide application in both civil construction and industrial production due to many ad-
vantages such as the possibility of laying a route in complex operating conditions,
high transport productivity, low energy intensity, and others. The effective operation
of suspension engineering structures is influenced by many natural and production
factors, therefore, the issues of their design, evaluation of safety factors, and justifi-
cation of rational technical operation modes are extremely important.
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The main element in the suspension engineering structure system is a flexible
element (cable, rope, chain, etc.), the shape of the sag curve, geometric and force pa-
rameters of which are a key control factor for conducting structural analysis, rational
design, force distribution at nodes, etc. [1,2].

Commonly accepted methods for calculating the operational parameters of flex-
ible elements of suspension engineering structures are the finite element method (a
universal method for numerical solution of mechanics problems) and analytical meth-
ods [3].

Generally, during the setting of the format of finite elements of suspension engi-
neering structures, a number of simplifications and approximations are made [4, 5],
therefore, the obtained calculation models ultimately have limited accuracy. The
most common analytical methods for calculating hanging systems in engineering
practice are the parabola method and the catenary method [6, 7]. According to the
theoretical basis of the parabola method, it is considered that the loading of the sus-
pension structure by its own weight and other loads is distributed uniformly along
the length of the span (and not along the length of the sag curve) [1]. In view of this,
the parabola method can be considered an approximate calculation method, which
can only be applied to calculate the parameters of suspension elements with small
sags [6]. The application of the catenary method allows for a more accurate reflec-
tion of the shape of the sag of the suspended flexible element [1, 8] and the use of
the obtained results in practice, in particular, for optimizing its force and geometric
parameters [9].

The use of a discrete model of the supporting element in the calculation of sus-
pension systems can be considered justified only for certain specific tasks [10], since
the continuous model of the flexible element is more accurate than the discrete one.

Along with this, for both stationary suspension structures with uniformly dis-
tributed vertical load, and in the case of using moving links (cables, carriages, loads,
etc.), it is precisely static analysis that is decisive (basic) for their design [11-13].

2 PROBLEM GEOMETRY AND ANALYSIS

The theoretical foundations for calculating the supporting elements as the main struc-
tures of suspension systems were considered in the works of many scientists (Wyss
T. 1956, Zweifel O. 1960, Pestal E. 1961, Kachurin V. 1962, Dukelsky A. 1966,
Chung 1987, Sessions J. 1992, Heinimann H. R. 2001, Bont L.G. 2012), who gained
wide scientific recognition and currently form the fundamental basis for designing
engineering structures and developing computer programs for performing automated
calculations [14, 15]. Also, many literary sources provide the corresponding theo-
retical dependencies and equilibrium equations that characterize the sag shape of the
supporting elements, loaded in particular by their own weight or other uniformly dis-
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tributed vertical loads along the length [2, 13, 16]. However, despite the significant
number of available calculation methods for suspension systems [3, 17], it is nec-
essary to pay attention to their different intended purposes and some discrepancies
in the obtained results (considering the specifics of mathematical modeling, the ob-
tained theoretical results can differ significantly from each other [18], sometimes up
to 70%).

Usually, the input parameters for the problem of establishing the shape, determin-
ing the geometric and force parameters of the sag curves of the supporting element,
loaded with a uniformly distributed vertical load, are a number of factors, the main
of which are:

e characteristics of the longitudinal profile (span length, longitudinal slope of the
route, etc.);

e scheme of hanging the supporting element, its physical parameters (breaking
strength, linear weight, etc.), payload, etc.;

e natural factors (presence of icing, load from snow, wind, etc. [19].

At the first stage of constructing mathematical models and developing a methodology
for calculating the main parameters of the supporting elements in accordance with the
main provisions of classical theories of calculation and design of suspension systems,
the following assumptions are accepted:

o the flexible supporting element is in the field of gravitational forces and the
plane of its sag coincides with the x — y plane, formed, respectively, by the
horizontal and vertical axes = and y (Fig. 1);

o the vertical loading (own weight, weight of the winding, coating, etc.) of the
flexible supporting element of the suspension structure is uniformly distributed
along the arc of its sag curve (if the supporting element of the suspension struc-
ture is additionally loaded with many concentrated vertical forces, then their
influence in some cases with some approximation can be reduced to the action
of a uniformly distributed load [4, 6], but in this case, it is worth assessing the
acceptability of a possible error in calculations);

e any section of the flexible supporting element of the suspension structure per-
ceives only tensile forces (at the previous stage of calculation, the influence
of the element’s rigidity on tension and bending and, accordingly, the change
in its shape and cross-sectional area is neglected, since in relative terms it is
usually insignificant [7, 11,20, 21]);

o the ends of the flexible supporting element are rigidly fixed in the supports, and
the suspension structure does not have any temperature deformations [11].
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Fig. 1. Schematic diagram of the loaded supporting element in the rectangular coordinate
system with the origin at the apex of the sag curve.

