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Vibrations of Rigid Bodies
in the Visco-Elastic Model

Nguyen Van Dao

This report concerns with the non-linear vibrations of rigid bodies
in the visco-elastic model and the effect of dynamic absorber the mechanical
model for which is shown in Fig. 1. In the first paragraph the self-excited vib-

ration of a rigid body caused by “negative” friction is
‘F considered. The second paragraph is devoted to the
forced vibration of a rigid body when the mass M is
M acted on by the harmonic excitation. In the last two
¥ paragraphs the effect of dynamic absorber for damp-
ing the mentioned vibrations are studied.

§1. Seli-excited Vibration

Fig. 1 The motion equations of the mechanical
system shown in Fig. 1 are of the form

Mx+cx+eBx3+eh(x—2)=¢F,

(1.1) oo
eh(z—x)+¢ekz=0,

where ¢ is small parameter, F is the force acting on the mass M, the term
ePBx?® characterizes the nonlinearity of the main spring. The first equation de-
scribes the motion of the mass M, while the second one — the motion of
the second spring (ek).

Eliminating z between equations (1.1) we get

(1.2) X + Ex+Q2x+EQix=¢R,
here
(1.3) o [FHEF— 3Pt —hi—Ep E=, Q2 =L

Thus, in contrast with the vibration of a rigid body in the elastic Hook’s model
here the motion of mass M is described by the differential equation of third
order. This kind of equation and its solution have been investigated in several
papers of the author [1—3]
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Now, let us consider the case when B=0 and F is “negative” friction of
the type

(1.4) Fep(l 52 )x,
where p, r are positive constants. Using the asymptotic method [1—4] we
receive in the first approximation the solution of equationm (1.2) in the form
(1.5) x=acos (Q+v),

here @ and y are unknown and determined from the system of averaged equa-
tions ‘

%; = —Q(g—zi.ﬁ?) [E&(R, sin 9)+£(R, cos 9)],

(1.6)
d 2
Ft‘g:ﬁzT&ST{»ﬁ? [QUR, sin @)—E(R, cos )],
( ) is averaged operator, ¢=Q¢+y,
Ro=R(x=acos 9, x=-—aQsing, x=-—aQ?coso).

Substituting into (1.6) the expression (1.3) we obtain

‘ 1
gg’=—2/&“4‘(§ﬁﬂj’ [P(‘ia'*'m)—&k——rprm & +Q2)a?|,

(1.7) )
Tf:akn/QM(gum).

From here it follows that if &&>p(&2+Q2?) the equilibrium a=0 is stable and
there is no self-excited vibration of mass M. If Ek< p(£2+Q?) the mass M vi-
brates with the amplitude

- qfﬁ@ﬁﬁf):ﬁ_’i.
(19) =2\ pra g 1 )

It is worth mentioning that for the corresponding Hook’s model

(1.9) M+ cx=ep(1 — 530 Jx
the mass M accomplishes self-excited vibration with larger amplitude
(1.10) Ay

Qr

§2. Forced Vibration
For the case F=Psinyt the motion equation (1.2) takes the form
(2.1) X + Ex+Q2x+EQ2x =17 p(y cos vt +& sinvt) ——— [(k +3x2)x—EPxT].

Let us consider the resonant case, when

(2.2) Q=72+ ¢o.

Two parameters family of periodic solution of equation (2.1) is found in the
form [1, 2]
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(23 ~ x=acos gvt+w)+wl(a, v, Y +ehua, v, YO+ ...,
Gr=tAia, v)+edya, )+ ...,

(2.4)
Eﬂ’_:gBl(a, v)+e2By(a, y)+ .

Followmg the method presented in [1, 2] we receive in the first approxxma-
tion

(2.5) x=acos(yt+v),
and its refinement
(2.6) x=acos(yt+ W)+§2%{2‘ Ba3 cos 3(yt+ ),
here a and vy satisfy the system of equations
da  Iym+&ra P 1 3 3
@7 = 8[2,(72+§z, + 5 €08 w] rip= (M &ca+ Epa ) .
dy & [yra—E&ry P
@ = [ty | ra = (Mroat b + ’*‘Y")

In Fig. 2 the resonant curve for the case "AT =001, Q=§&= k=1, P9=-§—
B==10 is presented. '

§3. Dynamic Absorber for Forced Vibration

To damp the forced vibration of the main mass M a dynamic
absorber with mass m is put on (fig. 3). The motion equations of the system
considered will be

my-+d(y—x)=0, |
(3.1)  Mx+cx+d(x — y)+eh(x—2)=Psinyt,
eh(z—x)+ekz=0.

