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Investigation of the practical stability of the solutions
of systems with impulse effect by the help
of the comparison method

G. Kulev, D. Bainov

1. Introduction

One of the most important aspects in the theory of stability of the solu-
tions of differential equations is the so-called practical stability. The main results in
this respect are due to A. A. Martiniuk [1]—[4].

The main problem in the theory of practical stability consists in studying the
solutions of systems of differential equations, given in advance the domain where the
initial conditions change, and the domain, where the solutions should remain when the
independent variable changes over a fixed interval (finite or infinite).

The consideration of the practical stability of the solutions of a system of the form

(1) x=f(t, x)
can be done by studying the relations of this system and the system
) u=F{, u),

so that the practical stability of the solutions of system (2)should imply the practical
stability of the solutions of system (1). These relations are obtained due to the employ-
ment of differential inequalities. System (2) is usually of lower order and its righthand
side possesses a definite type of monotonicity which simplifies considerably the study
of its solutions. Actually, this is the essense of the method of comparison in the theory
of practical stability.

Along with the development of the theory of practical stability in recent years
the mathematical theory of impulse systems has been intensively advancing.

Many problems of natural sciences and technology describe real processes which
are subjected to short-time perturbations in the process of their evolution. When ma-
thematical models of similar processes are built-up it is usually assumed that the per-
turbations have the nature of an instant “push” (“stroke”, “impulse”). The mathema-
tical description of such processes leads namely to systems of differential equations
with impulse effect.

The first contribution devoted to systems of differential equations with impulses
was due to V. D. Mi’man and A. D. Myshkis [5]. In [6]—[10] some problems of the
qualitative theory of non-linear impulse systems have been considered. Here we will
mention the results obtained in [11]—[14].
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The present paper applies the method for comparison in order to study the prac-
tical stability of the trivial solution of a system of differential equations with impulse
effect at fixed moments

x=f(t, x), tt,

3
) Ax |ret = x4 0)—x(t,—0)=I1(x(¢)), i=1,2,...,
where x: [—R", f: IXQ—-R", [;: Q—R", R" is the n-dimensional FEuclidean space
n 1/2
with norm || x|| =(Z' xf) , [=[0, 00), Q is a domain in R", while the moments
i=1
{t}iZ1 of impulse effect form a strictly increasing sequence
O<t1<t2< a0 <tl< c ey llm ti: O,

The system with impulse effect (3) is characterized by the fact that under the
action of an instant “force” (“stroke”, “impulse”) at the moment £=¢ the mapping
point instantly jumps from the position (¢, x(%;)) into the position (¢, x(¢)-+/(x(¢))).
The solutions of system (3) are piecewise continuous functions with first order discon-
tinuities {£,};Z1, where they are left continuous, i. e. the relations

hold x(t—=0)=x(t;);  x(f;+0)=x(t)+Ax(t) = x(t)+1{x(t)
old.
Along with system (3) consider the system

u="F{¢, u), t+t,

4
) Au l":’i =u(t;+0)—u(t,—0) =J(u(t)), i—1,2,...,
where u: I-R"™, F: IXG—R™", J;: G-R", G is a domain in R™

Let £,€/, x,€Q, u,€G. Introduce the denotation x(¢)=x(¢; ¢, x,) for the solution
of (3) satisfying the initial condition x(£,+0)=x, and by J=J¢, x,) denote the ma-
ximal interval of the form [£,, 7), where the solution x(f) is defined. Introduce the
denotation u(f)=u(t; ¢, u,) for the solution of system (4) fulfilling the initial condi-
tion u(fy4-0)=u, and by J*=J*{, u,) denote the maximal interval where the solu-
tion u(f) is defined.

Il. Preliminary Notes and Definitions

Following A. A. Martiniuk [1] we will introduce definitions for practical

stability of the trivial solution of (3).
© Let A, A, B be positive constants (A<<A, B<<A), let K be the class of all conti-
nuous and monotonically increasing functions ¢(-): /—/ such that ¢(0)=0 and @(r)— oo
as r— oo, while K* is the class of all continuous functions ¢(.,.): /XI—I, monotoni-
cally increasing by their second argument and such that ¢(¢, 0)=0 anb ¢4, r)—
as r—oco,

Definition 1. The trivial solution of system (3) is called:

1. Practically stable with respect to A, A, [ if

(to € D)(v %0 €2, || X0 [<MF 9 €K*)y L€S o X0)):
| X(£5t0 Xo)|= 0t {| %ol) and o(f, A)<<A.
2. Uniformly practically stable with respect to A, A, [ if (yxo€Q, |x,!i<<A)(g30
ER)N i€ ) vt Sy X0)):
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X5ty xp)|=0( % ]) and o()<A.

