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Theory of Lyapunov’s Characteristic Exponents for Impulsive
Differential Systems. 1. General Properties
of the Characteristic Exponents

1. Introduction

In the present work we shall expose the main results of the theory of Lyapunov’s
characteristic exponents for the solutions of the linear homogeneous impulsive system
(1, 2, 3]

dx
0 B =Ax, t=,
szka, t=Tk, k:1, 2,.-.

The theory of Lyapunov’s characteristic exponents for the systems of ordinary
differential equations dx/df= f(¢, x) is well developed [4, 5, 6). In the case when this
system is linear ( f(£, x)=A(f)x) the characteristic exponent is considered as a func-
tion defined on the linear space L of solutions x(¢f). Then the elaboration of a great
part of this theory is based just on some properties of the characteristic exponent and
on the linearity of the space L without using the fact that x(£) is a solution of the
linear system x=A(f)x [6].

We shall develop the theory of the characteristic exponents under assumptions
which provide linearity of the space of solutions of system (1). This allows the proofs
of a great part of the theorems to be carried out analogously to the corresponding
theorems for systems of ordinary differential equations in [5] or [6]. The proofs of
such theorems will be omitted.

2. Characteristic exponent. Definition and properties

Introduce the following notation: R,=[0, «); C" is an n-dimensional complex
n

Euclidean space with elements x=col(xy,..., x,), scalar product (x[y):Z Xy, of
k=1

% The present investigation is financially supporled by the Bulgarian Ministry of Science, Cul-
ture and Education under Grant 61.

31



P. Simeonov,
D. Bainov

the elements x, y and norm |[x|=(x|x)V?; C"*7 is the space of (nXn)-matrices
A=(a;) with entries a,¢C; || Al|=sup{|Ax|: x€C" |x|=1} is the norm of the mat-
rix A¢Cnxn; E is the unit (nXn)-matrix.

Definition 1. We shall call a characteristic exponent of the function x: R, —C"
the number (or the symbol + oo or —oco) defined by the formula '

x[x]:limsuptiln | x(£) |-
{400

If x(¢)=0 for £=£,=0, then we assume that x [x]=—oco.
We shal mention the following properties of the characteristic exponents.
Property 1. If y[x]=0s+cc, then for any £ >0 the following relations hold

lim | x(¢)le—e+2¥=0, lim |x(f) e~ = 4 co.
{—=tco t+o0

Conversely, if for some a and any >0 the above relations hold, then y[x]=o0.

Property 2. If ¢==0, then yx[cx]=1y[x].

Property 3. y[x+y]l<max(y[x], x[y]) and we have an equality if y[x]==x[y].

Property 4. If | x(8)|<|y(f)]| for £=£,=0, then x[x]<X]y].

Property 5. If (x(¢)|y(t))=1 for £=£,=0, then x| x]+ x| y]|=0.

Lemma 1. Let the functions x,: R, —C* (k=1,...,m) have different characte-
ristic exponents, i.e. x[x]Fx[x)] (i==)).

Then the functions x,,..., x, are linearly independent in R,.

The proofs of properties 1-5 and Lemma 1 are given in [5].

3. Spectrum of a linear homogeneous impulsive system

Introduce the following conditions (A):
Al. B,¢Crn, det (E+By)=+0 (k=1,2,...).

A2, T,=0<T,<19< ..., lim 7,=+4 co.
k240

A3. The matrix-valued function A: R,—C"*” is continuous for #¢Ry, #==r, and
for =1, it has a discontinuity of the first kind and is continuous from the left.

We shall note that if conditions (A) hold, then for any £,¢R, and x,€C" there
exists a unique solution x(¢; # x,) of system (1) which is defined for £¢R, and is
such that x(¢,+0; £, x,)=x, Moreover, the set L of all solutions of system (1) de-
fined in R, forms an n-dimensional linear space. By Lemma 1 for x¢L, x=0 the
function y[x] can take not more than n different values

— 000y << <O, <+ o0 (m=n),

where the least one may be —co and the largest 4-co.
Definition 2. The set ® of all different .finite characteristic exponents of the

nonzero solutions of system (1) is said to be the spectrum of system (1).

Definition 3. The set o of all different characteristic exponents of the nonzero
solutions of system (1) is said to be the extended spectrum of system (1).

