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On the secondary stationary flows of a fluid between
concentric rotating cylinders*

I. Bozduganov

Introduction

Let a viscous ircompressible Lomogenecus fluid fills in the space
between two concentric cylinders rotating in the same direction with radii
respectively r= R, and r-- R, when a cylindric coordinate system Orqz is intro-
duced. It is supposed that the cylinders are hard and rotate with angle velo-
cities w, and w, respectively, and the vector of the applied vortical mass
forces F has the form (0, v F(r), 0), (» — viscosity coefficient). We shall study
the stationary flows for which the following condition is fulfilled: the flux of
velocity v=(u, v, w) through the cross-section of the space between the two
rotating cylinders to be zero, i. e.

x R
f j w(r, @, &) rdrdp =0.
“x Ry
The solution of the stationary Navier-Stokes boundary value system cor-

responding to this problem is unique at small Reynolds numbers, small mass
forces, etc,, and it has the following form

Uy=wy=0, /‘ vi(r)
0:.

d onst,
Vo= Ty(7), roerTe

1
R
where v,(r) function is defined as a solution of the boundary problem

&) (32t 2| Tolr) = — F0),

rdr
with boundary conditions
U(Ry)=w, R,

Uo(Ry) = woRy.
Under definite conditions, however, at sufficiently big Reynold’s numbers, the
laminar flow w,(r) is possible to lose stability and secondary steady motions to

* This work was initiated in the Service of Prof. Jacques C. J. Nihoul, Liege, Belgium.
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arise. This means that the corresponding stationary problem has more than one
solution. In [1] it is shown that for the investigation of this problem the bifur-
cation theory of solution of the non-linear operator equations developed in[3]is ap-
plicable. In [2] the problem of the arising axisymmetric stationary flows is inves-
tigated, i. e. such ones that the components of velocity v to depend only on
r and z. It is supposed that u, v, w are periodical in z with a period 2a/a,.
A solution of the problem which should be different from (1) and has the form
that follows is looked for:

V:V0+vly
P=Py+rp,,

where v, and P, is the solution given above, and for u,, ¢, w, it is supporsed
to be 2a/a, periodical in z.

Taking into account the relations (1) and (2) from the equations of Navier -
Stokes, the following system of equations for v, and p, is obtained

. 1 o Jw
r‘; -  F 221 ==
( ) r or (’ui) + 0z 0)
g opg ouy duy U1 ey
Awy— L, — 57 =4 G T T T
U1 duy dvy | uyvy dv, U,,)
T = Sl ) ey 20 =)y
]"J 3 ;l Lor t 15z P s 7 ”1\7
op ow
dw, — 2 !
2z

with boundary conditions
w(Ry)=u,(Re) =0, v (Ry)—=7,(R) =0
[\’.;
W(Ry) =w,(Rp) =0, /wl(r, 2)rdr= 10,

R

for which the conditions of existence of bifurcation points of the correspon-
ding operator equation are established and therefcre, thke conditions of the
arising of secondary stationary flows periodical in 2z with a period 2w/a, of
the form

By==0 e, o =o(r)e*,
w =w(re*, p,=p/re.
Formulation of the problem
At the investigations made so far and stated above the existence
of secondary stationary flows periodic in z is established. The experiments, how-
ever, show that the arising of flows periodical in z as well as in ¢ is possible.

To this end let us consider solutions of the form

V=V, + Vot Vo P=Pol-up +rpy,
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where v, v, P, p, are the solutions discussed above and for v, with compo-
nents u,, vy, Wy and p, it is supposed that they depend on r and ¢ and at
that are periodical in ¢ with a period 2x/p,.