To simplify mathematical expressions at the first stage of calculation, it is worthwhile
to place the origin of the coordinate system at point D, the apex of the sag curve of
the supporting element (Fig. 1).

With the assumptions made, according to the classical theory of designing and
calculating suspension systems, the sag shape of the supporting element is described
by the catenary [5], the differential equation of which has the form

(1) dy/dx = qS/H = S/Cy,

where ¢ is the intensity of the vertical load uniformly distributed along the curve
(linear weight, etc.) [N/m], S is the length of the arc from the origin to an arbitrary
point on the arc (for example, point E) [m], H is the projection of the tension of the
supporting element onto the horizontal axis x (horizontal component of tension) [N],
Cy = H/q is the catenary parameter [m].

For the established coordinate system, the length of the arc from its origin (point
D) to an arbitrary point on the curve with abscissa x (for example, point E) will
be [17]

(2) S = Cl smh(x/C’l) .

In this case, the equation of the sag curve of the supporting element for the co-
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ordinate system with the origin at the apex of the catenary (point D) will have the
form [19]

(3) y = Cy (cosh(z/Cq) —1) .

The magnitude of the tension 7" of the supporting element at its arbitrary point
(for example, point F)

4 T =+/H?+ (¢5)? = Hcosh(z/C1),

where ¢S is the vertical component of the tension 7' of the supporting element at its
arbitrary point (point E'), which is located at a distance S (along the arc) from the
origin of the rectangular coordinate system (point D) [V].

From Eq. (3) we obtain that H cosh (z/C1) = qy + H.

Taking into account the above, we can conclude that the difference in forces at two
arbitrary points on the catenary is equal to the product of the uniformly distributed
vertical load and the difference in their ordinates, i.e.

5) T=H+gqy.
Considering Eq. (3), for distances a and b the following relationships must hold:
(6) a = Cq Arcosh(f,/C1 + 1), b = Cy Arcosh(fy/Cy + 1),

where fi and f, are the ordinates that determine the position of the apex of the cate-
nary (point D) relative to the initial (point A) and final (point B) supports [m].

The length of the supporting element is determined as the length of the arc of the
explicitly given function y(z):

b
7 L == / I+ ()2dz = 2Cy sinh(0.5¢/C1) cosh[(b — 0.5¢) /Ch].
b—4

According to Fig. 1
€)) fo— fi =/{ltana,

where / is the span length (horizontal projection) [m], « is the slope (inclination) of
the chord of the span to the horizon [degrees].

From the conditions of the passage of the catenary through the points of attach-
ment (points A and B) in accordance with Eq. (3):

(9) f1 = Cl [COSh((@ — b)/Cl) — 1] y f2 = Cl (COSh(b/Cl) — 1) .
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It follows that

(10) fo — f1 = 2C1 sinh(0.5¢/Cy) sinh [(b — 0.5¢) /C4] .
Based on Egs. (7) and (10)

(11) L? — (fo— f1)? = 4C?sinh® (0.5¢/C1) .

Solving Eq. (11) with respect to L, we obtain

(12) L= \/4012 sinh? (0.5¢/C4) + £2 tan? o .

Depending on the magnitude of the input data (L, ¢ and «), the desired ratio
Cy = H/q is determined from the given dependency.

By equating the right-hand sides of Eqs. (8) and (10) and performing the neces-
sary transformations, we obtain an expression for calculating the value of b

0.5¢tan «
Cy sinh(0.5¢/C1)

l
(13) b= 3 + C Arsinh

Average tension 7}, of the supporting element within the specified section deter-
mined using Eq. (4)

b
1
(14) Tw = 7 / T(x 72qC’1 sinh(0.5¢/C4) cosh ((b — 0.5¢)/C) .
b—¢

Having established the catenary shape of the supporting element (with a parameter
() and the position of the apex of the catenary (values a and f1), for the convenience
of further calculations, we perform a parallel translation of the axes = (upwards by
f1) and y (to the left by a) in order to transition to the coordinate system with the
origin at point A (Fig. 2).

In Fig. 2, T4 and T are the tensions of the supporting element, respectively, at
the lower (point A) and upper (point B) supports [N], Ty, and Tp, are, respectively,
the vertical components of the tensions 74 and T [N], T'4, and Tz, are, respectively,
the horizontal components of the tensions 74 and T’ [N]. If the suspension system is
subjected to only a uniformly distributed vertical load along the arc, then we obtain
Ty, =T, = H.

