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The problem of wave propagation in a viscoelastic rod is invest-
igated by many authors supposing that initially plane cross-section remain
plane, the rod is thin (without lateral motion and transverse shear stress) and
considering that the stress, strain, displacement and velocity are continuous
functions of the coordinate x (along the axis of the rod) and the time £, There
are some articles concerning the solution of this problem for thin semi-infinite
rod under the action of an impact with constant velocity for Maxwell material
[1], Voigt material [2], three-parameter model [3], four-parameler model [4,5] and
five-parameter model [6]. The solution of constant stress impact and impact
with infinite rigid mass are considered in [2,7). The wave propagaton in finite
rod for Maxwell material [1], three-parameter model [8] and five-parameter
model [9] is a solved problem too. The treated of wave propagation in finite
rod for viscoelastic material under the action of some impact is given in [10}.
In these mentioned articles the viscoelastic rod is composed by one material.
The problemn of wave propagation in thin rod composed by two materials be-
comes very complicated. It is known from the paper of Kolsky and Lee [11],
who considered the reflection of a pulse travelling from a viscoelastic rod into
an elastic rod. Assuming that the value of acoustic impedance gc for the vis-
coelastic rod is less than that of the elastic rod at higher frequencies, they
found the reflected pulse.

In this paper the authors offer the solution of wave propagation in a rod
composed by two viscoelastic materials (with different stress-strain laws). The
boundary between two materials is x=0. The rod is impacted with a pulse f(#)
at x=—/ and there is a mass at x=L. The waves propagate from first vis-
coelastic material with length [ into second viscoelastic material with length L.

The equation of motion in uniaxial strain state is

do(x, t) 0%u(x, t)
(1) _"(Tx_“_‘Q 0[.3_’

where o(x, £) is the strain in the rod; ¢ is the mass density in the initial un-
deformed state; u(x, £) is the displacement along x.
Denoting the stress by &
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the stress-strain relation of a linear viscoelastic material can be expressed by

(3) Ly(t)o = Ly(t)e,
where L,(¢) and Ly(f) are two operators

, i Il 0/
L= >aj(,t,, Lit)= 2 by gy
]
where a; and b; are combm,atlons of elastic modulus and viscous coefficients
of the material and they are independent of .
Applying the operator L, to equation (1), differentiating equation (3) with
respect to x and taking into account (2) the equation of motion becomes

®u 0%u

(4) Ly o ox2 =ol, o’

et us assume that a harmonic wave propagates in the rod, i. e,
(5) =g/,
where @ is the frequericy, and %% is ‘a complex wave vector, i.-e.,
(6): k¥ =k—ia,

where £ is the real wave vector and « is the attenuation constant.
By putting (5) into (4) it is obtained the following expression[10]:

(7) (lk*)Qz by(iw)/ —o(iw)® 2, ) a, {w)/ =0

J=0 j=

from which

m
Za (iw)
%9 __ o j=0
®) k2= g? =
N bu(io)
=0

The, expression (8) .is the dispersion correlation and it is equivalent to two
real equations ;

 These expressions are valid for two materials, but for the rod with length
[- the symbols will be with index 1 and for the other material (O<x<L) —
index 2.
The particular solution of the equation (4) for first media is

(10) ull(c e—-l’k{x '{"C ik'l-x')eimf

where C, and C, are to be determined by boundary conditions.
The general solution is
(10") = X [Ciw) e i (U))e”‘lx;e“‘
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For second media it is obtained respectively
(1 1) av2:(c3e“l‘k2x +C4eikéx )eia)f;

(11) n,- ,:[Czi(w)e_ik""'x + CJ‘(w)uikéx le™”.

The unknown constants C,(i=4) are been determined by four boundary
conditions. Two of them can be given by the condition of stress and strain
continuous at x=0, i. e,

- u, or
0y = 0y
(12) Cy+Co—Cy—C,=0;
(13) L(Cy—C)) -2 (C =)= 0.
ky kq

The other two equations for determining of Ci(i—=4) are given by the
boundary conditions at the ends x=-—[ and x=L.

If the end x= —/ is impacted with a pulse aroused a displacement f(?), i. e,
(=14, H)=f(1),
(14) M Ce ™M = ),
where

flo)=g; [FeRt

In the case when there is a mass M at the end x—=L, and this mass is
uniformly distributed upon the cross-section of the rod, the boundary condi-
tion is given by the equation of motion of the mass

_ g Pull)
oL, ty=M A
and
(15) 0y (C™ il ikl )= M C8E | €,
It the end x —~L is a free one, i. e,
0—2([,, t) £ O,
(16) C3e—ik§L -—-C‘teik‘ZL =O

If the end x=L is fixed, i. e,
us(L,£)=0 or M=cq,
iyl

(17) Cie~ ™ 1C ™" =0,

When L—co, i. e, the rod is semi-infinite C,=0, i. e, there is not a ref-
lection pulse.
If one of the materials is elastic, for example the first one, k=%, i. e,

the attenuation is zero.
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The constants are determined by equations (12), (13), (14) and (15) in the
most general case when the rod is composed by two viscoelastic materials,
impacted by a pulse f(f) and at the end x=L a mass M exists.

After some transformations the expressions for the constants obtain the

following complex forms
C, _ PR+Q+1

(8} ¢ = POTO-1°
G 3 2,
(19 =PQrQi’
C( 2PQ R
0} =POrQ-1’
@1 Ci=f() e

_k:s: )
—i 1l

(PQ+Q—1)e™1' £ (PQ+Q+1)e
where
_iea—kM  _ony
- igy+kaM ¢
ek i92+k;M
2k1 lg)y—kQMﬂ

— 20k L

y=e ¥ —1, p=e
The displacements #, and u, become respectively

—2k2iL - 1.