Substituting in the equations of Navier-Stokes we obtain the following
system of equations

0 ! 002
57 (rg) -+ By 0,

s 2 0uy, Opy Oou, 0 ou,
ditg— 2 e 2 Y {ug 0” +ug 5”1 fou, 22

rZ 2 op  or

vy Ouy | vy Ouy | 0y Oty | Oty 20y A_Q}QF Uf],
T3 Op ' r dp }'r 0¢'{ Y20z ~ 7 V2 Ya—

_ ’Ug Zdrz,MI dpﬂ_ [ 00; 07,
vy — > 9y 1 op "\”2 or Tty
vo+v +v, 00, 0vy | WUy +Us(Vy+v+0,)
4) 'Hlaar('z’o’w‘ UlH’ ! “‘*’ Wogy T ;3,,34_ ; i z )
=i |u o, N R
Wo=allazg, THig, Tl T T2,
1’0+1}1+7}) 0wy
v 0y
L, 0, 10, o
(b= d=gt Gt rsn b om)

with boundary conditions

Uy(R)) =1s(Rp) =0, Uy(R))=1y(Ry)=0,
R,

wy(R)=wsR)=0, | [ wy(r, p)rardp=0.

— Ry
The linearized problem corresponding to problem (4) has. the form

m (/11)4 "y

! ’ 4

Qu, ___lf{% ,2, i’z_a_p_%»— {u ?ll? 4 0”1
My =g, o Aoy T G,

ou, ou,
w0y vy M 0w 20y, 20,
r Oq + ¥ arp +102 0z o ‘ZZ‘—T (Z’z )

, vé o2 dué 1 dpé n 005 , 0T

(5) Ay=—5 ,?;5—77—7 s
r ! ’
, 03 v0+vl ‘973_1_@,% ulﬂ?_kuQWOJﬂﬁ),,]
i T ) 270z 7 ¢

R n l- du’; aw‘ , :)0 -'{—1/1 an GWI\
sz =A Lurl or "}—112 37‘1 o *0’7 -+ '202 oz

with the same boundary conditions.
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‘Let consider the set M of the solenoidal vectors {v,} possessing continuous
second derivatives, determined in the closed region {R=r=R,; a<ep<a},
depending on r and ¢, annulling at r=R,, R, and having a flux through the
cross-section of the space between the two cylinders equal to zero. We denote
by H, the Hilbert space obtained by the completing of the set M by a norm
arisen from the scalar product

7lfy Ro /By Re
’ Uy 2 6'02
(v2’ v2)H1::' - f .[ Av2v2’rdr= - f f[(Auz_T—ﬁW u;
—x By Ry —alBy Ry
+(dv,— 22— 29%) ot ;| rdrd
2T g | 2 2| @-.

At i=0 we obtain the inverse operator of the operator determined by
relation (4). Thus the problem is reduced to the operator equation

(4) a) VQZAAVQ.
Analogously, problem (15) is reduced to the operator equation
(5» 8) Vé:ld)V;.

From [1] immediately follows that:

1. The operators A and @ are completely continuous in the space H,.

2. The operator @ appears as a differential of Freche in the point v,=0
of the operator A in H,.

This permits us to apply the theorem of M. A. Krasnoselskii which states:

Let A is a completely continuous operator having in the point 6 a differen-
tial of Freche @ and satisfying the condition A8=60. Then each real charac-
teristic number 1, with uneven multiplicity of the linear operator @ appears
as a point of bifurcation of the operator A at which a continuous branch of
proper vectors of the operator, A corresponds to this point of bifurcation.

Investigation of the problem

Representing in a series of Fourier we get convinced that the
general solution of the spectral problem (5) represen’s a linear combination of
solutions of the form

u,=1uy(r)ewe, v, ==vy(reis,

(6)

W, =w,(r)ete, py=pres»
where f=nfy(n—a whole number).
Substituting in (5) we obtain the system
1 d
rdr
@ 1d 14p . 2 dps [ du,
(aatra—r) = 18 o= =4 1

(rus) + l‘f‘ vy(r) =0,

ouy . .,0, U1 20, 20, dul]
+u2~07+t67°u2+l/37u3—7 ‘02—} '02—’{»’(02—0? ’

@2 1d 1+ 28 g dv,

M (d—r? Tar ) 2t “2—7!’2*1[“%
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d Ov Ut 60
+u, ”o+u2 ! 0+1 vy + 5 =t

Vo0, s+ 110,
+( o x)ra 1_4]7

("‘ﬁ'}‘ii ﬂz)'wz "l[uaxa +u 1dw2

dar ' rdr r2

vﬂ+vl ifw, + 73 ]

At that only those solutions which correspond to one and the same 2
enter the linear combination.

