On the Remark by M. M. Konstantinov Concerning the Solution
of the Stokes’ Problem for Circular Cylinder

K. Z. Shulev

The author of this remark awkwardly suggests that the function p, obtained in {1},
could not fit for a solution of the stated Stokes’ problem.

A direct verification is made, confirming that p satisfies the Stokes’ differential equations for

r
each 0 (a slight erratum made out on p. 63, where the — must be in power 2s), The function p is to
satisfy the Stokes’ Eqns and the condition p—p, for #—co. Any other requirement as in [2] for 6=0, %
goes beyond the correct statement of this Stokes’ problem. Indeed there is no condition for the va-
riable 0.

The Stokes’ equations§ as being approximate, are unable to represent adequate picture
of the flow. One shouldn’l expect more from its solution. In the paper [1] a mathematical solution of
the Stokes’ equations subject to boundary conditions is obtained.

The remark [2] is absolutely unreasonable in the light of the test of the solution, as well as the
mentioned before.
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On the Incorrectness of a Mathematical Proof about
Unsolvability of the Stokes’ Paradox

K. Z. Shulev
Introduction

As it is well known, the Stokes’ paradox is the impossibility to obtain
an exact solution of the boundary value problem for the Stokes’ differential equations

6)) grad p=pAw, divo=0,

for a long circular cylinder subject to boundary conditions appropriate of viscous incom-
pressible fluid. For the flow past a motionless cylinder the boundary conditions are

(2) 6.5‘269 ao.,:—-a, Peo=Po

where s is the cylinder surface, U is a constant vector, and p, is a scalar. First
the stated problem had been considered by G. Stokes (1851) with a solution that
the velocity field obtained cannot satisfy all the boundary conditions (2).

There is a mathematical proof concerning the impossibility to exist a solution for
the velocity field exactly satisfying all the boundary conditions of this Stokes’ problem [1].
The final result in this proof is that the stream function y which satisfies the biharmo-
nic equation AAy =0, at the same time must be a harmonic one, i. e. it must be satis-
fying Ay=0.

A solution of - this Stokes’ boundary value problem which exactly satisfy all
the boundary conditions (2) in [2] is given.

In the present note the incorrectness of the mathematical proof about unsolvability
of the Stokes’ paradox in the Birkhoff’s book [1] has shown.



Formulation of the Stokes’ problem

The boundary value problem (1), (2) in cylindrical co-ordinates is reduced
to the system differential equations
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subject to the following boundary conditions
(4) ‘vf[rzoo =—Ucos 9, vell’:oo =Usin 0, 'yr%r:a: O’ veér:a = 0’ p%r:oo =Po

Introducing the stream function y through
1 oy dy
() U= VTG
and eliminating the pressure terms of (3) by cross differentiation, then the system (3)
leads to biharmonic equation
02Ays 1 oJAy I\
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where A is the Laplace’s operator. The boundary conditions for v, and v, through (5)
are to be reduced to
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In this way the stated boundary problem (3), (4) is reduced to the problem to find
a solution of equation (6) for the stream function y subject to the boundary condi-
tions (7).

It is worth emphasizing that the boundary conditions (7) concern omnly the partial
derivatives of the stream function y and do not contain any condition for the stream
function itself. Obviously if y is a solution of equation (6) and satisfying the boundary
conditions (7), then y+C (where C is an arbitrary constant) is a solution too. Therefore,
the solution of the problem for the stream function depends on an arbitrary additive
constant C which cannot be determined from the boundary conditions (7).

The result of the proof

To make clear the incorrectness of the proof in [1], some details of the
proof need to be given. Making use the theorem of divergence in.the proof
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for the plane domain G, bounded by circumference of radius @ and by another of large

radius R, then the relationship (8) for ¢ =Ay and %2% in cylindrical co-ordinates

is considered. Since Ap=AAy=0, it follows, from (8), that
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where C, is the circumference with radius @ and C, is with radius R. Because the
asymptotic estimates over C; Ay=0(R2); y=0(R); g%=0(1); —63—“'—=O(R—3) it fol-

=
lows when R— oo, that

f (Aw%‘i’—~w—%A7‘"—)ds=O(R—2)O(R)—>O.
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In order to estimate the integralover C,, then the following boundary in the proof
conditions

(g?lja=0,v¢=a=0,

are used to yield a conclusion that this integral becomes zero. Since (Ay)?=0 it fol-
lows that Ay =0, and this being so, the function y must be harmonic one. As it is
well known, a harmonic function is not be able to satisfy all four boundary conditions
of (7), hence the boundary value problem (6), (7) cannot be solved in general. Therefore,
the Stokes’ boundary value problem (3), (4) for the circular cylinder cannot be solved
too, and the proof is finished.

The incorrectness oi the proof

The incorrectness of the proof is that the condition y|,-,=0 does not
follow from the boundary conditions (7). In general from the conditions (7) it follows
that y|,—, =C, where Cis an arbitrary constant, consequently the linear integral over C,
is not zero in general, as well as the stream function y is not a harmonic one. The
condition y|,-, =01is artificial and its application together with the conditions (7) makes
the stated boundary value problem overdetermined, consequently not possessing of
solution. The incorrectness of the proof in [1] is shown.

A conditional assumption of the proof in [1], that the zeroth stream line (C=0)
is the circumference with radius @ is made. Such an assumption is arbitrary because,
as it is known from [3], p. 185, the zeroth stream line (C=0) may be arbitrary chosen,
since the stream function y depends of the arbitrary additive constant C.
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