According to the schematic diagram in Fig. 2, the magnitude of the sag, measured
from the chord of the span at any point on the curve, is determined by the dependency

(15) f=xtana — Cy (cosh ((z —a)/C1) — 1) + fi1.
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Fig. 2. Schematic diagram of the loaded supporting element in the rectangular coordinate
system with the origin at the lower support.

To determine the abscissa z* (point F'), where the sag of the supporting element
is maximum (f = fiax), We equate the first derivative of the indicated function to
Zero

(16) S—f:tanoz—sinh <$ ¢

T

> =0, x* = a + C1 Arsinh(tan o) .
1

Under the condition x = z*, according to Eq. (15) we calculate the value of the
maximum sag of the supporting element frax (Fig. 3), and according to Eq. (17) —
the ordinate y* (point F).

In accordance with the obtained relationships and the possibility of using the
stated theoretical principles during engineering calculations, the law of distribution
of the horizontal load ¢~ () along the span, the diagrams of tensions Ty (x), H(x)
and T'(z), as well as the sags of the supporting element f(x), will take the form
shown in Fig. 3.

On the diagram (Fig. 3), the positive and negative values of the vertical component
of the tension of the supporting element T, () are determined according to the same
rule as for the transverse force in the section of the beam (the force is considered
positive if the resultant of the external forces to the left of the section is directed from
bottom to top, and to the right — vice versa; in the opposite case, the transverse force
is considered negative).
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Fig. 3. Schematic representation of vertical load ¢~ (z), tension T, (x), H(x), T(z) and sag
f(x) diagrams of a supporting element (within one span).

Based on the analysis of Eq. (3) and taking into account the parallel translation of
the axes x and y performed, the equation of the sag curve of the supporting element
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Fig. 4. Design diagram of a multi-span suspension system.

in the coordinate system with the origin at point A (Fig. 3) will have the form [17]
(17) y = Cqcosh ((x — Cq)/C1) — Cs,

where Co = a and C3 = C7 + fi are the coefficients of the catenary [m].

The previously mentioned dependencies relate to the calculation of the supporting
element, loaded with a uniformly distributed vertical load within one span. However,
in engineering practice, multi-span suspension systems are also widely used [16].
Therefore, we will apply the proposed approach to the calculation of a suspension
system, for example, with the number of spans m = 2 (Fig. 4) and a supporting
element, the ends of which are fixed at the lower (point A) and upper (point C') end
supports.

It is proposed to calculate this type of multi-span suspension systems using an
analogous principle — by constructing and solving systems of transcendental equa-
tions (according to the algorithm given in Table 1).

Thus, in accordance with the accepted assumptions and the given algorithm (Ta-
ble 1), the calculation of the supporting element of a multi-span suspension system
with the number of spans m, loaded with a uniformly distributed vertical load ¢, is
reduced to constructing and solving a system of 3m transcendental equations that
determine the possible values of 3m unknown coefficients (parameters) of the cate-
naries.

In the process of calculating multi-span suspension systems, it is important to
note that the obtained solution in the form of defined values of 3m unknown co-
efficients (parameters) of the catenaries for the constructed system of 3m nonlinear
transcendental equations (Table 1) may not be unique (this is especially characteristic
for suspended supporting elements of significant length with a length within the span
that exceeds the optimal Lop [9]).
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Table 1. Algorithm for constructing systems of transcendental equations for the calculation
of supporting elements of multi-span suspension systems

Boundary condition
or desired

Notation
(¢, j and m are positive integers,

Number of
equations for

coefficient for a multi-span suspension system the suspension
(parameter) the number of spans m > 2) system
Input data

Fixation of the ends m m
of the supporting y1(0) =0, ym( > &) =Y (¢ tan o) 2
element =1 =1
Placement of v ¢
the supporting element Yi <]§1 gj) = ]gl(éj tana;), i=1...m—1
on intermediate izl izl 2(m—1)
supports yi(J; fj) = j:1(€j tanay), i=2...m
Equality of tensions of i B i .
the supporting element Tl( gl gj) B Ti“‘l(];l éj)’ t=1..m-1 m—1
at the intermediate (respectively for point B and other points
supports defining the position of intermediate supports)
Ensuring the total m
length of the L= 1L, 1
supporting element =1

Total 3m

Searched parameters and coefficients
xz—C i
Number of catenaries  y; = C(;) cosh 072() — O3y, i=1...m m
1(3)

Number of unknown
coefficients ) )
(parameters) _ C](l)7 ] = 1, 2, 37 1=1...m 3
for one catenary

