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- Nomenclature
B, — Magnetic induction u' — Velocity component
¢p— Specific heat at constant pressure U, — Velocity of the plate
g — Acceleration due to gravity x',y' — Co-ordinate axes
G — Grashof number (vgB(T,,— T )/U}) B — Coefticient of volume expansion
K — Thermal conductivity » — Kinematic viscosity
M — Magnetic field parameter o — Electrical conductivity
P — Prandt] number (ucp/K) o' — Density )
- Temperature of fluid 6 — Non-dimensional temperature
¥ erfc — Complementary error function
T, — Temperature of free stream o — Skin-friction

T:,,—Temperature of the plate

1. Introduction

One of the simple solutions .of the Navier-Stokes equation was
first given by Stokes [1] in case of the flow of an incompressible viscous
fluid past an infinite horizontal plate moving impulsively in its own plate.
Hence it is known as Stokes first problem. It is also known as Rayleigh’s
problem in the literature. This study has been extended to the flow past bodies
of different shapes, moving impulsively in their own plane. Notable amongst
them are by Stewartson [2], Hall [3], Dennis [4] etc. In [2], [3] the
analytical study of Rayleigh’s problem for a semi-infinite plate was made,
whereas in [3] the problem was studied by finite difference method. But the
study of the flow past an infinite vertical plate,- moving impulsively in its
own plane, has not been presented for a long time.

Now in this type of flow two types of physical cituations can be consi-
dered: i) the temperature of the plate and the f{luid extending to infinity is
equal, ii) the plate temperature diifers from the temperature of the fluid at
infinity. From physical and technological point of view, the second case is more
important. In this case, if the difference between the plate temperature 7/ and
that of the fluid at infinity T/, viz. T,—T_ is appreciably large, there is a
flow of free convection currents in the neighbourhood of the plate and the
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free convection currents do affect the flow past an impulsively started vertical
plate. This study of an important physical phenomenon was recently presented
by Soundalgekar [5]. In this paper Soundalgekar studied the effects of
the free convection currents on the velocity field in a quantitative manner.
Illingworth [6] also studied Stokes problem for a vertical plate, by the
method of Successive approximation, for a compressible fluid and this was
extended to the compressible flow past an infinite plate with time-dependent
velocity and temperature by Eliott [7]. In both[6,7] the problem was solved
mathematically without any discussion of the physical situation.

Now in recent years, the effects of the transverse magnetic field on the
flow of an incompressible, viscous, electrically conducting fluids, have also
been studied extensively by many research workers. The magnetohydrodynamic
aspect of Stokes or Rayleigh’s problem, on neglecting the induced magnetic
field, was first presented by Rossow [8] ini case of a horizontal plate. How
a transversely applied magnetic field affects the flow of an electrically con-
ducting, viscous incompressible fluid past an impulsively started vertical plate ?
This indeed is the motivation of the present study.

In section 2, the mathematical analysis is presented under proper assump-
tions followed by a discussion. In section 3 the conclusions are set out.

2. Mathematical Analysis

Here x'-axis is taken along. the plate in the vertical direction
and the y'-axis is taken normal to it. An uniformly applied transverse magnetic
field is in the direction of y'-axis. It is also assumed that the induced magnetic
field is negligible. All the Huid properties are assumed constant except that
the influence of the density variation with temperature is considered only in
the body force term. This is the usual Boussinesq’s approximation. Then under
these assumptions the problem is governed by the following equations:

2
ou’ '02u’ »Bj
= T—T' _‘?-———,—u',
(1) ot gﬁ( m)+V ayrg °
or’ 021"
(2) odcp o k oy’ :

Here ' is the velocity of the fluid, 7’ -— the temperature of the fluid
near the plate, 7/ — the temperature of the fluid far away from the plate,
g —the acceleration due to gravity, §— the coefficient of volume expansion,
v — the kinematic viscocity, o — the scalar electrical conductivity, B,— the
applied uniform magnetic field and ¢’ is the density of the fluid, £ — the ther-
mal conductivity and # — the time. In equation (2), the heat due to viscous
dissipation is assumed to be negligible. This is possible when the velocity is
small. The boundary conditions are

w=U, T'=T, as y=0,

w—0, T'—>T! as y —oco,

3)
On introducing the following non-dimensional quantities

y=y Uy, t=t'Utly, u=u'|U,
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T— T ‘,‘Cp

=———) P= the Prandtl number,
To—T., k
4
@ 28Ty ~T.) -
G=—-—(F———, the modified Grashof number,
0

M2=eBl/o'U}, the magnetic field parameter, in (1), (2) and (3), we have

2
ou au-}-Gﬁ—-M?u,

(5) =5

9 0%
(M) Pa=g5t
and

n=1,6=1 at y=0,
8
u=0, 6=0 at y-—oco.
These are the coupled equations whose solutions can be obtained by
the usual Laplace-Transform technique and are given as follows:

9) 8 =eric (nyP)
for P<1,
U= _:12_ (1 e A%.) [e_2’71wT erfc (y— M\/z)*f—e?njw? erfc (n+M\/f)]

— gz €7 €727 ecic (nyP—\bA)+ €™ extc (4P +bD)

(10) +- erfc (1VP) + g e [P erfc (n—PBE) + €VP exic (n-+|PbD),

where
b=M2/(P—1) and n=y/2\/f
and for P=1 :
(1) u =%(1 —-A%) 7™ eric (n—MYB+e"  ertc (n+ MVD]| -+ eric ().