—ik)x zk ¥ .
(22) iy =f( )(PQ+Q e 1" 4(PQ+Q-+1)e ! ot
(PQ+Q—1)eM4(PQ+Q+ e~ 1!

ik 2x —l'k X ]
(23) 1ty = 2f () PQe™Y +Qe 72 — eiot,
(PO+Q-1)eM1" +(PQ+Q+1)e™ ™M
In the particular case when the length of first material / is very big, be-
cause of attenuation in the material the reflection wave can not take part in

the boundary condition at x= —/ and

L =ikl
Cie"V > Coe™ 7.
In this case the constants are
—ik l
Ci=flw)e

—zk l

(29) (‘3~f(m) T

pe—iHit

=f) 1 1+P
The exptessions for #, and u, have the form
(4D ot

(25) u=flw)e e
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(26) = f(w)%;% (€ 1 P yetot

or

(25")  Reu, = flo)e 1D [cos ky(x+1) cos wt+sin ky(x+1) sinot];

(26') Reuy =4 2(2 (2“’_) ) {Be™ "= *=Dcos 3 cos wt —sin 5 sin wf]
. +os— Mﬂ(k2+a2)]e'“1'+“2” [cos y cos wf—sin y sin wt]},

where

(27)

B=g2-- M*(k2+a3)20,Ma,,
n=Ryl—2R,L—kox, w=kl-+Rkex.
Another specific case is when L —co and
P=0, =1, y=-—1,

1Ry
esfy

Q=—

The expressions for the constants become

Ci=f()

91k2+ Q2 k]

Q)k2 Q‘) kl

Co=f(w)-

291k2

Cs=flw)—
Ci=0,

where

@
llz (] —ik,(

A=(okytoaky)e ™ +(e1k;—osk]) e

The expressions for the displacements take the following form

(e k*+92k*)e—iij +(orky —e: k*)e"k;;’v fo
(28) = (o) ———— gt
2 k —zk;x .
(29) ly=f(@), 22—
(28 Reu,=f(w) Fcos wt+G sin ot |
(291) Reug:zf(w)e-aazx K cos Wt;N s_i_t}_a._)f ,
where
(30) F=cosk,(x+ l)[(a?»{- ag)e"“l(" =) + (bf + b§)e“x"‘")]

+[e4FD e DN sin ky(x —1)(@yba— aghy)+ cOs ky(x—I)(@1b; -+ aabs)]}
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(31) G=sin ky(x+D)[(@i+ ad)e™ D — (b3 + b3)e ]
[ TD — em 1O [cos ky(x —I)(ayby— ashy) —sin ky(x—1)(a1b, -+ agbs));

(32) H=e"1"a} + a3)+ e} (b% + b3) ;

(33) K = cos kox{cos kyl [ky(@ e + b e~ 1) +ay(aze '+ bye™")|
-+ sin Ryl ky(@ge™ — bye™ ) — ay(@,et —be” )]}
500 kyx{cos kyl [—ky(@2 " - bye ) -Fag(ae b, e )
p-sin kyl[kg (a6 — byem ") - ag(age — bye 1))} ;

(34) N=cos kyx{cos kyl|aga,e’ + b e ) —ky(ages' + bye )]
-1 sin kyfas(age —bye ) kyae'—be )
+sin kyx{cos kl[ay(azet +bye” 1) 4-ky(a,e b e ™M)
SN Ryl — (@, € — b, e+ kofane ' —b,e 1))

). - ¢ )
a,=k+2k: ay=a+%ay; b=k —2k;
1 01 @1

|
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b,y == a,—% ay.

@1

=

The expressions for the reflection and transmission coefficients are the fol-
lowing

2 2 9 2 9 2 9
9 F 4 ;
(% k§+ag> +(k§+ 3} df) +2<a2k,_, -2 a1k1> _2<9_2,k1k2+@z a1a2>
@) |28 ¢ el o e ),
!Cl I o Q2 4 Q2 + ( Q2 4 2 2 ’
ko +>= Ry | Flagt=ar ) +2L R 25k | a5y
01 01 \ 9 €1
2
]
o |y ()
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Let us consider, like a numerical example, the following more simple case

J)y=4(1) (Dlrak’s function) and

flw)y=1, [=1, L-—oco.

Let us assume that the first material is two-parameter material of Voigt
and the second one — five-parameter model of Brankov. The values of &, «,, &,
and a, for each w are calculated in [10].

The graphs of #; and u, in function of w at t=1 and

0y

w~1 for various

values of x are shown in Fig. 1. The dash line is for u,, and the thick one —
for uy.

| |2

In Figs. 2 and 3 are shown the reflection 522 \ and transmission >(€:3 " coei-

ficients in function of w for various ratios of the density of two materlal

2

The influence of the ratio %2 on the displacements #, and u, in function

01
of x is shown in Fig. 4. At x=0 u,=u, (boundary condition) and in this point
the bend is due to the fact that the deformations are different because of the
different constitutive equations for two materials and the boundary condition
(equation of strains). i. e.,, at x=0 the derivatives of u; and u, with respect to
x are different.

Fig. 5 shows the change of displacements u; and u, in function of x at
o=1 and various time #(f=0; 5; 10).
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