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I. Introduction -

The continuously increasing demands for enhanced productivity and impro-
ved precision have imposed special requirements for the integrated design of the me-
chanical part, drive and control systems.One of the main reasons for such adesign is
the coupled nonlinear dynamic behaviour of manipulator systems. :

In most practical cases, each degree of freedom of industrial robots is controlled
independently and some of the main arguments are the following : '

— the complete and exact modelling of manipulator dynamics is difficult if not
impossible to be performed;

— there is computation burden and on-line limitations when coupled dynamics
models are used in the control systems; / ;

— joint position and velocity feedback sensors are inherently implemented. in the
- independent PD, PID and so on controllers. , ,

In case of heavier manipulation loads and higher velocities, the conventional con-
trol methods can not ensure the required performance of robots because of large dy-
namic couplings. A natural way to overcome the dynamic complexity is to modify- the
design of arm linkages actuators so that the links are to be driven more independen-
tly. The central role in designing a robot with appropriate dynamics characteristics
plays the inertial matrix. Recently [1,2], some conceptual frameworks have been deve-
loped in order to specify the inertia matrices, leading to a significant reduction of the
inertial and dynamics coupling coefficients. When the geometrical and inertial parame-
ters of manipulator links are fixed, some problems on the optimal design of the drive
and control systems can be formulated. The best design of gear ratios and motor im-
pedances for achieving quick and isotropic velocity convergence is performed in [3,4],
solving nonlinear programming problems. The objective function in [4] is proved to be
convex and an efficient optimization procedure is developed to search for the global
optimal design. Although these works concern the problem of the inertial and dynamic
coupling reduction, the question for independent joint controllability (Z/C) is still open.

We want to solve the problem to find those control bounds (levels) at which the
sign of any control input is the same as the sign of the corresponding acceleration,
irrespective of the other joint motions.Providing such a condition for /JC, several ad-
vantages can be achieved: o !

— robustness of many feedback control schemes with independent. joint control-
lers [7—11]; ’
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— admissible loading of joint actuators (the discrepancy in the signs of the con-
trol input and the corresponding acceleration may result -in violating current- lxmltatlons
energy loss, wear and other effects);

(12 —1—]controllab1hty and -optimal point-to-point control synthesis of robot dynamics
—-15

- — successful path planning of the mampulator motion in the presence of torque

and control constraints, obstacles, etc. [16].

This [JC-condition is firstly discussed in [5,6]. We find in [5] those control levels
which satisfy this condition for any geometrical configuration of the manipulator if a
condition for diagonal dominant inertia matrix is fulfilled. The problem for IJC of a
planar manipulator with two revolute joints (in which case a diagonal dominant con-
dition may not be fu]filled) is considered in [6]. Some optimal design concepts are de-
veloped in this work using gear ratios and the ratio of the control input bounds as
design parameters. In this case I/C-condition is satisfied Yor various control input ra-
tios, depending on the geometrical configuration,

Now we are about to deal with the problem of 1JC of mampulatxon robots in the
general case of open-loop kinematic chain. A simple weak condition on the inverse
inertia matrix is proved to be necessary and sufficient for the /JC. This condition is
considered for a planar manipulator with three revolute joints.

2. Dynamic model and JC

The following considerations will concern -only those n-manipulator joints.
which are inertially coupled. Via Lagrange formulation, the corresponding dynamlc equa-
tions of joint motions could be written in the followmg form:

O S itala D sat s =ThE, i=1,... n
_ j=1 :

where: ¢; are joint coordinates; d;(q) are mertlal coupling coeff1c1ents c(q, q)
present centrifugal and Coriolis forces, cfg,q) =¢ C(q)q — quadratic forms; s; —
viscous friction coefficients; g(g) stand for gravitation forces and Coulumb friction ;
T, — joint torques;

The work space for joint coordinates is a compact set in the joint space
) Q=g l9r"=qi=gp“}

As the inertia matrix (d,) is positive definite, its inverse (d.—‘.l.) exists and is positive
definite, too.

In order to drive the manipulator links, each independently of the others, the fol-
lowing condition should take place:
(3) sign T,;=signq, i=1,..., n.