Total 3m

3 NUMERICAL MODELLING RESULTS (EXAMPLES)

Consider an example of calculating the supporting element of a single-span suspen-

sion system, for example, for the following input data: ¢/ = 350 m, o =

q =25N/m, L = 425 m.
To determine the value of the parameter C; = H/q from the transcendental equa-

—30°,



L Rudko, B. Bakay, A.E. Akay, V. Loveikin, Y. Romasevych 115

e : -
—_— 14

300 200 100 100 100 300 C}

Fig. 5. Determination of the catenary parameter C; ~ 276.22891 m a using the graphical
method in the WolframAlpha computational knowledge engine (wolframalpha.com).

tion (12), the method of successive approximations (iterative method [2,5,20]) or the
graphical method using computational algorithms of specialized software products
(Fig. 5) are used.

In the following, the negative value of the solution of the transcendental equation
(12) C1 ~ —276.22891 m will not be considered, since in this case the problem
loses its engineering relevance, because according to the condition of the problem,
the supporting element of the suspension structure perceives only tensile forces.

Then, in accordance with Egs. (1) - H =~ 6905.723 N; (13) - b ~ 32.160 m;
9 — fi = 203.947 m and fo ~ 1.874 m; (4) — T4 ~ 12004.393 N and Tp ~
6952.578 N; (14) — T,y ~ 8385.520 N; (6) and (17) — Cy = a ~ 317.84020 m and
Cs ~ 480.17571 m.

Having calculated the value of the parameter and the coefficients of the catenary,
in accordance with the sample (Fig. 3), we construct the sag curve of the flexible
supporting element, the diagrams of its tension and sag (Fig. 6).

According to the Eqs. (15) and (16), the sag of the supporting element is maxi-
mum at * = 166.106 m (the deviation from the middle of the span 2 = 175 m is
—8.894 m or -5%), and the value of the maximum sag of the supporting element is
fmax =~ 65.313 m.

The parameters of the supporting element of a multi-span suspension system are
determined by a similar principle.
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Fig. 6. Sag curve y, diagrams of tension 7" and sag f of the flexible supporting element with
its ends fixed rigidly in supports within one span (length ¢ = 350 m).

4 CONCLUSIONS

This scientific article discusses the issues related to improving models and theoretical
principles for calculating arbitrarily tensioned the supporting elements of suspension
systems. A general approach to modeling and calculating the geometric and force
parameters of the supporting elements of suspension installations with a uniformly
distributed vertical load is proposed. The shape of the sag curves of the supporting
elements is presented in the form of catenaries. An algorithm has been developed for
constructing systems of transcendental equations to determine the parameters and co-
efficients of the catenaries, which are rationally solved using the graphical-analytical
method and the method of successive approximations (the number of calculations is
insignificant, and the accuracy of the result is high). The possibility of practical ap-
plication of the developed algorithm is demonstrated on specific example (calculation
of the supporting element of single-span suspension system was carried out).
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The presented theoretical principles for modeling suspension systems generally
do not contradict the fundamental principles of classical calculation methods and,
at the same time, expand the boundaries of their practical application regarding the
design, operation, and compliance with the requirements of engineering safety of
suspended engineering structures. In general, the results of the study can be applied
both in the field of design of technological and transport equipment, and in related
fields of mechanical engineering, which involve calculations of flexible supporting
elements (chains, cables, ropes, strings, cords, etc.), which are loaded with a uni-
formly distributed vertical load along the length (own weight or other load).

As a result of the analysis of the dependencies presented in the paper, the follow-
ing conclusions can be drawn regarding the prospects for further research:

e the presented theoretical principles should be used as the basis for improv-
ing the methods of static calculation of certain types of suspension engineer-
ing structures (two-dimensional single-span and multi-span, three-dimensional
coupled cable structures [12, 13], etc.), as well as dynamic calculation of flexi-
ble supporting elements (as continuous models);

e in the process of forming applied engineering calculation methods, it is neces-
sary to highlight the main factors influencing the operation of the supporting
elements of specific suspension systems (in order to take into account their
design features, operating conditions, and adequately reflect this influence in
mathematical models);

e if necessary to take into account, for example, the flexibility of the supports,
elastic deformation or temperature change of the supporting element [19], fric-
tion forces that arise during its movement through the intermediate supports,
the influence of natural and other factors, it is necessary to make changes to the
corresponding boundary conditions and equilibrium equations (the proposed
approach provides for this possibility, in particular, for supporting elements
made of heterogeneous materials [21], for example, certain types of cables that
do not have a defined yield point and practically do not obey the fundamental
law of elasticity of R. Hooke).
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