3. Contractively practically stable with respect to A, 4, B, [if (vt,€/)(yx €%,
[ X< eeK*)av: [-1)

(vt€llo Xo0)): | X(E; Lo, X0) || S 0(For [0 [DW(E), 0o MW(E)<<A

and (¢, AMw(f,+1)<<B for some t>0.
4. Contractively uniformly practically stable with respect to A, 4, B, [ if (yxo€ £,

I %o [<M)(3® €K)
@u: I (vt €1yt € St x0)): i X5 o x0) [[= (|| X0 [DW(?),
o(My(t)<<A and o(A)w(f,+1)<B for some 1>0.

Introduce in R™ a partial ordering defined in the following natural way: for z,
vER™ we will write u=v (u>v) if and only if u,=v, (u;>V;) forany j=1, 2, ..., m.

Definition 2. The function y: G—-R™ is called monotonically increasing in G if
y(u)>y(v) for u>v and y(u)=vy(v) if u=wv.

Definition 3. The function F: /XG—R™ is called quasi-monotonically increasing
in /X@ if for each pair of points (¢, u), (¢, v) from /X G and for any j=1, 2,...,m
Fi(t, )= F(t, v) holds always when u,=v; and uz=v.

In the case when the function F: IXG—R™ is continuous and quasi-monotonically
increasing all solutions of system (4) starting from the point (£, u,)€ /X lie between
two singular solutions — the maximal, and the minimal one.

Definition 4. The solution u*: [t, £)—»R™ of system (4) for which u*(t,+0)=u,
is called a maximal solution if for any other solution u: [£, T)—R™ for which u(ty+0)=u,
the inequality u(t)<u+(t) holds for Z¢[¢,, t)ﬂ [t t,) Analogously, the minimal solu-
tion of system (4) is defined.

Further we will use the following lemmas:

Lemma 1 ([7], Lemma 2). Let the following conditions be fulfilled :

1. The function F: [XG—R™ is continuous and quasi-monotonically increasing and
ut: JHt, wy)—R™ is the maximal solution of (4) for which u*(¢, +0)=u,, (¢, uO)E[xG

2. ghe functions v,;: G—R™, y(w)=u+J (1), i=1, 2,... are monotonically increas-
ing in

3. The function v: JH(¢, u,)—G is piecewise continuous with first order disconti-
nuities £ € J*(f,, u,) where it is left continuous and such that:

() vty +0)=<1,

©) Duy(t)< F(t, v(t)) for t¢JH(t,, u,) and t=¢;,

where Du(f) is any Dini derivative of the function o(f).

(M) v(t;+0)=w(v(f)) for L€ (¢, 1)
Then for £¢€J%(¢y, u,) the inequality

®) Yty =u(f)

holds.

Lemma 2 ([7], Lemma 3). Let the following conditions be fulfilled:

1. The function F: IXG—-R™ is continuous and quasi-monotonically increasing in
IX G and u~: J¥({, u)—R™ is the minimal solution of system (4) for which u—(¢,+0)=u,,
(&, ug) e IXG.

2. Condition 2 of Lemma 1 holds.

3. The function v: J*(¢,, #,)—G is piecewise continuous with first order discon-
tinuities £, ¢ J*(¢,, u,) where it is left continuous and such that:
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Wty +0)=u,
Du(ty=F(¢t, v(t)) for teJ+(ty, o) and tt;
(¢ +0) =y (v(t)) for ¢,€J*(fy, uo)-
Then for £¢Jt the inequality

v(t)=u(¢)
holds.
Describe the class V, of piecewise continuous auxiliary functions employed in our
further considerations, [7]. Introduce the denotation

Q,={(t x)eIXQ: t,_<t<t}, i=1,2,..., £{=0.

