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Analysis of overconstrained spatial mechanisms
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Introduction

Matrix methods for analysis of the mechanisms permit for the
determining of links position to be composed a system of nonlinear equations
in such a form:

(1) fz' (xll xﬂ) ey Xms ql: q21 MR l]s)=0,
i=1,2,...,)), fi€CY,

where X, X5,..., X, are variable parameters, determining the instantaneous
links position;

Gy go - - -, gs are constructive parameters (geometry and mounting) of the
mechanism. When j>m—1 there exist redundant constraints in the mechanism
and the transmission of motion is possible when definite correlations between
the constructive parameters are established.

Overconstrained mechanisms are sensitive to technological and mounting
errors. Such errors disturb the correlations between the constructive parame-
ters; transmission of motion is possible only with elasticity distortions of links
or in the presence of windage in the kinematic pairs. That is why high require-
ments of precisions must be present to overconstrained mechanisms. But
that may find their field of application having in mind the possibility of increas-
ing the construction hardness due to the existing additional bearings.

F. M. Dimentberg’s works [2,3] have contributed a lot to the overconstrain-
ed mechanisms’ analysis and caused the publishing of many other works in
this field. Considerable successes in solving these problems Pamidi, Soni, Duk-
kipati [7], Waldron [8, 9] have achieved.

The method of analysis used by F. M. Dimentberg and his followers have
been based on being identically equal to zero the resultant, composed for two
polynomials. The authors of this article suggest a method based upon: a) the
conventional unclosure of the mechanism [4, 5]; b) the usage of the theorem
for the existence of an inplicit functions set and separating from it the depend-
ent and independent functions. The conventional unclosure of the mechanism
allows us to decrease the number of equations in system (1) and the contain-
ing in it variable parameters.
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Nature of the method used

Let us suppose that system (1) is satisfied in the point

@) X0=(x9, X%, ..., x0)
at a vector-combination of constructive parameters
(3) QZ(% gos e« v ‘]s)

If the mechanism really has an instantaneous degree of freedom equal to
one, it means that in the vicinily of the point (2) exists a set of local one-
value functions

4) {xa(x1, Q) X3(X1, Q)y + - s XXy, Q)}€CY,

where x, is a variable parameter determining the position of the driving link 1.

From the theorem for the existence of an implicit functions set it follows
that the function (4) exists if between j functions f; (i=1,2,...,/) exist
K=m~—1 such functions, for which the Jacobian

(5) D(fi,fo. -, ;’l) #O.

D(XQ,Xg, ey

Without effecting the generality of the ratiocinations, we assumed that the
functions of the separated underset have numbers 1, 2, 3,...,A.
Let us consider now the system of functions

(6) {fl’fm-"’fk’fd}écl’ mgdg./’

where d is the variable number of the function, joined to the system of &
functions. As (6) is a system of m=£k41 dependent functions, as is known
from the linear algebra, for it the Jacobian

(7) D (fl} fz{ 7;& fd) — - O,

D(xy X9y ..., Xx,) ™

where 4, is the determinant with an order m in the Jacobian’s matrix for the
system (1).
In an expanded form the equation (7) may be represented like this:

(8) (Pd(xlyxw---’xm; d1u 42,..,,%)=0-

The number of equations (8) is determined by the number of systems of
functions (6) which may be composed by variations of the index 4 in the
function fg.

For an analytical determining of the relations to be found between the
constructive parameters of the mechanism it is advisable to do the following:

1) to separate from the system (1) an under-system of k=m—1 equations,
for which the functional determinant 4,0, and to determine a system of
local one-value functions (4);

2) to substitute the expressions (4) in all the equations with number
d(m=d=j) of the system (1), whereupon they will accept the form

(9) fd (xu xz(xx): ey Xm (xl)s Q)=Fd (xli Q)=O,

3) to determine the relations between the constructive parameters of the
mechanism — the components of the vector Q —from the condition that the
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functions F, must be identically equal to zero. Because of this is advisable
to represent the function Fj, in the form of a power polynomial

(10) Fa=Aay'+Anay '+ - - + Ao,

where y:tg-’;—l; Ay Auty ..., Ao — constant coefficients, expressed by the

constructive parameters of the mechanism. The unknown relations between the
constructive parameters will be determined by the equations

(11) Ay g o s = A=),

The presence of the equations (8), supplementing the system (1), allows a
considereble simplifying of the solution. Although tihe equations f;,=0 and
pa=0 are dependent, it is convenient to use them simultaneously. This permits
us to simplify the excludirg of X, X3, ..., xm when determining the power
polynomial (10) of x,.

This way of solving permits finding the whole totality of relations between
the constructive parameters, determining not one but p mechanisms, having
one degree of freedom at the presence of redundant constraints.

It is an interesting solution a partial but simple one, as a result of which
are obtained a part only of the unknown relations between the constructive
parameters, i. e. a part only of the p group mechanisms.

