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1. Introduction

The paper deals with shear moduli of orthotropic two-phase media,
which are determined on the basis of orthogonal three-dimensional models represent-
ing the idealized structural configuration. These models represent schematic-
ally the unit representative volume and consist of three-dimensional regions
bounded by perpendicular planes which are parallel to the principal planes of ortho-
tropy. They represent two different kinds of orthotropy arising either from or-
thotropic properties of the matrix and of the dispersed phase or caused by the
configuration of these phases-which can be even isotropic ones.

A typical three-dimensional model for orthotropic two-phase materials,
which may be also be called the block diagram, is shown in Fig. 1. The di-
stribution of both the phases is defined by dimensionless characteristic lengths
€ € My Ma & and &,

Let us consider a two-phase material consisting of the orthotropic matrix
and of orientated particles of the. dispersed phase having the same principal
axes of orthotropy as the matrix. The
orientated particles may be replaced 1
by prisms, the sides of which are de- & 5
termined by the principal directions of **'\Q\

orthotropy. Their volume is given by I PO i e [\7\
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In order to determine the edge SN
length of the equivalent prisms, let @ e
us consider the maximum inscribed
prisms with edge lengths &, n,, and
{;» with edge ratios
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(L.3) Qer= 4 zk:C—CCk" Fig. 1. Three- dimensional mode! for . ortho-
e ) tropic iwo-phase materials
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The edge ratios of equivalent prisms having the volumes V/, equal to
those of particles can be approximately found by the linear interpolation as
follows

- Ur—Vir .
(1.4) N, (cp— ),
(1.5) ﬁk=5ik+‘%—:%(ﬁck—ﬁik)’

where v;, designates the volume of the maximum inscribed prism and v,, that
of the minimum circumscribed prism to the k-th orientated particle.

The equivalent prisms are then composed into the resulting prism having
the volume

n

(1.6) v=2" 7
k=1

which is the sum of the volumes of individual particles of the dispers-
ed phase. The edge lengths of the resulting prism are &, n, and (. The ra-
tios of edge lengths may be determined for example by the method of mo-
ments as follows

Zakvk ; Zﬂkvk
(1.7) a=ml _, potl
ka 2 Tk
k=1

k=1

Since
8 nl pg
(1.8) (;:_&E:T:._a.,
we obtain
3 4 3___
_Jara _ . |Bo _Jav
(19) QZ—VQBU” Ne= 2 CQ_\/W'

The resulting prism of the dispersed phase is in Fig. | situated at the
corner of the unit representative cube. This is however one possible placement
only. The resulting prism can also be located in the center of the cube and in
other places without changes of elastic moduli.

2. Physico-Mechanical Shear Moduli of Orthotropic
Two-Phase Materials

It will be assumed that the principal directions of orthotropy of
the matrix and of particles of the dispersed phase are the same and that the
orientation of edges of the equivalent prisms as well as of the resulting prism
coincide with those directions. This assumption corresponds to the structural
configuration of artificial materials such as concrete where the orthotropy of
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the matrix and the orientation of A Y
grains of the dispersed phase is caus- ’
ed by the compacting and to that _ __-—-——-——17
of sedimentary rocks which were form- T

ed by gravitational forces. ,

A horizontal section through the W /| 1/
orthotropic matrix of the unit repre- ' '
sentative cube is deformed by the Yyu
shear as it is shown in Fig. 2.

The coordinate axes x, y and 2 % s
coincide with the principal directions rAmmme
of orthotropy and therefore they have 9 Jran o *

a significant physical meaning. Since e

we are concerned with elastic mo- Fig. 2. Horizontal section through the ortho-
duli, we may assume that the ortho- tropic matrix deformed by the shear

tropy does not change in course of

the elastic deformation.

The shear deformation due to the shear stresses t,, and t,, can be regard-
ed as a double slide of two perpendicular systems of ideal layers lying in
the directions of the x and y-axes which are marked by the orthotropy.

Because of the orthotropy, the angles y,,, and y.y, corresponding to the
shear strains, have different values even if the conjugate shear stresses t,,
and t,, have the same value, Therefore, we have two different physicoie-
chanical shear moduli G,, and G,, of the orthotropic matrix, which correspond
to the different resistance of layered rocks in the direction perpendicular to
the layers and in that parallel with them.

The shear strains, related to the principal axes of orthotropy x and y and
having therefore, in some measure, an invariant character, are then defined by

‘l’xy

&
@1 Vour =
(2.2) Yayr= g;f:l .

They correspond to the angles formed by deformed bounderies with the axes
of orthotropy.

In horizontal sections through both the phases, a more complex shear
deformation occurs which is shown in Fig. 3.