Consider the class V), of all functions V: IXQ—R", (¢, x)—-V{¢, x) for which the
following conditions are satisfied:

1. The functions V are continuous over any of the sets Q; and V{¢, 0)=0as £¢ /.

2. The functions V' are locally Lipschitzian by x.

3. For each i=1, 2,... the limits

V(,—0, x)= lim V{¢, x); V{40, x)= lim V(¢ x)
1>t -t

3 1
%) €L, (1,0 €9

exist and are finite and the equality

V($,—0, x)=V(, x), x€Q.
holds.
Lemma 3. Let the following conditions be fulfilled:
1. Functions VeU, and at¢ K exist such that the inequalities

© a(] %)= max VAL %), (6 x)erxe

(10) V(s)(t,x)=llizms(;1p17[V(t+h, X+t X)—V(E, D=FE V(b x), =t
~+

(11) V(E+0, x+L()=v(V(t, x), i=1, 2,...

hold.

2. Condition 2 of Lemma | holds.

3. The function F: IXG—R™ is continuous and quasi-monotonically increasing in
IXG and ut: J¥(¢, uy)—>R™ is the maximal solution of (4) for which a*(¢,+0)=u,,
and u,=V(¢, xo), (Lo Xo) €I XQ

Then for £¢J(t, xo) NS¢ u,) the inequality

(12) | x5 2o, x0) ||l=a™ [mfxuf(h tos Uo)]
holds. .

Proof. The conditions of Lemma 3 imply that the function v(t)=V{(E, x(¢; ¢, x;)
satisfies the conditions of Lemma 1. Using this and (9) as well, we obtain

al| x(t; Lo o) )=max V(4 x(t; o xy)=max vff)=
J J

<maxut(t; by uy), 1€Jty xo) 0 JH(te 1),
J

whence follows inequality (12).

Let e¢R™ e=(1, 1,..., 1) and Go{u: O<u=<e}. Further we will consider such
solutions of (4) only for which #(¢)=0. Hence, the following modification of definition 1
seems most appropriate.
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Definition 5. The trivial solution of system (4) is called:
1. Practically u-stable with respect to A, A4, [ if

(vho€ I)(vize € G, Osuo=he)(3 ¢ € KY)
(32 €K)WEET* (Lo, 1o)): uH(ts Lo )=t llUo)e  and o(f A)<<a(A)
2. Uniformly practically u-stable with respect to A, A, I if
(Vo€ G, 0=u,=he)(30 €K)(30€K)
(vio € IXWEE JH(to 1))z wH (25 Ly )= 0(]| 45 [])
and @(A)<<a(A).

3. Contractively practically u#-stable with respect to A, A, B, [ if (vt €[)(vu,€G,
0=<u, =ke)30 € K¥)

@a € K)(go: I=I)yteJH (o 1o)):
ut(t; to, u))<(to ||, |)o®e, oty Mo(f)<a(d) and o(t, r)o(te+1)<<a(B) for some 1>0.
4. Contractively uniformly practically z-stable with respect to A, A4, B, [ if (yu,¢G,

O=su,<he)
(39 €KXE a € K)(go: I—I)wto € I)(vE € JH(Lo, to)):
wHt; by 1) =9(| 1 )o(B)e, o(M)o(t)<a(A)
"~ and @(A)o(f,+1)<<a(B) for some 1=0.

III. Main Results

Theorem 1. Let the following conditions be fulfilled :
1. The conditions of Lemma 3 hold.
2. A function b¢K* exists such that

(13) V(t, x)<b(ty, || x|De, to€1, xed

3. f(¢, 0)=0 for t¢/, I{0)=0, F(¢, 0)=0 for t¢/, J(0)=0, i=1, 2,... and the so
lutions of system (4) are defined over the interval [£, o).
Then the following assertions hold:

a) If the trivial solution of (4) is practically u-stable then the trivial solution of
(3) is practically stable.

b) If the trivial solution of (4) is uniformly practically u-stable then the trivial
solution of (3) is uniformly practically stable.

c) If the trivial solution of (4) is contractively practically u-stable then the trivial
solution of (3) is contractively practically stable.

d) If the trivial solution of (4) is contractively uniformly practically #-stable then
the trivial solution of (3) is contractively uniformly practically stable.