In what follows, we shall assume that the velocity and gravitation torques in (1)
are compensated and the torques 7, are to provide decentralized control. Makmg use
of Eqs (1), the condition (3) is then equivalent to the following one:

(4) | . signT;=sign Zd,;‘ Ty i=1,...,n

Jj=1
More definitely, we will look for such bounds (levels) T, of control inputs that*
5) - sign T,-——~sign(21 d;! T,-—!—d;;‘?i), i=1,..,n"
_ JF
whenever 7;¢[—7;:T), j=i
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Therefore the IJC—conditions (5) are satisfied if only

6) At Ti> ) |dg' | Ty i=1,.
Ji

In other words, we have to prove that the following system of inequalities:

n

@ > Dyju>0, i=1,..,n
=1

has got positive solution, i.e., #,>0, z_l , n

where: Dy=s;|d;", (su=1, sy=—1if t:hj)

In order to attain this property, the matrix D =(D,;) should be positive definite as
the inertia matrix (d,;) is. We come to the following theorem:

Theorem: The system of inequalities (7) has got posmve solution if and only if
the matrix D is positive definite.

The proof is given in the APPENDIX.

To determine the best solution of the system of inequalities (7) we may follow
[6] or in general we take a point equidistant from the sides of the polygon given by
the equations of (7). So, we take the positive solution of the following system of eg-
uations:

®) 2 D,jllj UA,, i=1,..,n U>0

J=1

where :
1

=(”m. )

U — the dlstance of the corresp@ndmg point from the above mentioned hyper-
planes.
3. Example (n=3, Fig. 1)

We take into consideration a planar manipulator with three revolute joints.
The inertial matrix coefficients are the following [17]:

dy =7ri(my/4+my+ms)
dig=r17s(mg/2+m3) cos (8,—0;) =dy,
dy3=ryrsimscos (0, —03)=dy

daa = 13(my/4-+my)

dys = ol €os (0,— ng =dg, d3s=T %ms,

The manipulator links are the most inertially coupled when 6,=0,=0; In this
case we find a condition that geometrical and mass parameters should satisfy in order
to provide /JC. In case n=3 the matrix D will be positive definite if only detD>0.
After simple calculations, we come to the following condition :

€)) ' m1/m3—64 myfm,> 32.
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It means, actually, that the links’ masses  should strongly - decrease, ‘in - -progressing
from the base to the end-effector. This fact is in accordance with the theory develo-

ped in [2]."
A

0 x

Fig. 1

4. Conclusion

A general condition on the inverse inertia matrix is proved to be a ne-
cessary and sufficient condition for the independent joint controllability of the coupled
dynamic systems of manipulation robots. The results so obtained can effectively be
used in the design of the mechanical structure and the correspondmg drive-control ‘sys-
tem, as well. Besides, optimal gam coefficients, ratios in regard to the individual joint
controllers can be determined as in [6] to ensure the best mutual compensation of the
inertial couplings -at any manipulator configuration.

APPENDIX — Proof of the Theorem

a) sufficiency

As the matrix D is positive definite, det D>0 and the system of inequalities (7)
has got infinitely many solutions. Applying mathematical induction with respect to n,
we shall prove that any solution u of this system is positive, i. ‘e, #,>0. for z-.l, Wi

i—n=1 — it is true;

ii — if the assertion is true for n=n, then we prove it wxll be true for n=n+1:.

Fxrstly, we prove that at-least one u,>0.

Assume that vi,<0, k=1,..., n+1. Then, it follows from (7) that:

a1

(A1) - > Dyuuy;<0

i=l, j=1

which contradicts the positive definiteness of the matrix D (#==0).. Therefore, there
exists at least one #,>0, e. g., #5,,>0. Then the first n numbers #; will satisfy the
system of the correSpondmg inequalities (7) whose matrix is posltlve definite, too. Hence,

>0, ve=1,..., nt+1l
- This part of the Theorem is found to be a version of the Stieltijes theo-

rem, [18].
b) necessity

3 TeopeTHuHA H NMPHTOXKHA MeXaHHKa, KH. 1 33



There is a positive solution #;=p;>0 of the system (7):

n
(A2) D Dyp>0, i=1,...,n.

=1

Then the matrix D is positive definite.

Let x40 and x;=\p,y;. Making use of (A2), we obtain the following relations:

(A3) 2 Dyxpxj= 2 Dy\p: N 27 (2 —Dypy ).1'12

i=1,j=1 i=1, f=1 i=1 \j#t

+ 2 Dy\piNpiyi=2 |47 (pyi+ps—2piNpyy)=0
iy =+

Thus the proof is completed.
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