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A Solution of the Stokes’ Problem
for a Circular Cylinder

K. Shulev

Introduction. The well known classical Stokes’ problem is to find a so-
lution of the Stokes’ differential equations

6) grad p=pAu, divuz=0,

subject to boundary conditions of viscous and incompressible fluid for a long circular
cylinder. These boundary conditions for a transverse flow past a motionless circular

cylinder and uniforme with constant speed — U at infinity are
2 Uy =0, to=—U, pu=0,

where s denotes the cylinder surface. In the case of transverse motion of the cylinder
with constant speed U through viscous fluid which is at rest at infinity these boundary
conditions are

3) #,=U, Uos=0, Pou=py

This problem had been considered by G. Stokes [1] with a solution that cannot sa-
tisfy all above-mentioned boundary conditions for the velocity #. Unfortunately the
tries to solve the same problem later on had not been successful, in fact this case is
widely known as so-called Stokes’ paradox. Nevertheless the Stokes’ solution is con-
sidered by many authors, e.g. [2], [3]. As certain advancement is the solution by
means of Oseen’s differential equations with partial account of inertia terms, but the
boundary conditions for the velocity still cannot satisfy exactly.

In the present paper a solution of Stokes’ differential equations (1) exactly satis-
fying all the boundary conditions either (2) or (3) for a circular cylinder is given, as
well as the pressure distribution. This solution has a different form in respect of the
classical Stokes’ solution.

1. Boundary problem for motionless cylinder

Following the suggestion to study the flow past a motionless cylinder
by means of the steady Stokes’ differential equations, the problem is then to find a
solution of equations (1) subject to boundary conditions (2). Let cylinder axis coin-
cides with axis z of an absolute frame of reference, cylinder radius is @ and the flow

with constant speed — U at infinity is directed in opposite to axis x. Considering in
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cylindrical co-ordinates 7, 6, z then the velocity component #, also all partial deriva-
tives with respect to variable z vanish in the governing equations (1). The boundary
conditions (2) for velocity in cylindrical co-ordinates are

(4) ur!f=a:O’ e r=a:0’ uf’_f:oo:_—UcOS e’ ue!r:w:Usine’
where U=|U|. Substituting
() t,=Ucos0+7v, uy=—Usin0+wg

into (1) it can be readily checked the invariance of the system (1) relative to trans-
formation (5). Thus the problem [ is reduced to a transverse motion of the cylinder

with constant speed U as the differential equations remain the same.

II. Stokes’ boundary problem for moving cylinder

The corresponding system (1) in cylindrical co-ordinates is
ap [a (1 drvr) 1 02vr 2 a’”e]

or  “tor \'r or 7 00Ty 08
op d 1 Oruy 1 0%y 2 av,
©) 00 —H [“57 (“r' “E)r_) P T
orv,  Ouy
SN A7 R A,
or + 00 =0,

as the boundary conditions following from (3) are
(7) U, |,_,=Ucos®, | _, =~—Usin®, o,__=0, v}, =0,

as the condition p.=p, remains the same. The problem is to find a solution for the
velocity components v, and s and the pressure p of system (6) subject to boundary
conditions (7), 8lso pe==p,.

Solution of problem II

_ A necessary condition for compatibility of system (1) is the vector
HAT be a potential one, as we consider v in the place of u. Applying the operator rot
of both sides of first equation (1) follows the system for the velocity v only.

(8) . rot Av=0, divo=0.

It is worth noticing that the first equation of (8) follows easily from the two first
equations of (6) by cross differentiation and eliminating the pressure terms.
Introducing the stream function wy(r, 0) through

oy oy

1
9 U=—" 55> To=—73,
the system (6) is reduced then to the following system
dp __ u OAy 6;7__ Qﬂ
Ll worwmr e M

where A is the Laplace’s operator
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%y Loy 1 oy
(11) A=Grt 7 ot 7 e

Differentiating first equation of (10) with respect to 0 and the second to r and elimi-
nating the pressure terms yields the biharmonic equation

02Ay 1 oAy 1 Ay
(12) Tm T e o e =0

as Ay by (11) is given.
Remark. The function y of the Stokes’ solution is sought as

(13) y=f(r)sin 8.