Proof. Inequality (13) implies the inequality V (¢, x,)<b(%, || X, |))e, and, applying
Lemma 3 for uy=05(%,, || xo!])e we get the estimate

(14 (5 to 50| @ [maxf (£ £ bt | %0 )

a) If the solution u(f)==0 of (4) is practically u-stable then a function ¢,¢K*
exists so that
ut(t; ty, bty || xoNe)s04(to, || x0|)e and o,(%, A)<<a(4).
Then (14) yields || x(¢; for %o)[|<a™ [91(to, || %o [)]=0(to | %o]]) and @t M) =a""[01(to, M)
<aYa(A))=A. Since ¢, ¢ K* and a€K then ¢¢K*
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The practical stability of the solution x(£)=0 of (3) is proved.
b) If the solution u#(£)=0 of (4) is uniformly practically u-stable then a function
0q€ K exists so that

wt(t; to, bty || xo0l)e)=0y(| xol))e and @y(h)<a(A).

Then (14) yields | x(t3 £, %9 || = @ (0o | %o[)) = 0| %||) and () = a=* (9,(4)
<aY(a(A))=A. Since ¢,, at¢K then ¢ ¢ K. Therefore, the solution x(#)==0 of (3) is uni-
formly practically stable.

¢) If the solution #(#)==0 of (4) is contractively practically u-stable then a func-
jon 03¢ K* and a function o: /—/ exist so that u*(Z; £, 0(Zo || X, [))€) = s(Ze || Xoll)o(B)e,
(p3(t0, Mo(t)<<a(A) and o4ty Mo(f,+1) <a(B) for some t1=>0. Then (14) yields initial con-
ditions, the inequality v(¢{)<o*(¢) holds for all ¢ for which both solutions are defmed
and x(¢£)€Q.

Here x(¢) is viewed as a given function for [{;, co) v-minimal solution of system
(15) is defined analogously.

[n this case the method of comparison is based on three lemmas whose proof
does not vary from the respective proofs of Lemmas 1, 2 and 3.

Lemma 4. Let the following conditions be fulfilled:

1. The function g: IXGXQ—R™, (¢, v, x)—g(t, v, x) is continuous and quasi-
monotonically increasing along v and (x(2), vt(¢; fo, e Xx,)) is the v-maximal solution
of (15) defined in {£,, £).

2. Condition 2 of Lemma 1 holds.

3. The function w: [£,, {)—G is piecewise continuous with first order discontinui-

ties £, ¢[¢,, 7), where it is left continuous and satisfies the conditions:
w(ty+0)<v,
Duw(H)=glt, w(t), x), telto, D), t4t, x€Q
w(t,+0)< v w(t)) for £,¢ [ty £).
Then w(t)<vHE; to vy X) for LE[t,, f).

Lemma 5. Let the following conditions be fulfilled:
1. The function g: /IXGXQ—R™, (t, v, x)—g(f, v, x) is continuons and quasimo-
notonically increasing by v and (x(¢), v7(¢; 4 Tp Xo)) is the w-minimal solution of

(15) defined over the interval [, ?).
| x(t; to, xo)l|<a™[@ato, || %0 [Do(®)] =00 || X0 [DW(E) )
where @ ¢ K* and y: /—/. Besides, ¢(f, My()=a"1[ost, Mo(t)]<<a Ya(A))=A and
0(ty MW(Eo+T)=a1{9y(ts, Molty+T)I<<a N a(B)=B

for some ©>0. Hence, the trivial solution of (3) is contractively practically stable.
Assertion d) of Theorem 1 is proved in the same way as assertion c) of the same
theorem,
In some cases for the study of the practical stability of the solutions of system
(3) it is suitable to represent the differential inequalities used in Lemma 1 and Lemma 2

in the form
Du(t)=g(t, A2), %)

where x is viewed as a parameter ([1]—[4]). Here we consider the auxuliary system
x=f(t, x), t:;:tl
v=g(t, v, x), t*t;
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(15) Ax|me, =I(X(8), AV |y, =J(0(t)), i=1,2,....

where v: [->R™, g: IXGXQ—~R™

Introduce the denotation (x(¢; £y, v Xo)» UE; Lo Vo Xo)) = (X(£), ©(t)) for the so-
lution of system (15) fulfilling the initial conditions x(Z, + 0) =x,, v(t, + 0)=1,,
(o, Vor X0)EIXGXQ.

Definition 6, The solution (x(£), vH(¢))=(x(t; %, Ty Xo) VH(E; Ly Uy Xo)) Of system
(15) is called v-maximal solution if for any other solution (x(£), v(f)), satisfying
the same.