Here the following two cases are possible:

A. When the conditions

(8) W >0, —(GHR)<0 (Ri<r<R)
are fulfilled, i. e. the laminar flow w,(r) is stable to axisymmetric perturba-
tions (2].

B. When the conditions
(©) W0, —(FAL)>0 (Ri<r<R)

are fulfilled, i. e. the laminar flow is unstable in z and the system (3) has a
solution dlfferent from the zero one.

Here we shall consider the case when conditions (8) are fulfilled, i. e.
when the system (3) has the only solution #,=v,=w,;=0. In this case system
(7) achieves the following form

2= [rugn)] + iB0y(r)=0,

Lus(n)— 2 ioy(n) — "f:;g).xz[ "9@.u o) =20 )

(1) Loyt iBus() 2 polr) =2 || 4+ 2 ) + ’Tvomvg(r) !

dr

vu( r)

Lywy(r)= 2B —— wy(r),
(Lf 1d 144, L1 2 14 ﬁ-)

“wtra e hEm e

Determining w,(r) and py(r) from (10) by means of u,(r) through the
expressions

W) = — 77 25 a0

pulr)= {7 ipusr)—a [(“52+ 27 o)
iy wl)l) [}
for uy(r), wy(r) and 2 we obtain the following spectral problem
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e 1d g .
(@z + 5 ;-—TE) wy(r) = imwy(r),
11 4 K 11~1+B)
- L)+ L 2 )
N R 162 T
P |l = | ) = i)
where
d 2
M=A+8 g+ Caas
A= ﬁ 7 (’») . ,(’) L iiﬂ,l) } r ll""()(’)
= o . Yo p dr /) are

m= f (F).

Let us transform the abovetwo equations to the integro-differential equations.
To this end let denote by G, (r,0) Greene’s function of the operator rL; and
by Gy(r, o) Greene’s function of the operator 2 rl,:

21
u>(r)+Lu,(r) ,12 ;r{r :rf 7£~—£’”i\ % [ruz(r)]}

Green’s functions G (r, 0) and G,(r, ) are continuous by r and symmetrical.
This, as known, follows from the symmetry of their corresponding differential
operators.

Let denote by Gp(k=1,2) the integral operators determined by the
formulas

R,
Gif~ [ Gilr, o) fle)edo

It we denote by /4, Hilbert’s space 7, with a weight r on the interval
(R,, R,) and a scalar product

R,
(py v)1,—= [ o(r)yp(r)rdr
Ry
then the operators @, are symmetric and completely continuous in H,.

Then equations (11) are reduced to the following system independent
integro-differential equations
(12) ity uGyMuty = (s it
Wy == uGymw, = uGw,

(u=2, G—Gm, Gy=GM).

78



The differential operator L, may be represented in the following forim
I d
rLiu=o, dL, 01 ;;’,i (0a1t)

;
00302—1‘]‘/’?’ Q] == —;27> .
2
Then from the investigations of M. G. Kreyn on some functions of Greene
of ordinary differential operators [4], [5], it follows that the operator G is an

oscillatory one and therefore its spectrum is real, positive and simple.

Hence, it immediately follows that 1 are purely imaginary numbers and
according to the t{heorem of M. A. Krasnoselskii the nonlitear equation has
not points of bifurcation.

Conciusion

The laminar flow v, is stable in comparison to ¢, i. e. the arising of
secondary stationary flows periodical in ¢ at any numbers of Reynolds is
not possible before the arising of secondary stationary flows periodical in z.
Moreover, the independence of equations (12) shows that the arising of flows
with a third component w,=-0 is possible, which will be the object of further
investigations.
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