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Model of an elastic-visco-plastic body with damage
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1. Introduction

A number of metals exibit damage (residual volume change) over a mean
stress tension limit, characteristic for the material. This is a well-known phenomenon
called microfracture, accompanied by microvoid nucleation (see [2], [4], [8], and others).
We consider the case, when microfracture is mainly isotropic and the voids can be
taken as spherical. The microdamage doesn’t introduce an orientation into the material
structure and it does not develop a deformation anisotropy.

We consider bodies, submitted to external dynamic impacts, causing elastic-visco-
plastic deformations with damage. For such a deformable processes a number of
mechanomathematical models are proposed, that describe this phenomenon at a different
degree cf approximation (see [2], [4], [5], etc.). In the present work we approach the
same problem together for both the inelastic deformable processes (visco-plastic defor-
mation and microfracture) employing specially introduced energetical measures and
starting from the fact that for both processes the prevailing micromechanism is ther-
mofluctuational and on micro level the statistical Bolzmann’s law is valid. This implies
to include a corresponding deformation energy in the constitutive equations for inela-
stic strain rates however the deformation energy excceeds a characteristic barrier [6].
On such a basis we propose a physically motivated mechano-mathematical model, which
in a reasonable way describes the inelastic deformation of the bodies under conside-
ration. The model is convenient to investigate the dynamic bearing capacity of struc
tural elements.

2. Mechano-mathematical model

The proposed model for inelastic deformation of the material subjected
to dynamical processes is based on the following assumptions:
I. The strain rate consists of elastic and inelastic part, i. e.

(1) by =82 (G, j=1, 2, 3)

where by point are marked the material derivatives with respect to time; gy, is the

rate of the elastic strain part; 8,, — of the correspondmg inelastic part.
Il. The elastic strain rate part is small and is connected with the stress rates

o, (o, is the Cauchy’s stress tensor) by the Hook’s law:
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@ e =Hypowu (U J, b =1, 2, 3),

where H;,, is the elastic resistance tensor.
Ill. The inelastic deviatoric part of the strain rate is describing the visco-plastic
deformation process of the material in accordance with the model from [1].

®) o= Aexp (DG} . Syfto; T>1, (7). sign (z,)
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where
4) g="2(v% B)

is a yield condition for plasticity, expressing the plastic and dynamic hardening. t,—the
yield limit at pure shear; to=1,(y% B,) — the yield limit at pure shear and static
strain rate B, (of the order of 10—5 sec. 71); A and D are material functions depend-
ing on the process factors: the inelastic shear strain intensity y* and the strain rate
intensity B; € is a nondimensional energetic parameter, expressing the exeed of cer-
tain energetic level, over which visco-plastic deformation takes place:

oms e
(5) C=\/w—’—i’— 1 p==const

’ (elastic shear modulus)

IV. The inelastic (residual) increase of the volume is described by the sphe-
rical part of the inelastic strain tensor eg, =& and it consists of two parts: &y —
describing the void nucleation and &; — describing the growth of the already nucleat-
ed voids.

(6) E=Ext+&6

the whole volume change as a result of void nucleation and growth is treated as re-
sidual.

V. The void nucleation rate &, is expressed by a dependence that reflects on
macrolevel the action of two micro mechanisms: a thermofluctuational one and a me-
chanism of force bond destruction [6]. The experiments show that the dependence

%NHGM changes its character, when the deformation energy of the residual volume
change o,£ reaches a certain energetic level 1—?—(53‘4—6?\,0) (see [6]) (o, is the mean

stress over which the void nucleation starts, K-elastic volume modulus, a-material con-
stant). This change can be explained by the more significant influence of the mecha-
nism of force bond destruction under this energetic limit. With the increase of the
void volume § the void nucleation rate & , decreases, i.e. a “saturation” takes place.
It can be described introducing the function (1—{?) if the complete saturation is at
&--1. But it can not be reached because of the damage fracture at {E=E&r<<1 (&g is
the damage fracture limit of the material). The effect of the thermofiuctuational me-
chanism on macrolevel is described by the nondimensional energetical parameter &.
This parameter gives the excess of the deformation energy over a certain energetical
limit. Therefore we have good reason to propose the following equation:
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where

®) clv:\/—‘”ijgf”—»ﬂl; Li=Ci Vi L}y=Cy- Vi
4]

Ry=GCsfE, oy=on>0

C,, Cy, Cs, R}, are material constants; v, is the minimum void volume, characteristic
for the material that nucleates practically immediately when cy=oy >0.

VI. The rate of the void growth &; is expressed by a relation, which reflects the
following effects:

— Micromechanism, presented by nondimensional energetic parameter .