After substituting (13) into (12) follows the Euler’s equation
2 r 3 3 y] 3

(14) f 42 7 = f o+ i = i =0

with general solution
f()=Ar¥+Brinr+ Cr+»1r2~

It is not possible the constants of integration A, B, C, D be determined to be satis-
fied for all the boundary conditions (7).

We try to find the solution choosing v of a different from (13) form. For this
purpose we consider the variable 6 to vary over the symmetric interval [—m, n]. Then
as is well known the sin® can be represented in the half-interval [0, n] by the follow-
ing uniformly convergent Fourier’s series [5]

o0

cos 2s0
- 1—~4s2 "’

. 2 4
(15) $in 0= —+ —

which follows from the Fourier’s series of |sin6| over [—n, =] (since sinf=]sin
when 6 is over [0, n]). Some reasons of integration require the components v, and ve
together with their first and second derivatives be expressed by uniformly convergent
Fourier’s series. Thus, it is necessary four time integration of (15), which is reasonable
because of a uniformly convergence. After integrating four time, determining the con-
stants for 0=0 and summing up the numerical convergent series one obtains

2 n 02 (4] 4 . sin 2 s0
(16) €08 8=l —(Fr— ) 0ot g Té @RE(1—4s)’
i 2 n ns 2 r 02 03 04 4 wv cos 250
(A7) sinf=—r— 5-— 55 +0 (n 6) 7% Tt x 2 @s(1—4s%) °

s=1

In the same way when 6 is over [—m=, 0] it follows (because of in this case
sin@= —|sin6|) that

. 2 4 T cos2s0
(18) Sinb=——= I T

2 n 02 @ 4w  sin2se
19) cosh= 1""(?— T) Ot = g 25F (1-452)
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. 2 - r s 2 n\ 62 03 04 4 cos 250
(20) Sme:‘(?‘ ® W))+9+(—1t——— ?)“2“# o2 2 BoH(1—4s) *

First we seek the solution for v, and we when 6 is over [0, n]. In view of repre-
sentations (16) and (17), then the two first conditions of (7) lead to

0 6
HSH ML WSS

2 T 3 2 T 02 3 94 4 cos 2s0
(22) o, 8)= “U[T'" 6 3'6‘0+9_(“1?— ?) o3 TRt 2 (251 —4s%) l
The stream function y is sought then of the form
r r r r r
23 y(r, 0)= Ua[ao (—&—) +oy (T)O +0g (T) 02+ a4 (7)63—{- o (—a—>64

& 2‘ B‘“( ) cos 2s e}

where -2— is dimensionless variable. Denoting §=~;— then in accordance with (5) follows

@) o6 = [al(a)+ 20,(£)0+ 305(E)0%-+ 4y ()63 — 3 '(25) By, (&) sin QsG},

s=1

(25)  7e(§, 0)=—U [%(f;) +a; (E)0+ 0y (E)02+a; ()0 + ap (£)04 + D By (&) cos 239],

s==1

where the prime denotes differentiation with respect to & The boundary conditions
(21) and (22) are to be reduced to (24) and (25) when £=1, while the two last con-
ditions of (7) follow from (24) and (25) when &—co. After differentiating v from (23),
substituting the corresponding partial derivatives into (12) and annulating the coeffi-
cients of 0% (=0, 1, 2, 3, 4) as well as of the cos2s0 it follows the system Euler
type differential equatxons for the unknown functions a,(§) (£=0, 1, 2, 3, 4) and B, (&)