Expanding the (8) equation, an expression can be obtained with the follow-
ing form

(12) AWKy Xoy oo vy Xm)FQiowa(Xy, Xoy ooy XY+ + -+ =0,

where ay, a5, ... are coefficients, expressed by the constructive parameters.
Partial relations between the constructive parameters are determined by the
equations:

(13) a,=a,=---=0.
The method presented above is illustrated at the end of this article in
the example of the four-bar spatial linkage.

Numerical method

When overconstrained mechanisms with a complicated structure

(five or six links) are analysed, the vector Q of the constructive parameters

can be determined by a numerical method by computer application. We must
use such a calculation procedure for this:

a) to separate from (1) an underset consisting of A=m—1 independent

equations;
b) to give the vector @ of the constructive parameters and the values of
X1, x{9, ... in the given range for variation of x,;

c) to choose from the separated underset values for X1, X2 ..., corres-
ponding to x{I, xg?'),..., to put them .in all the equations with number
d(m=d=j) of system (1) and find the disparity in these equations as differen-
cies between their left and right parts;

d) using an optimisation method, find the corrections for the vector Q
which will make the disparities negligibly little.

When dividing the value range for x, it is neccessary to have in mind
that the number of equation which the disparities are determined from must be
less than the number of all possible constructive parameters of the mechanism.
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This allows us a part of the constructive parameters (one or two) to be made
variable, and the rest to be calculated at each correction procedure of Q.

As in the case of the analytical solution, instead of the equation f,=0
equation 4,,=0 may be used.

Example. Application of the method for analysing
the four-bar linkage with redundant constraints

In the linkage here considered (Fig. 1) 2, and 4., are revolute
pairs. Let us research the conditions for turning of the mechanism links, sup-
posing that A, and A, are revolute (R) or cylindrical (C) pairs. With such
a structure there exist redundant constraints for this mechanism.

In order to compose the system of equations (1) we shall exclude link 2.
For coordination of the unclosed kinematic chain motions we shall use the
following equations [5]:

(14) (R®— RW) (VX a®)-=h,sina,;
(15) ah) | g\ ==cos a..

In these equations R® and RM are radius-veclors of the coordinate sys-
tems Séi) and Si” origins Oéi) and OV conducted from the system Ky origin
QY'; a® and @) are unit vectors of the axes Z§ and Z\; a, is the angle of
skew of the kinematic pairs axes of the link 2; &, — the shortest distance be-
tween these axes. Using four-order matrixes and homogeneous coordinates, we

shall obtain a system of two equations of the following kind:

Q;1 COS Xy + @y 8101 Xy - @5 COS Ko + @y SIN X+ @5 COS X4 €OS X,

16 . . . .
(16) + Q5 COS X8I0 Xg+ @ SIN Xy COS Xy Qg SiN1 X, SIN Xg-Fai9=0,
{i=1,2)
where x, and x, are correspondingly the angles ¢, and ¢, in Fig. 1.
Here:

@, = h, coS a, sin a, cos ag-+ A, sint a, cOS @, COS ag— Ay sin a, 8in d, sin ay
Q9= — 0 Sin a, Sin a; COS ag
Q3= —h, COS a, COS ay sil ag+ 7, sin o, Sin a; sin a3 — £, sin a, CoS a, cos ag
Q4= Qo3 Sin @, COS ay Sin ag
a,5=", sin o, sin a; sin az— A, oS a, €OS a, Sin ag— /A5 cOS a, il COS 0y
Q6= — Qg SiNl a Sill ag+ g3 COS a, Sin a; Sin ay
@,7= @y, COS 0 SiN ay Sin o3 — gy Sin a; sinay
5= —h, cos a, sit az— k3 sina,; cos ag
9=, 8N a COS @ COS ag+ /1 COS a SN @ COS ay— Ay sin oy +
~+ Ay cosa,cosa; Sinag
@y = —Sill oy Sina; €OS ag

a22:0
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Fig. 1

Qy3=SiNa, COS e, sin ay

@y =0

Qg5 = COS a, Sina; Sin ag

Q=0

Apq=0

Qog=sin a, sin ag

@39 = COS @y COS @; COS ag— COS dg.

Necessary and sufficient conditions ensuring the turning of the mechanism
inks in the whole variation range of x, is the identical equality to zero of the
unctional determinant of second order

DU f)
(1) Dt =

By determining from the equations (16) x,=¢(x,) and developing the
Jacobian (17) the following polynomial can be found:

(18) ApyP+Apy®+- - +4,=0,

where y=tg%; Agy Aigy.v., 4y are constant coefficients expressed by the

constructive parameters of the mechanism. Because of their bulk they are not
given in this article.
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The desirable relations between the constructive parameters determined
from the equalities:

(19) A13=A12:“'=Ao:0»

are given in Table 1. In this table are not given degenerate mechanisms as
well as spherical ones.

At a partial solution of the problem where one can determine as a result
only a part of the relations desirable between the constructive parameters we
can limit ourselves with (17) in the form

0 by (%1, Xo)+ by (X1, X5)F - -+ +bigwig (X4, X9) =0.