— “Saturation” when & —0.5, presented by the function §(1-—&).

— Development of the process, when o, =0 >0 (og, is the mean stress over

which the void growth starts).

) €6=LoE(1—E€)Rs-La; Oy =0g,>0
at

e e—
(10) Co=\|F—2——1; Ra=\/0%0+1(000§oo

2
c M+KGGOEGO

Lo=Cy Vi
C,-material constant; &g is the residual volume change, corresponding to the mean
stress 6y=0g,.

The material constants in relations (7) and (9) could be experimentally determined
by the methods, proposed in the next paragraph. The constitutive equations of the
model are formed by equations (1), (2), (3), (6), (7), and (9). They are valid for
0<é=<i,.

3. Methods for determining the material characteristics
of the inelastic volume change model

The relations oy, «— &,; for different &,,=const and o, — 9 (resp. o &

for oy =ow, 3=8kk=8§k+5/‘§k=% out+é&, §=9—%GM) can be determined by using

various experimental equipment (e. g. split Hopkinson pressure or tension bar, where
the specimen cross section can be measured). Analysing specimen,sections, the parts &,
and &g, as well as the limit stresses oy and o5, can be determined for different va-

lues of oy (see [3], [4] and others). The relations oy, < €, for g;; =const are used for
determining the material characteristics of the model for visco-plastic deformation of
the body (constitutive relations (3)), by the method given in [1]. The material charac-
teristics of the damage model (constitutive relations (7) and (9)) are determined from
the relation o, & Moreover, following the change of the letter in the interval
[owy GGO], we determine the parameter o from the energy limit that changes the effect

of the micro mechanism of force bond destruction. The parameter L}, is determined as
initial rate &, for £=0 at o,=0y, using $=A9/At. For determining 9 we assume that
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the increments Aoy < AS are in the same relationship as the derivatives Acy,/Af < A/
At or oy 9, i e from oy=0(), Acy=0"(8)AS, oy = ¢’ (8)8 By analogy, we ob-

tain from the relation o, =£(&): Aoy =f ()AL and oh=f(&)E& (resp. 6,=/"(En)Ex if
ontlon; GGO]). Unin 1S determined by a microstructural analysis of the void nucleation

for the respective material. Then ¢; =L} /0,
The relation (7) takes the form:

&V Ny
11 A || P ey o K
( ) TL\ n Ljv(l——é)z R‘V‘:.\ or R‘V C]v
/ 6M+KGM§;V
§N=\/ 5 — 1
GNO

We determine ny and {y from data for oy, &y and Ey, and by them, using (11)
the material constant R}, as well. For the values o, and &y, where EMEV— - (0%,
R ) a smooth transition of &y is to be ensured. So the following relatlon is ob-
tamed.

(12) Lyexp[RyEn]= Ly exp [Ry {x).

We determine fN for another value of ;ME{EM; coo] and E and we obtain a
new relation:

(13) E=Liv(1—E)7 exp [Ry LX),
Equations (12) and (13) form a system of two transcedental equations for the
material constants C, and C; (R =Cx/Cy). The constants are determined using a com-

puter program. -
The material parameter Ly (or its corresponding constant G,) is determined simi-

larly. £y is calculated from the already specified equation, also we have &= o,/ f (£)
and we obtain Eg=E—Ey. Then for a chosen value of ou€loa, o] and correspond-
ing & (§o=E(—En) and &g using (9) we calculate L, and from there C,=L /vy

o is the mean stress corresponding to &€=&g o and & are determined also from
the relation o, «— & for the moment when the specimen is breaking.
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Fig. 1. Comparison of the proposed model for void nucleation with experi-
mental data for aluminium (X — numerical resulls, A — data after Krzemi-
nski, O — data after Davison, Stivens and Kipp)

The methods are applied for experimental data of aluminium and copper [6]. The
approximation that was made, together with the proposed relations of the model (7)
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and (9) leads to adequate results from statistical point of view. The maximum relative

error is of order 3—59/p for &y~ o, and 4—89/, for £;—o,. In Fig. 1 and Fig. 2
are given the comparisons of theoretical and experimental results for these relations.
[t is seen that the proposed model can describe rationally and physically motivated the
volume damage of metals.
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Fig. 2. Comparison of the proposed model for void growth with experimental
data for aluminium (X — numerical results, A — data after Krzeminski,
O — data after Davison, Stivens and Kipp)

4. Application of the model for determining the dynamic
bearing capacity of flexible inelastic rectangular plates

We take into account thin flexible rectangular plates, made of metals,
which deform visco-plastically under high intensity external loadings and have the
possibility for volume damage. The plates are- submitted to impulsive loading P(#),
evenly distributed in the middle plane of the plate (before deformation). They undergo
large deflections and not so large deformations. This fact gives us the reason to apply
the Fon Karmann’s theory [6] with precised nonlinear relations between the deforma-
tions of the middle plane and the deflections derivatives. The material is descrlbed by
the mechano-mathematical model given in § 2.