Remark 1. The spectrum may be empty. ;

Indeed, for the system

dx dy
—3?—0, 71?——0, t=k,
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Ax=(k—1)x, Ay=—"Ey t=k k=1,2,...
we have o=@, a={—o0, + o}
Let Uyt s) be the Cauchy matrix for the system
d
@ Z=Al)x (t_ <t<t,).

"~ Then the normalized at £=0 fundamental matrix of solutions of system (1) has
the form

) 1
@3) VO)=Upn(t ) | | E+BYUI(5 1) (u<t=ti)
J=i
and the Cauchy matrix has the form |
k+1 !
) Wi, $)=Upr (4 1) | [ (E+B) Uy (e 1) (E+By) Uil 9)
. Je=i

(Tk"-1< SS‘tk<’C,StS‘L',+1). )
Theorem 1. Let conditions (A) hold as well as the inequalities

(5) NI E+Bl|<T, (=1, 2,..)),

where the constants vy, and T, are such that 0<y,<T,.
Then for any solution x(#)=3=0 of system (1) we have

(6) xm]<x[x]=x[M],
¢ ) ¢
where m(t)=1_‘[y,,exp (-—f” A(s) || ds), M(t):nl"k exp (J‘ IA(S)]| ds).
'tk<t 3 rk<t

Proof. Let £, t¢(ty—y, 74) and y¢C" Then for the solution Uy (¢, t)y of (2) we
have : :

F 4
Ut Dy=y+ [ A)Us(s 9y as,
which implies that
t
™ Ut Dy I=lyl+ [11A@] [Uds, 93 llds,

From (7) in virtue of the general inequality of Gronwall-Bellman [5] there follows
the two-sided estimate

t t
—f 14(s)l1ds anunws

(8) lyle <|U,¢ vyl<|y|€
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For the solution x(¢)#=0 of system (1) in view of (4), (8) and (5) we obtain

4
{1A(s)||ds

4
— | lias)las

0
© o [ e * =ix0=Ix)| [[Tue
%<l T, <t

In virtue of properties 2 and 4 from (9) there follows (6).

Theorem 1 is proved.

Remark 2. If y[M]<+ oo, the extended spectrum does not contain + oo.

Remark 3. If y[m]>—o and x¢L, then y[x]=—oco only for x=0,

Theorem 2. Let conditions (A) hold and let the maximal characteristic exponent
of the solutions of system (1) be negative.

Then system (1) is asymptotically stable.

Proof. Let a< 0 be the maximal characteristic exponent of the solutions of sys-
tem (1). Choose €>0 so that a+e<0. Since for any solution x(#) of (1) we have
y[x]<a, then in view of condition 1 we obtain that

lim |x(f)|e—@+2)=0
400
from which we conclude that lim |x(#)|=0. Hence, the linear system (1) is asym-
t—y-}oo .

ptotically stable. Theorem 2 is proved.

4. Normal Basis

Let the solutions of system (1)

(10) x(B), . . ., x,(E)
form a basis of the space L and to them let there correspond the fundamental matrix
(11) XO={x1(®), ..., x, ()}

whose columns are the vector-valued functions (10).
Let the spectrum of system (1) consist of the numbers

gy <ug<--<0, (m<n)

Introduce the sets v

Li={x¢L: y[x]<ay} (s=1,..., m),

Lo:{xeL: x[x]=—00}, Lm+1=L-
Let N, be the maximal number of linearly independent solutions of system (1)

with characteristic exponent equal to a, N,=dim Ly Ny4;=dimL=n.
"~ Then from properties 2 and 3 it follows that
O}clyclic-cLl,cly =L

and that Ly (s=0. 1,...,m) are linear subspaces of the space L.
Lemma 2. Let conditions (A) hold.
Then Ny=dimL, (s=0, 1,..., m+1).
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Lemma 2 is proved as in [5]. ,

Corrollary 1. 0N, < N;< -+ <N, <N, ., =n.

Let 7, of the solutions from basis (10) have a characteristic exponent equal to
o, (s=1,...,m), n, of them have a characteristic exponent equal to —oo and n,4,—
equal to 4 oo.

Then the following corollary is valid:

Corollary 2. ny+ny+---+n,<N; (s=0, 1,...,m),

ot Ayt Ay =1
Definition 4. The basis (10) of solutions of system (1) is said to be normal if
no+m+--+n=N;, (s=0,1,...,m+1).