Here :
b, =sin?a, (k, sin o3 cos ag— i, sin @, cOs a,),

by,=sin? a, (k, sin ag cos as— k3 sin oy COS ay),
by=sin2 a, (k4 sin ay— £k, COS a, Sinl az €OS ag),
b,=ay, sin® a, sin o, cos a, sin ag oS a3,
by=a,, sin a, cos a, Sin? a, Sin ag cos as,
bg = ay3 8in a, cos ag sin? a; sin a; cos ay,
b,=sin2ag(k, sina, cos a;— £k, sin a, cos ay),
bg="by= hsin aysin? a; sin? ay,
bio=sin? ag (k, sin ay— kg sin a, cos a, €os a;),
by, =sin? ag (g Sin ay cOS a, Sin oy cOS a;—ay; Sin a, Sin @, €os a;)
b a=sin2a, sin? az (@3 + @3 cOs? ay— 24y, €OS ay),
b3 =sin? ag (k, sin ay— £k, cos a, sin a, cos a;),
b, =@y, Sin a,y cOS aq 8in a; cos a, sin? a;,
by=—a,,sin? a, sin? a, sin® ag,
b,s= —a,3sin? a, sin? o, sin? ay,
b 7= a3 sin? o, sin a; cos a, Sin a3 cos ag,
byg=5in a, sin? a; oS ag (@p3 SN az— g, COS o Sin ag),
b1g=@ys Sin ay cOS a, sin a, oS a; sin? ag.
It can be found from the equality
(21) by=by= -+ =byy=0,

some partial solution which coincide with the cases 1) to 4) in Table 1.

In order to determine the position functions @y (®01), ®23 (Po1) @12 (Por)
and @y (o) it is necessary twice making an unclosure in the pairs A, and
Agg; a5 and a,, are translational movements along the pair axes Z{) and Z§)
correspondingly. The obtained position functions will give us full information
about the mechanism structure.

39



wsiueyddW sJaudg ydens

0dbsootujs puls—[+0750910503 |y 50 anjorss — Ty 0=Sep Sei—p=ity |
OousTouis—10bs03( ] 4-00500™0500) | amjoadr — 8y G ="0p “Cp=Tp
R : GOy Sy
y="Y “Y="y
WSIURYISW §JIUdG MG

Wabs00ouistvuls —[-—0s00'ws00 P, Y amjord: — Sy 0="%p="G5lp=280p=10p "
o@EmﬁsEm.IS&wSSI.cSo%cmgL amjoAsr — &y :.cﬂaeu ‘Ep=TIp
.NQ” Yy .MN\"aN\
€0y —10p

104 = 505 1eonewsd — By

L =8p=
reonewspd — @y 006="0=}0 i

.O“Nﬁ .O”os

0= Sty—Fyy + {0 —£0:5)500Ty 4 053000 eonviuspd — &y Ep =% ¢
, [eoppuiiks — &y 0="0 9=0

. m , ,
10554 S%S:m&.f{;hi $09712 =804 woupuphy — &y En—Ti 5
0y Sy—'y [eanewsyyd — @y =% 9=0p
|
. _ W
g s " !
T4 mOu'.N ]1».\]1 00218 =800 —wuﬁ@nﬁ%u - awv~ H Zp=—"0p I
Wy sy—Y jeonpuify — &y ‘="0 g=n
! !
SUO3OUNy UOTI]SOd ! ursJUBGOSI 3G} JO 2In}INNS ,.ﬁﬁmEEma S9A1}INIISUOI 3} UIIMIAQ SUOIIBIRY| ON
— i !
I 2]qeL

40



Condition for existence of a crank in four-bar linkage with
redundant constraints

At the synthesis of a mechanism with redundant counstraints it
is necessary to ensure the existence of cranks, favourable conditions for force
transfer and so on. This imposes new limits on the constructive parameters
besides those determined by the links turning conditions.

For determining link 1 crank existence conditions, we shall represent the
position function in the form of a polynomial:

(22) M Z2+ M\ Z+ My=f (po1, Z) =0,

where M,, M,, M, are functions of ¢, (0=<¢y <2n).
For existence of real values of Z in the range O=<<¢, =<2x it is necessary

(23) Mi—4M M, >>0.

The left part of this unequation can be represented in the form of a po-

lynomial of fourth degree form tg”s' -

(24) N s*+ N3s?--Noys2 4+ N s+ N, >0, (—co s« -} 00)

i

where s=tg %t

The unequality (24) will be [ulfilled if in the equation
(25) NSt NyS*-Nos* N5 4Ny = 0

all roots are complex. This permits obtaining unequations which must be im-
posed on the constructive parameter of the mechanism.

Such a method for determining the conditions for existence of a crank in
the RSSR mechanism with two revolute and two spherical pairs has been sug-
gested by S. H. Kislitsin and his joint authors {1]. We shall note that by ob-

. e e s e . of | . .
serving the unequation (23)in the mentioned range 3’?;——0 and links 2 and 3

will not have special positions. The function Z{g,) in the range O<lg, <2
will be locally one-valued.

For the overconstrained mechanism, mentioned in position 2 of Table 1,
the polynomial {24) is of second degree only and in this case for crank exis-
tence it is sufficient

(26) h2— (y— hy % hg)?>0.

Received on 20. III. 1977
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