A material description is adopted. A Cartesian coordinate system OXY.Z is intro-
duced. The basic equations for a rectangular plate with dimensions a-length, b-width
and A-thickness have the form:

I. Geometry equations (in rates):

0ed. v WV, ow

X
7 =% T ox ox
0
(14) deyy - dVy + OVZ .gg
ot ay oy ay
,08_%,_;(?5 aly) o, 0w, 0w
ot .- 2 \dy ' dy ox dy ' oy ox’

where (€%, eyy, ey, are the deformations of the middle plane; (1, v, w) are the dis-
placements; (V,, V;, V,)— the velocities of .the points in this plane;

_OZVZ 0w dw v,

o, N Er Tl Ty
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v, 2w ow OV,

o, _ ~ dy? 37175 9y oy
-G -G
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where (%, %y, %,y) are the curvatures of the middle plane.
II. Physical equations:
N,=K|(e;,+ve),)— (el +ve)
(16) Ny =K (€3, +V e, ) —(e+v )]
Noy=K(1—v)(e},—el?)
M, =D [(%,+V8y) — (#@ + vul)]
My=D (% + Vit )— (% + v ()]
Mx}’zD (1"\') (%xy—u,(gy))’
where (N, A[{f" N,,) are the tractions and (M, M,, M,,) are the moments in the
Ens
plate, me, D-——-m
w2 o o
(17) M&?:%% j e@zdz; W= f eWzdz; wE= 4 f e zdz.
=h/2 ~hy2 ~h2

The Kirchoff-Love hypothesis is taken into account.
Ill. Equations of motion

/1'% oN dN
wx ey Tay
Mo 55 = 3% T By
1% oN oN
Yy __ xy pd
18) Mo 58 = "o ay
% M 9zM
z_ X £24
Mo 3t = "ox2 +2 dxdy

M,
+ 5 +P:(0)
_(Nx %x+2NxV %xy+ N)’ u’)’)’

where m,=ph, p is the density of the plate per unit thickness.

The Finite Systems Method [1] is applied for determining the tractions, the mo-
ments, the deformations and the curvatures of the middle plane. It combines FDM
discretisation with specially introduced iterrative procedure, that simulates the action
of the plate as cybernetic system, consisting of a finite number of interconnected sub-
systems. The method is well applicable for solving nonlinear problems and also ini-
tial — boundary value problems, where the form of the constitutive equations can be
subsequently changed. In the case before reaching the yield limit the material is taken
to be elastic, over it — visco-plastic, and when o, ==oy the volume damage model
is added.

During calculation we check whether the fracture criterion £=¢&y is satisfied and
hence we determine the strength dinamic bearing capacity regarding deformability
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(maxlw]s.Uzg——limit admissible deflection). The results thus obtained make possible
the determination of the residual thickness change of the plate using the calculated
residual volume change (in case of micro damage) or the condition for inelastic incom-
pressibility (in case of visco-plastic deformation). To calculate rectangular plates at

(
£=28 psec

- . i
1==379 0 'ee 5

Fig. 3. Deflections of a square plate at two fixed
time moments when different mechano-mathematical

models are used (O — elastic model, X — elasto-
visco-plastic model, A — elasto-visco-plastic model
with inelastic damage; Uz=(Uz) elastic, =28
[usec.]).

various boundary conditions a computer program was created. The program was applied
for square plate made of aluminium. The thickness of the plate is £=0.002[m], the
length 20=0.8[m], the Young modulus E=7.10'0 [N/m2], the yield limit o?=2.107[N/m?],

the density per unit thickness of the plate p=2700 [sec? N/m*], the limit stress for

void nucleation oy =30 [MPa], the limit stress for void growth o-GO=50 [MPa]. In

Fig. 3 is shown a comparison between the deflections of the plate at fixed
time moments when an elastic model, an elasto-visco-plastic model, an inelastic model
with damage are used. It is seen that to account for the microdamage seems
reasonable, when conditions for microdamage development are created in the plate. The
example shows also the possibility for an effective application of the proposed mecha-
no-mathematical model for the description of the inelastic deformation process of such
a typical structure element.
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