The couple of shear stresses 1,, involves the resulting shear strain

(2.3) Yyxerr =M1 Yyxrrr N Yysorn
whereas the shear strain
(24) Yayrr= 81 Yayrrr+8a Yayors

is due to the shear stresses t,, applied in the direction of the y-axis and it
is not affected by the shear stresses ty,.

The shear stress t,, is distributed into the components t,,, and 1, act-
ing on the individual phases according to the relation

(2.5) Ty =81 Tyx1 T8 Tyxo

Assuming the full cohesion between both the phases, we have the same
shear deformation of the dispersed phase and of the adjacent part of the
matrix
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Fig. 3. Non- symmetrical shear of horizontal sec-
tions through the matrix and dispersed phase

9, = Tyt Tyx2 ,
(2.6) Yyxort Gyt Gy
from which

- _ Gye
(27) Tyx2 = Tyxl = nyl s

where G,,; is the modulus of the matrix and G,,, is that of the dispersed
phase.
Substituting Eq. (2.7) into Eq. (2.5) yields

Tyx Gyn
. Tyog = —ndX WXL
(2 8) e E’51 ny1+§2 ny2

Introducing this expression.into Eq. (2.6), we obtain

— Tx
(29) ny?” - 51 ny1+§2 ny-z

The shear strain v, is defined by

(2.10) Yye1rr = (_;T;; .
Substituting Egs. (2.9) and (2.10) into Eq. (2.3), we get
— M, M ),
(2.11) Yysrr=Tyx (ny1+§1 Gt nyz)

The average resulting shear strain y,, can be found on the basis of the
values (2.1) and (2.11) as follows

(2.12) Yy =1 Yyer+Ca Vyur
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as follows
N1 N2

_ 9
(2.13) Yyx=Tyx [ Gy +Ca ( Gyat +§1 Gy +E Gy )] ’

from which we obtain the corresponding physicomechanical shear modulus
= 3/5 == 1 .
ny“‘ryx s Lt ( L N2 _)
: ny1 E_,l ny1+§2ny2
By analogy with Eq. (2.5), we can write the relation for the distribution

of the shear stress t,, into the components 1,y and 1,y in the direction of
the y-axis as follows

(2.15) Txy=n1 Txyl—T'_n‘l Tx}’Q’

The cohesion between both the phases yields the equality of the shear
strains of the dispersed phase and the adjacent part of the matrix:

(2.14)

yx1

2.1 M, O
( 6) ny2 nyl ny
from which we get

Gy
(2.17) Teya™ Tum *(;‘i:; :

Substituting Eq. (2.17) into Eq. (2.15), we obtain

G
2.18 T Y Yxit
( ) e Ui nyl +ne ny2

Introducing the preceding expression into Eq. (2.16) yields

2.1 e S e
( 9) Tayit Lt Gxg1+ﬂ2 Gryp
The other partial shear strain is given by

T

(2.20) Vopir=t-

Xyt
Substituting Eqs. (2.19) and (2.20) into Eq. (2.4), we obtain
S - W & :
(221) 'ny”%,cxy(axyl-’_ m ny+n2 ny%)

By analogy with Egs. (2.12) and (2.13), we get the average resulting shear
strain . ¥

‘ T B %
(2.22) _ Yey=Txy [ny1 + Cg (ny1+ﬂ1 nyl+n2 nyz )] '

from which we obtain the physico-mechanical shear modulus

1
293 = .
( ) ny Txy §1 +§2 ( & ra f;z : )
G Gryt M1 Gyt Grge

57



Proceeding in an analogous manner as before, we may find physico-me-
chanical shear moduli for the deformation in the vertical plane xz:

(2.24) G, = !

M & [ ’
RIS (_ EXVIN. . )
szl ? szl &1 szl"l‘éz szz

1
(225) Gy, = L1V & + &2
zel Tle(zel Cl ze1+§2 zez )

and those for the deformation in the plane yz:

(2.26) G, = 1 ,
&1 +§z( & o & )
Gzyl Gzyl M Gzy1+n2 Gzy?

1
(227 Gyo=; = ( L i )
Gy Gyzl Cl Gy21+C2 Gyz?.

Assuming the equalibility of the conjugate shear stresses 1,,=1,,, 7,,=1,,
Ty,=T1,y, wWe relate in such a way the symmetrical stress tensor to the non-
symmetrical strain tensor. The assumption of the equality of conjugate shear
stresses yields the zero value of the resulting couple stresses. However, the
partial regions of the section shown in Fig. 3, namely B, C and D are acted
on by the couple stresses T,y & Na—Tyyo & N2 Ty Gy Ma—Tyua & Mp and 1,0y &
M—Tew & M- We may write for such a section the following condition of
the moment equilibrium

(2.28) (Tay=Ty) & M+ (Tepa—Tyx) G Mat+(Tey—Tyx1) & M2

+(Tay1—Tyx) Go M =Ty Ty

Bearing in mind the relations

(2.29) Ty =TI
(2.30) =L

which follow from Egs. (2.5)and (2.15), we obtain from Eq. (2.28) the identity.