1

(26) ag4’+~&— oy, 0 T 53 a,=0

(27) ag) +—§-(13 '3 “glz a;+ gls =0

0 b (e o
(29 a(14)+%a;”"‘gl o, + 23(52 3 =3 o+ {;4 )
(30) 054’+-§-06"—%“6'+*§3—“6 (52 5 é oy + &4 ag+ 54 )
(31) BM) Bés,_ 2(23)2-—1 B‘_)S 2(28)2+1 Bgs (2s)‘1;l4(2$)2 Bae=0.
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The equations (28), (29) and (30) are non-homogeneous ones whose right-band sides
are to be determined from the solutions of the preceding equations.
The general solution of the equation (26) is

0(8)=ay+a; InE+a,pE2+a,821nE,
as the constants of integration a,; (i=0, 1, 2, 3) are to be determined subject to the
following boundary conditions

ta=gr o) =g, Jim ZE=0, lim 0;(®)=0,

&-s00

whereupon a,m::f;—n, an :1%&’ Qo= a;3=0. The function o,(&) is
1

(32) 05(8) =15, (1 +1n ).

Likewise the general solution of (27) is
03 (8) =g+ @y In &+ @382 +a338" In &,

and the constants as; one determines from the boundary conditions

3=~ @)=~ lim 45 =0, lim ai(®)=0,
as ag=az= — “-é—, @39 =0a33=0. The function ay(§) is
1
(33) 5(8)=——-(1+In&).

Substituting o, from (32) into the right-hand side of the equation (28), after some
simplification follows the non-homogeneous dlffetentlal equation

1 4 1
(39 ag4J+Ta = =5 Oy F - gs o= — — -ZT&,

T
whose general solution is
05(E) = g+ oy 10 &+ 23982+ 0582 I & — —— (3 103 + In3E).

The boundary conditions determining the constants a,; are

2 . 1 2 A . /
20 )= (2= %), e)=—p (5= 5) lim 2o, Jim a;(8)=0,

whence it follows that a20=a21=~152—— —:c— Qg =ug3=0. The function ey(&) is

(35) a2(¢)=(.1% - /(1+1 n&)— g (3INTE+1n3E).
Similarly from (29) and (33) it follows the equation
2 ... 1 .. 1 ., .lInt
(36) a(“‘)—;—?al —Ez»al +—5—3a1= —%—4«

with general solution

a(E)=aio+a; InE+ a8+ a 382 In &+ —(l;‘ (31n%€ + In3¢).
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The constants a,;, one determines subject to the boundary conditions

uD=1, g)=1, lim -4E =0, 1im ag)=0,
Eooo ]

as a,=a; =1, a=a,3=0. The function @) is
(37) 0,(8)=1+1n &+ (3 1% +1n%).
In the same way from (30), (32) and (34) follows the nonhomogeneous equation
(38) 0+ 20y~ 0y gy 0= e — (80 + 1) Gt e
whose general solution is
0o(&) = Ao+ Aoy In E+ @82+ A3 E2 In E—ayy 1 n?&.+“2° 1n3§-‘-—ln4§+£nln5§.

The corresponding boundary conditions are

73

, 2 : .
HD=5— 5= e m =0,

that determine

_2_m*m_ =
Q1= 6 360’

Here the constant a,, remains indetermined, but it is no essentially since ay(E) is out
of the presence into (24) and (25) respectively. The function ay(&) is expressed as

(39 od®)= o+ (Z— 5 ) nE—(Fr— )%+ U5+ g5 Inter g e,

Also the general solution of equation (31) is
Bas(8)= Ag &2+ By & + Co 0% + Dg 5277,

as the constants of integrations Ay, By Cys and Dy, are to be determined subject to
the following boundary conditions:

Aoy =3 =0.

4 , 4
—25 Bay(1) = ~ RIS —4%) Ba(D) = IS =15’
fin Bgz(ﬁ):o, lim B, (£)=0.