Now, for all the electrical conducting fluids, P is either less than unity or

P~1. For P<1, the argument of the complementary error function in (10) is

imaginary and hence for calculation purpose this has to be separated into real

and imaginary parts. This can be done, following Strand [9], as follows:
For x>0, y=0,

(12) erfc (x+iy)=e2 X' (xy) [Ya(x)—ixy (n41)Ynps(x)] = €25 D(x, y),

n=0

where

_ 2 g N3 . .
Yn+1(x)_(3;+l)\/7-r_[(ﬂ+l)!xzn'HA n+1 Yn(x)] (n"o’ 17 2; v ')s

and L
Yo(x)=erfc(x).
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Hence, with the help of (12), the velocity profiles for any value of P can be
calculated. Here, to show the eifects of G and 7, we have calculated the velo-
city and temperature for P=1, 0.5, 0.7 and ¢#=0.5, 1, 1.5, 2 and for realistic
purpose, all the real values of G are chosen as they are interesting from the
physical point of view. Now,: the free convection currents are in existence
due to the temperature difference 7,)—7/ and hence 7, —T_ may be positive,
zero or negative. Then the value of the Grashof number G(=vgp (7,—T.)/U3)
will assume positive, zero or negative values. From the physical point of view,
G<0 corresponds to an externally heated plate as the free convection currents
are carried towards the plate. Then G>0 corresponds to an externally cooled
plate and G=0 corresponds to the absence of the free convection currents.

On Figs. 1 and 2 the velocity profiles are shown for P<C1. The curves
on Fig. 1 correspond to the velocity profiles in the presence of the plate being
heated by the free convection currents. We conclude from the nature of these
curves that they are of reverse type. An increase in P leads to an increase in the
velocity when the values of G, / and M are constant. An increase in M also leads to
an increase in the velocity. This leads us to conclude that the reverse type of flow
may be avoided, in the presence of the plate being heated by the free convection
currents, by increasing the strength of the magnetic field. As time is increas-
ed, the velocity still decreases when the values of G, M and P are constant.
Greater heating of the plate by the free convection currents also causes a
decrease in the velocity. Quantitatively, for M-=2, P=0J5, {=0.5, there is
1000/, fall in the velocity at -1 when the plate is heated such that G is
increased from 4 to 6. On Fig. 2, the velocity profiles are shown in case of
the plate being cooled by the free convection currents. They being all positive,
we conclude. that there is a non-reverse type of flow. Here, an increase in P

Fig. 1. Velocity profiles..
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Fig. 2. Velocity profiles
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Fig. 3. Velocity profiles, P=1

leads to a decrease in the velocity when the values of G, {, M are constant.
An increase in M or £ leads to a decrease in the velocity. But greater cooling
of the plate by the free convection currents causes a rise in the velocity.
Quantitatively, for £=0,5, M=2, P=0.5, there is 769/, rise in the velocity at
n=1, when G is increased from 2 to 4 owing to greates cooling of the plate.

On Figs. 3 and 4 the velocity profiles are shown for fluids whose Prandtl
number is unity. The trend is the same as described above.

Knowing the .velocity field, we can now calculate the skin friction. It is
defined as

C ou’

13) = ——u (dy }y’ze
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and in virtue of (4), (13) reduces to
.} :
T= t’/QUO ( 0; )n=0'

Substituting (10) and (11) in (14), we have
for P<1

(15) r:M—:/;‘_-_t—-l-(l G)(J_ e’"’+Merf(MJt)) J_ ebt(\/ﬁebf;eth,
and for P;:I, |
(16) =(1~ G)(\/_ e—Mf+Merf(MJt))

M2 \/*

v is plotted on Figs.5 and 6 for P=0.7 and 1 respectively. We conclude
from Fig. 5 that the value of the skin-friction is more, when the plate is being
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heated by the free convection currents. For G<C0 (heating of the plate), an
increase in M leads to an increase in the skin-friction whereas owing to great-
er heating of the plate by the free convection currents, there is a rise in
the skin-friction. There is also a rise in the skin-friction when M is increased
for G>0, but owing to greater cooling of the plate there is a fall in the value
of the skin-friction. The same is the trend of the skin-friction for P=1.

3. Conclusions

1. In the presence of the plate being heated by free convection
currents, the velocity profiles are of reverse type.
2. Owing to greater heating of the plate, the velocity decreases whereas
due to greater cooling of the plate the velocity increases.
3. Owing to greater heating of the plate, the skin-friction increases and
due to greater cooling of the plate it decreases.
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