3. Ideal shear moduli for average symmetric
shear strains

The horizontal section through two phases is characterized by
four different deformational regions as it is shown in Fig. 4.

In order to obtain the relations between components of the symmetrical
stress tensor and the symmetrical strain tensor, we may introduce the relation
between average shear strains and shear stresses proceeding in an analogous
way as P. P. Teodorescu [1] in the case of isotropic Cosserat media. The ave-
rage shear strains of the regions A, B, C and D are then expressed by

1 1
(3.1) Cxya=73 (Yap1 T ¥ye)= I (Tey+ a0
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Fig. 4. Four regions of the horizontal
section through two phases

1 1‘
(3.2) Cap= 5 (T V) = 55— (Tunt Ty
1 1
(3.3) Exye™= 5" (et Yy0)= 26, (Tay+Tyn),
1 1
(3.4) Eoyp= 5 (Yaya T Vym) = 56 (Tayr+ Tya)s
where
2
(3.5) Gy = —1“":7‘*
Gut Gy
and
2
(3'6) 022 =71 1

G.ryz nyz
are ideal shear moduli for average shear strains and stresses which have the

same value in all directions in the plane xy perpendicular to the z-axis.
Egs. (3.1) to (3.4) yield the following important relation between average

shear strains
(37) Exyat €xyp=8yyc =} Evypr

From the set of Egs. (3.1) to (3.4), we further obtain the following rela-
tion between the components of shear stresses

1 1
(3.8) a6, (Tt Ta) = 55~ (Tey2tTyao)

Substituting in this relation Egs. (2.29) and (2.30) yields

Ge m) ez ix) _ Ty Tex
(8.9) (Gz1+ﬂz Txy1+<621+§2 Ty'd—ﬂ\z_f—gzq

The resulting average shear strain of the square section through two phases
may be expressed in the following four alternative forms

(3.10) Eoyrr=Cxyat (Exyp—Erya) Gt (Exyc—Eupa) Mo
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=8yya (61— Ne) FEyyp&atEryc Mo

(3.11) Exy1r=Lxyp—(Exyp—Exyc) &1~ (Exyp—Exyp) M
=8y (Ea— M)+ Ewc &itEp Mo

(3.12) Ery11=Exyct (Ecyp—Eryc) Ea— (Erve—Expa) M
=€,50 (E1— M) +Exyp 2T ExpaNus

(3.13) Eyyi1=Exyp—(Exyp—Exya) &1+ (ExyB—81yp) Na

=8,yp (Ea—Ma)+Eypa &1+ Eyp Mo

Expressing the shear strains in terms of shear stresses according to Egs.
(3.1) to (3.4) and substituting for t,,, and 1,,, the values from Egs. (2.29) and
(2.30), we obtain the common unique expression

4
(3.14) Sy = 5G, (&1 Tay M1 Tyr 8 Tayi Mo Ty)-

For determining the strain €., the stress components t,y and 7,,, are
needed. Eq. (3.9) is not sufficient for this purpose. Therefore, a further rela-
tion should be sought.

Fgs. (3.5) and (3.6) may be rewritten as follows

20, G
(3.15) G,= ———‘21+"lx1 R
. 2(!2 Gy )
(3.16) Gpy= —az_‘_—f—— ,
where
_ G _ G |
(3.17) o, = G’ W= Gomo

The similar character of orthotropy of both the phases is defined by the equa-
lity a;=0,. In this case, the relations (2.6) and (2.16) yield

T _ e

(3.18) qn=ge,
Tyxt __Tyx2

3.19) e

Combining Egs. (3.18) and (3.19) with the relations (2.29) and (2.30), we
obtain

T
(3.20) Txylz_xé—;_— )
nl"‘nz—Gi;—
F4
— e Ty
(3.21) Ty =
) 51'!‘52%—23
Uzi

The previous expressions satisfy the relation (3.9).
Introducing Eqs. (3.20) and (3.21) into Eq. (3.14) yields

171
(3:22) S AR

+ Es Try N2 Tyx ,
T M Gutny G & GartBelae
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Combining this relation with the expression for the shear strain of the
section through the matrix

2 _ Tyt Tyx
(3.23) L= " 50,

and assuming the equality of the conjugate resulting shear stresses t,,=1,,,
we obtain the average shear strain of the unit representative volume in hori-
zontal planes ‘

(324) o=t g 5 (Mo

r
4 22 e Ne .
M Ga+n2 Gy &1 Gn+8 Uy

The resulting shear modulus of a two-phase material in horizontal planes
is then given by

{

3_2 ki Eky:: .