2. Condition 2 of Lemma 1 is fulfilled.

3. The function w: [¢, £) > G is piecewise continuous with discontinuities

t,€[ty B), where it is left continuous and such that
w(t,+0)=7,
Dw(t)=g(t, w(t), x), t€[to, T), 1t x€Q
w(t,+0)=v(w(t)) for €[ty £).

Then w(t) = v—(¢; £, o Xo) Ior t€fty, £).
Lemma 6. Let the following conditions be fulfilled :
1. A function V¢U, exists so that for some function a¢ XK and for any point
(2, x)e/XQ
a( Hx]!)ém/ax Vit x)

Valt, x)<glt, V¢, x), x) for ¢+t
V(tl+0, X+l,(x)).§\m(V(t,, x)), i——- 1, 2, e
holds.

2. Condition 2 of Lemma 1 holds.

3. The function g: IXGXQ— R™, (¢, v, x) — g(t, v, x) is continuous and quasi-
monotonically increasing by v and (x(£), v*(¢; £, v, X,)) is the v-maximal solution
of (15) for which x(£,+0)=x, v(t,+0)=1v, and v,=V (¢, x,)-

Then for £ € Aty xo)N J*(¢y, Ty X,) the inequality

(16) | x(25 fo Xo) [=a™ [max vF(¢; Lo Vo Xo)]

holds.

Let P be the class of all continuous and monotonically increasing functions
¢: R™—[0, o) such that ¢(0)=0 and @(x)--+co for || x||—co, while P* isthe class of
all continuous functions ¢@: IXR™—[0, ), (f, X)—> (¢, x), monotonically increasing
along x, ¢(¢, 0)=0 and ¢(¢, x)—>0 as || x |—>co.

Definition 7. The trivial solution of system (15) is called:

1. Practically v-stable with respect to A, A, [ if

(vt € 1) (o€ G, 0=<7,<Ae)(30 € P*)(32€K)
(X, € QX yEE JHEo ,, xo)) 2 UH(E; Ly Ty Xo)S0(Ee e

and o(f,, re)<a(A).
2. Uniformly practically v-stable with respect to A, A, I if (y7,€G, 0=v,<Ae)
X(39 € P)(3a € K) vt €1)
(v %o Q) (vt €Sty Vor Xo)): VHE; Lo Vor Xo)=P(Vo)e
and o(Ae)<a(A).
3. Contractively practically v-stable with respect to A, 4, B, [ if (yty€/)(yv,€G,
0=v,=re)(ge € P¥)

2 TeopeTwuHa M HDHIOKHA MeXaHHK3, KH. 17



@aeK)(30: I-T)(vXo € QvE €St Vo X0)):
vHE; by Vo Xo)=0(fy Vo)o(t)e, 9ty Ae)o(t)=a(A)

and o(¢, Ae)o(ty+1)<a(B) for some 1>0.
4, Contractively uniformly practically v-stable with respectto A, 4, B, I if (yv,¢G,

O<v,=he)
(30 € P)Fat K)o : 1-1)(wty € N)(vxo € Q)i € JH o o, Xo)):
V(L by, Vo, Xg)=0(Tg)0()e, ©(re)o(t)<a(A)

and ¢(Ahe)o(t,+-1)<a(B) for some £>0.

Theorem 2. Let the following conditions be fulfilled:

1. The conditions of Lemma 6 are fulfilled.

2. A function b¢ K* exists such that

V(t, x)<b(ty || x|)e, to€1, x€Q.

3. f(t, 0)=0 for ¢¢/, [(0)=0, g(¢, 0, 0)=0 for £¢/, J(0)=0 and the solutions of
system (15) are defined over the interval [£, o).

Then the following assertions hold:

a) If the trivial solution of (15) is practically v-stable then the trivial solution of
(3) is practically stable.

b) If the trivial solution of (15) is uniformly practically v-stable then the trivial
solution of (3) is uniformly practically stable.

c) If the trivial solution of (15) is contractively practically v-stable then the tri-
vial solution of (3) is contractively practically stable.

d) If the trivial solution of (15) is contractively uniformly practically v-stable then
the trivial solution of (3) is contractively uniformly practically stable.

The proof of Theorem 2 is analogous to that of Theorem 1, however, definition 7
is used instead of definition 5 and inequality (16) of Lemma 6 is applied instead of
inequality (12) of Lemma 3.
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