In this case the fundamental matrix (11) of solutions of system (1) is said to be
normal,

Before we formulate necessary and sufficient conditions for normality of the
basis, we shall give the following definition:

Definition 5. The system of nonzero vector-valued functions x,: R,—C" (k=1,
..,m) is said to have a nondecreasing property if for any nontrivial linear combi-
nation

n
y=, ¢, x, (with at least one ¢,==0)
k=1

the following equality holds

x[yl= max x[x,].
k: ck:}:ﬁ

Theorem 3. Let conditions (A) hold. ,

Then the basis (10) of solutions of system (1) is normal iff it has a nondecre-
asing property. '

Theorem 3 is proved as in [5].

Theorem 4. Let conditions (A) hold.

Let x,,...,x, be a normal basis with characteristic exponents

M<hy<--=A,
and y,,...,y, be an arbitrary basis with characteristic exponents
| AM<h<-- <),
Then A=A, (k=1,....n—1), A,=A, and, moreover, the basis y;,...,y, is nor-
mal iff
‘ A=k, (k=1,...,n)

Theorem 4 is proved as in [6]

We shall note that in all normal bases the number of solutions with characte-
ristic exponent equal to o, (s=1,...,m) is equal to N,~N,_; and the number of
solutions with characteristic exponent equal to —oo or +oco is equal respectively to
N, or n—N,,,.
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Definition 6. The numbers
ve=N,—N,_, (s=1,...,m),
Vo= Ng, Vpi1=R—Np

are said to be respectively multiplicities of the characteristic exponents o, —oco, +oco.

Definition 7. The spectrum of system (1) is said to be finite if 0=0.
Let the spectrum of system (1) be finite and let it consist of the numbers

0, < U< - <Ay, (Mm=<n). _
Let the basis xp,...,x, have ngsolutions with characteristic exponent equal to a,.
m

Definition 8. The number 6,= 2 nsa, is said to be the sum of the characte-
§=1
ristic exponents of the basis xy,..., X,
Theorem 5. Let conditions (A) hold and let the spectrum of system (1) be finite.
Then the basis x;,..., X, is normal iff

m
Cy
Cy= 2 Vs O

s=1

where v,=N,—N,_,(N,=0) are the multiplicities of the characteristic exponents o,
(S=1,....m).

Theorem 5 is an immediate consequence of Theorem 4.

Theorem 6. Let conditions (A) hold and Z(¢)={z(¢), ..., z,(f)} be a fundamental
matrix of system (1).

Then there exists a constant matrix of the form

1 €9 €13 Cqp

C= O 1 023 e Czn

00 0 1
such that the matrix '
(12) X@®=2Z@1)C

is a normal fundamental matrix of system (1).
Proof. Without loss of generality we assume that x[z;]<y[z] for i<j. Set

(13) Xp=Cip21t -t otz (R=1...,n)
where the coefficients ¢y, ..., C4—1,, are chosen so that

xxel= min X0z by 21t 2]
Dy aoos bk—l

hence
Uz =xx:) (k=1,...,n).

From (13) it follows that X(#) has the form (12) and det X(¢)=det Z(¥)=+0, i. e.
X(¢) is a fundamental matrix of system (1).
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For i<j<---<k let ylx]=xlx/)]="-=xlxl=0 and y=a;x+a;x+ -, %,
(a,%0). We shall prove that x[y]=c. In fact, from (13)it follows that y has the form

k—1
y=a,.(zk+2b,zx).

s=1

From the way of choice of X, it follows that
k—1

Uyl=x [z. +2 b,zs}zx [x]=0a
s=1

and from properties 2 and 3 we have that x[ y]=<a. Hence, x| y]=c.

We shall prove that the basis x;,...,x, has a nondecreasing property. Then

Theorem 3 implies that the fundamental matrix X(¢) is normal.
Consider an arbitrary nontrivial linear combination

(14) x=_2 ayx, (with at least one a,+0).
k=1

Separate these solutions of the linear combination (14) having the lagrest charac-

teristic exponent. Let these be
Xio Xjyoooy Xy (i<j<---<k) and y[x]=%[x]="--=x[xe] =0
Then we can represent x in the form
X=q; X;i+a; X+ F+ A X+ 2,
where y[z]<a and obtain that

wUxl=xnla; x+a )+ +ap ] =e= AT xxsl:

.as

Theorem 6 is proved.
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