(3.25) ' gy i+é(§1+n1 4 &2 + UE )
Gn 2\ Gy mUu+nlp §0Gu+E&0x

This ideal shear modulus can be related, under some restrictive conditions,
to the physico-mechanical moduli G,, and G,, by the expression

2
(3.26) a,= T, 1
which is analogous to Eqs. (3.5) and (3.6). Introducing Egs. (2.23) and (2.24)
into Eq. (3.26), we have

1
s G 4 g +_3—)+5?-(—§l-+ M
. C’xyl nyl 2 nyl nyl n ny1+112 ny2 §1ny1+5.2 ny2
Bearing in mind Eq. (3.5), we may see that the first term in the denomi-
nator of Eq.(3.27) is equal to that in Eq. (3.25) without any restriction. How-
ever, the second terms in the denominators of Egs. (3.25) and (3.27) are
only equal, if G,,; =Gy, and G,y,=G,y. These equalities yield according to
Fgs. (3.5) and (3.6) further G,,; =Gy, =G, and G, =0y =0,,.
Proceeding in an analogous way as before, we get by analogy with Eq.
(3.25), the ideal shear moduli in vertical planes of orthotropy:

1

(3.28 G,=
( ) Y _n__l +ﬂg(€l+l;1 + &2 + CQ 4
Gp 2\ Gyp GOu+86Ge & Gu+EG,,
1
.29 = ’
(.25 G, &y B Al N2 o & )
Ga 2\ Gun GGat&le mGut+nGe
2 2
(3.30) Gy = —:1_—__—‘-—7-— y U= T, 7 s
zel szl zez szz
2 2
(3.31) G Ep Gy= i :
e L Y
Gy Gz Guez O
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If G,,1=G,,1, Cpa=0,y we have the relation

2
1 1
Gr O
between the moduli defined by Eqs. (2.24), (2.25) and (3.28).
The equalities Gy,;=G,y; and Gy,=G,y, vield the relation
(3.33) Gy=———
: T +-——Gzy

between the resulting shear moduli given by Eqgs. (2.26), (2.27) and (3.29).

(3.32) G,=

4, Conclusion

For determining the elastic moduli of orthotropic two-phase media,
the three-dimensional models or block diagrams have been introduced which
are, in some measure, analogous to three-dimensional rheological models [2].
These models can be regarded either from the phenomenological or from the
structural points of view. From the phenomenological point of view, there are
some analogies with rheological models, not only with three-dimensional [3], [4]
and even with usual one-dimensional models. From the point of view of the
body structure, three-dimensional models of two-phase materials can be obtained
by various procedures consisting in replacing individual orientated particles by
elementar prisms and in seeking the resulting prisms as it has been shown in
Section 1. .

For the idealized distribution of stresses on individual regions, analogous
assumptions has been adopted as in the case of rheological models.

Section 2 deals with physico-mechanical shear moduli of orthotropic media
corresponding to the deformation in principal planes of orthotropy. The defor-
mation is defined by angles formed by displaced edges of perpendicular cross
sections of the unit representative volume with the axes of orthotropy. These
angles have therefore, in a certain measure, an invariant character. The phisico-
mechanical shear moduli relate the symmetrical shear stresses to the non-sym-
metrical shear deformation corresponding to the idealized structural configura-
tion which is non-symmetric with respect to the diagonal of the unit represen-
tative cube.

Section 3 contains formulae for ideal standard shear moduli relating to-
gether symmetric average shear stresses and strains.

For deriving the relations for physico-mechanical shear moduli and ideal
standard moduli, the same assumptions have been adopted which are usual in
the theory of rheological models [3], [4]. Therefore, we have assumed the uni-
form distribution of stresses in the individual regions and their jumplike changes
on the boundaries of these regions. Such a procedure instead of that which is
based on the exact theory of the three-dimensional non-symmetric elasticity is
justified not only by the simplicity but also by the introduction of an idealized
body structure which represents an average structural configuration of a great
number of specimens.

Analogous approximate semi-structural procedures may be applied for deter-
mining shear characteristics of various non-homogeneous elastoplastic, viscoelast-
ic, viscoplastic and elastoviscoplastic bodies which are treated in books by
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G. Brankov [5] and D. Kolarov, A. Baltov and N. Bontcheva [6]. Structural
models have been applied for determining rheological integral operators by
E. Sobotkova [7].
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