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1. Introduction

Unilateral contact problems belong, as is well known, to inequality problems of
mechanics, where the governing conditions are equalities as well as inequalities. A ma-
thematical treatment of these nonlinear problems can be successfully done by the va-
riational inequality concept [1,2]. On the other hand, the numerical treatment of inequa-
lity problems requires the use of nontinear mathematical programming methods, see
e. g. [1-6] and the references cited there.

The present paper deals with a numerical approach, based on the Laplace trans-
form, for the dynamic case of the above problems. Besides of well-known linear ap-
plications in mechanics, Laplace transform has been recently used successfully to obtain
two-sided solution estimates in unilateral viscoelastodynamics [7], and further to treat
numerically nonlinear time-dependent problems [8]. Here the Laplace transform is used
to derive a formally compact and computationally suitable approach to the dynamic
unilateral contact problems of structural elastomechanics. So, it is shown that at every
moment the problem is reduced to the solution of a convolutional linear complemen-
tarity problem, which, in comparison to the original problem, has a small number of
unknowns. The latter concern the unilateral quantities only. Finally, a numerical exam-
ple from civil engineering praxis is presented.

2. Problem conditions

For writing simplicity, first the problem is discretized in space by the finite ele-
ment method using models of “natural” type [1,4-5]. The unilateral behaviour is simu-
lated by unilateral constraints-elements located appropriately. Thus, following [9] and
in a way similar to that used by Maier [4]in piece-wise linearized plasticity description,
the constitutive laws for the unassembled discretized sructure are written in matrix no-
tation :

(N : e=e+p+0;
) ¢e=El0 or o=Eg
3) - . p=Bu;

* The paper was presented at the Bulgarian-Greek Conference on Mathematical Modelling in Me-
chanics and Techniques, Gjuletchitza, October, 1989.
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(4) y=B7g—Av—r, (r=0);
(5), (6), (7) - P=<0, v=0, PTv=0,

Here e, €, p, 0 are the total, pure elastic, unilateral and imposed (e. g. thermal)strain
vectors, respectively; o is the stress vector; v, § and r are the deformation, stress-re-
action and resistance (ultimate capacity) vectors of the unilateral constraints, respec-
tively; B is a rectangular transformation matrix and BT its transposed one; E is the sym-
metric and positive definite elasticity matrix and E-! its inverted; and A is the uni-
lateral interaction matrix, in general symmetric and positive (semi-) definite.

Further, the dynamic equilibrium and compatibility conditions for the assembled
structure are, respectively,

®) Go=p—Mu—Cuy;

€)] e=0Tq,

where G, G7, M, C are the equilibrium, compatibility, mass and damping matrices, res-
pectively, and u, p are the displacement and load vectors. As known, M and C are
symmetric and in general positive (semi-) definite matrices, and dots over symbols

denote derivatives with respect to time £.
Associated with the system (1)-(9) are the initial conditions

(10) w{f=0)=1;
(1) u(t=0)=u;
(12) w{i=0)=1y

Thus the problem consists in finding the response set {u(?), e(f), o(¢), €(f),
§ (), u (), v(f)} satisfying (1)-(12) for a given excitation set {p (£), 8(¢), o, ,, Uo}. Ques-
tions concerning existence, uniqueness of solution etc. can be treated by the varia-
tional inequality concept [1,2]. v

Now, to reduce the number of unknowns of problem (1)-(12), we introduce the,
positive definite stiffness matrix ‘

(13) K=GEG”
and the generalized load vector
(14) q=p+GE®.

So, after a suitable elimination of e, ¢, o and p, we obtain from (1)-(4) and (8)-(9) the
relations

(15) Mu+ Cu+Ku=q+GEBy;

(16) §=B7EG"u—(A+B7EB) v—B7E0—T.

Thus, the reduced problem in terms of u(f), ¢(¢) and v(¢) only consists of (5){7)
(10)-(12) and (15)-(16).

In the absence of unilateral constraints, (15) takes the usual form for linear (bi-
lateral) problems in structural dynamics:

Mu+Cu+Ku=q.
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3. The Laplace transform approach

Now we use the Laplace transform for time-functions f(f):
(17) F(o)= f fetdt, (s=s5,>0),
0

where s, is a suitable constant (convergence abscissa).
Taking into account (10), (11), first we obtain from (15), (16):

(18) D t'=d+ GEBv;

(19) #=BTEG"— (A+B7EB) v—B’E 0—17s,
where

(20) D=D (s)=K+sC+sM;

2D d=d (s)=q+Mu,+(sM+C) u,.

Matrix D is symmetric and positive definite, and therefore D! exists. Solving (18)
for u and defining

(22) $-=9L(s)=BTEG’D—d—BTE0—r/s;
(23) A=A (s)=A+B7{E+EG'D'GE}B,
(19) is written as follows:

(24a) F(9)=(—A(5)-v(5);

or

(24b) P=9L—Av.