From the two last conditions it follows that A, ,=B,,=0. The two first conditions
lead to the system

28Cos+ 25Dy = —25Ca5+(2—28)Dys = —rsgrr—s

n(QSP(I (1 —4s%)’ n(28)(1—4s?)’

whose solution is

Cos= 1@@2}? , Dy= HX)%?F:T) .
Finally the functions B,, are ( J;:_;_)
(40) Bag (~’a;) = 11:(225)4 [ 231—{—1 (_:—)23— ~2'51~—1~ ('?’)25_2]'
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Thus the functions a; and B,, are already determined. Substituting them into (24)
and (25) one obtains the velocity components @, and ©e for 0 over [0, =n].

The solution for v, and vy when 0 is over [—m, 0] follows in the same way mak-
ing use cos® from (19) and sin® from (20) into the two first boundary conditions
of (7) respectively. We give the final results as follows

ay(8)= -—ﬁ (I+1ng), oy&)= _% (1+1n§),

0a(8)= — (5= 5) (L HINE) +4- BINE+INE),  0(§)=1+1nE+4 (BIn% +1nE),

4

0(®) = —am—(— 6 — 555) In 6+ (1 — 5 ) (%6 +15 ) — (o IntE— e,

Bur( ) =~ w07 [ 75t (*Z‘)Qs— e (%)QH}.

Let us denote 0==0,, a,=a,, By;=Py,y when 0¢[0, n] and 6=0_, v,=0,__, Bys=Pos—
when 6¢[—m, 0]. As is obvious

O =—045 Gg=—0Oop; O_=04; Oy =—0Og; Oy =gy, Oy =—0Cgy, Po=—Posp.
Accounting these properties through the expression (24) for o, and (25) for vy it can
be readily shown that

v.(r, 0_)=v,(r, 0,), wo(r, 0_)=—1p(r, 0,).

These relationships show the symmetry of the velocity field relatively the plane 6=0.
Since 0% (£=0, 1, 2, 3, 4) of (24) and (25) can be expressed by convergent Fou-
rier series, then v, and we can be wholly expressed by Fourier series as & is a pa-
rameter. Then the generalised Dirichlé’s theorem [6] holds concerning the sum of
Fourier series at the end of intervals. So that for =0, and 6= -+4-n one obtains

%,(6 0) omo=—y lim [0,(5, 0,)+04E 0)] =045 0),

1

(& 0)jo—o=-5- lim [20 (5, 04) + 2o (&, O =5 lim [2(& 0,)—2e(E 0,)]=0,
04— 04-—0

A& £M)=7/E ), vo (§ £m)=0.

Thus the stated boundary problem II for the velocity field satisfying all the boun-
dary conditions (7) is completely solved.

Replacing v, and vy into (5) one obtains the solution for the velocity field of
the boundary problem I

Solution for the pressure distribution

Substituting now the stream function y from (23) into the system (10)
also accounting the fact that the function

()i (o (oo (o o
2 3 it (2]
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is harmonic one (Ay,=0) and after integrating we obtain
CBuU  yrsin2s0( a \BH!
p=C+ na £ (2s)2 (T) ’

when 0 is over [0, n]. Because of p ,—.=p, it follows C=p, so that

_ 8ulU o sin 20 [ @ \25=1
P=Pot— < o ()

-
“a
8uU N1 sin 250 _a_)?”‘
P=Po——1; 2{ (2s) (r :
Se=x <

Obviously there is no difference since 6_=-—0, and sin 2s0_ == —sin 2s6,. This fact
shows the symmetry of the pressure field relatively the plane 6=0.
Thus the stated Stokes’ problem is completely solved.

Since ﬁﬂs—(%):"“Bgs-{-( . ) then the function p when 6 is over [—m, 0] is expressed as

Conclusion

The solution of the Stokes’ problem presented here confirms that the
so-called Stokes’ paradox does not exist. There is only a case when the Stokes’ prob-
lem of a cylinder cannot be solved by means of a stream function of the form (13)
like the Stokes’ solution.
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