. w
l—‘% 2 ek |
2 3 €
3 ‘ 3

Fig. 2 Fig. 3

Eliminating 2z in the last two equations and denoting

m

, 4
(3.2) . @P=——r Jr=H
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we have
(83) X +Ex4+Qx+EQ%x+po? (x—y)+ pmag(x—y)=% (&P sinvyt
+yPcosyt)—~;'Tk,i¢, y+oXy—x)=0.

The solution of these equations will be found in the form
34) xX=xo+asinyt+bcosyt, Y=Asinyt+ Bcosyt,

here x,, a, b, A, B are constants. Substituting (3.4) into (3.3) and comparing
the coefficients of sinyf, cosyf we receive the following equations for unknowns

ayY(Q—7? + po?) + bE(Q2 —1? + po®)—po? (YA + EB)=—-P— 41 kya,

(35) GE(@P—1+po?) —by(Q® — 1+ po?)—peA(EA—B)= S P+—r kb,
an?=(a?—72)A4, bo?=(?—y?)B, x,=(.

From here it follows that if the free frequency w of the dynamic absorber is
chosen equal to the frequency y of external force w=y then

a=b=0, B=0, A=—P/mo?
and therefore
x=0, y= ——,%2 sin y£.

The forced vibration of mass M is damped.

§4. Dynamic Absorber for Seli-Excited Vibration

Let us consider now a dynamic absorber with small mass (em) and
weak spring (ed). The motion equations take the form

X + Ex+Q2x+EQx=¢R,

(4.1) , . :
Y+ 0?y+8,y = 02x+0.x,

where 8, =8/m
(42)  R=p | F+EF—Ri—d(i—5)—Ed(x—y)—E(x—3)—8(x— ).
A solution of the system (4.1) is found as

(4.3) x=acos @, y=a(L cos@+ Nsing),
here
(44) _@-Qes oy

' (@—Qp4+Q% * T (@—-Q2p 4027

In the first approximation we have the following equations for @ and y [1, 2]

% =g’;(—g;:g—e) [&(R, sin @)+ R, cos ¢)].
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(45) = g [ARosin 9)—E(R, cos 9)).

Ry=R[x=acose, y=a(Lcose+pn sine)].
Substituting here R from (4.2) we get

104,

0,4

0,2

Fig. 4
L P LAY Sk me3,
(4.6) d¢ T 2M [p( 4 Qe ])+€2+92+ (mz_ge):+gasi?] :

From here it follows that
1) The regime a=0 and therefore the equilibrium x=0 of mass M is stable

. ek i 3,
if p<5"*+ﬂa + miQ (@2 — Q22+ Q257 :

2) There exists a self-excited vibration of mass M with the amplitude a, deter-
mined by

Ek mQAs,;
e ] >0.

The effect of dynamic absorber is characterized by the term containing
8, in (4.7). If ©0=+Q this term will be very small when 8, is either very small
or high enough and therefore in the interval (0, oo) the coefficient 5, takes
the values corresponding to minimal values of a, If ©=Q the effect of the
dynamic absorber is high when 8 is small.

Figure 4 shows the dependence of the amplitude @, on the coefficient of
friction 8 for the case p=0.1, £=0.1, m=0,1 £=Q=1, §;=8/m. Curve 1 cor-
responds to the value @?2=1.5Q2 and curve 2 to w?=2Q2 From (4.6), (4.7) it
is easy to verify that the points of axis 8; which correspond to 4,>0 (4,<0)
are unstable (stable). ;

Thus, it is posible to use the dynamic absorber to damp the forced vib-
ration of mass M in the Hook — Maxwell’s visco-elastic system. For this pur-
pose it is nesessary to choose the free frequency of absorber equal to the fre-
quency of external force. To damp the self-excited vibration of mass M we
have to choose the suitable coefficient of friction (8) of the absorber.

(4.7) Ay= 5 proai=p— [
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