Thus, in the Laplace domain the transformed reactions § of the unilateral con-
straints are the sum of two constituent parts. The first part, {%, concerns the response

of the structure, considered as a usual linear one with bilateral constraints (v = 0), to
the external actions. The second part is caused exclusively by the unilateral deforma-

tions, v(s), considered as imposed dislocations to the same linear structure. The in-

volved influence matrix A(s) is a symmetric positive definite matrix and plays the
role of a Green matrix-function.

4. Equivalent problem formulation in time-domain

Returning back to the time-domain and using the well-known concept of convolu-
tion, see e. g. [10-12], for two time-functions f; (f) and f;(¢);

(25) £ O (t)= 5[ (@) fa(t—1) 7,

we obtain from (24) by Laplace inversion the relation

4 49



A. Liolios

(26) b (@O=9-O—A o ().

Thus, at every time-moment we have 1o solve the problem of relations (5)-(7)
and (26). This problem is called a Convolutional Linear Compflementarity
Problem (CLCP) and its numerical solution is obtained by time-discretization as
explained consequently. _

The linear constituent term §*(f) is computed by considering the unilateral con-
straints as usual bilateral ones. For this purpose, anyone of the well-known methods
in linear structural dynamics can be used directly in time-domain. Similarly, matrix
A(f) can be computed in time-domain by various well-known techniques used for dy-
namic stiffness matrices [10-12]. Alternatively, both £ (f) and A(¢) can be computed
by Laplace inverting (22) and (23), respectively, using available computer codes [10].
Further, a time discretization is used for the step-by-step solution of the CLCP. To
save computationall work, various formulae for the recursive evaluation of convolution
integrals in (26) can be used in a way similar to that for elastodynamic analysis by
the boundary element method [10, 12]. So, the CLCP for the time-moment £,=n.Af,
where Af is the time-step and n=0, 1, ..., N, takes the form

(273) ‘l"n =a,+ A,,U,,;
(270, ¢, d) $,<0, v,=0, $7v,=0,

where a, is a known term from previous time-steps. Problem (27) is now a usual li-
near complementarity problem, which is solved by available mathematical programming
algorithms [1, 4, 6].

The above formulated CLCP of rels. (26) and (5)-(7) expresses an equivalence
principle in unilateral elastodynamics, corresponding to the equivalence principle esta-
blished by Nitsiotas for unilateral elastostatics [3].

5. Numerical example

The structural system of Fig. 1 has been recently studied in [8] by an hybrid
Laplace time-domain trial-and-error approach. The same problem is also studied here
by the presented method for comparison reasons.

) PIKN]

Ui-‘—-— ———— Csonee o

50
M =40KN . sec?/m ® ‘
F/=1000000MN .m*

k=200 MN /m ““

€ =10MN._sec /m £l 4

hhl.

3
e -
S 0.05 0.15 0.20 0.30 time(sec)
damper ¢, if
P 4
. <177 spring interaction force
P
ul. . . .
3 t displacement

\ P
X
1

Fig. 1. Numerical example : system and loads 8
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The problem concerns a simple lumped mass system positioned on three isolated
spring-damper soil-elements. The mass is subjected to an impulsive load as depicted
in Fig. 16. Between the foundation and the soil-element /, (i=1, 2, 3) only negative
forces (pressure) can be transmitted. So, if these forces tend to become positive, then
uplifting v, of the foundation (that means relative retirement displacements between
foundation and soil) will occur. The relevant Fig. lc describes the unilateral contact
behaviour of the soil-elements, for which the corresponding constitutive relations (4)-
(7) are y;=0, ¥;<0, v,=0, y,v,=0 (no summing). With the data: M=40 KN.sec?/m,
£=200 MN/m, C=10 MN.sec/m and El=10° MN. m?, the static displacement of the
foundation is 0.667<10—% m.

Starting from this static value, the displacement function of node 3 is presented
in Fig. 2 for both cases, with and without uplifting of the foundation taken into
account. The obtained results by the herein procedure are in a very good agreement
with those of [8]. So, the displacement of the foundation will reach much larger values
after uplift has taken place than before in the purely elastic case, where uplift is not taken
into account. These results also show that the dynamic response of a structure con-
taining unilateral constraints may be entirely different from that when the unilateral
behaviour is considered as a bilateral one.

6. Concluding remarks

The herein presented numerical approach extends the use of Laplace transform
to unilateral contact problems of structural dynamics. The Laplace domain is used to
obtain an equivalent problem formulation, called Convolutional Linear Complementatity
Problem (CLCP), with a considerably reduced number of unknowns. Moreover, the La-
place domain can be used to obtain, on the one hand, the linear response due to
external actions and, on the other hand, an influence matrix. In both these cases, the
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Fig. 2. Displacement of structure node 3
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unilateral constraints are considered as bilateral ones and the finite or the boundary
element method can be applied in the usual way for linear problems.

Further, for the solution of the Convolutional Linear Complementarity Problem,
a time discretization and a recursive evaluation of convolution integrals are used.
Thus, the numerical realization of the method is obtained by using available computer
codes of the finite or/and the boundary element method, the Laplace transform and
mathematical programming. Finally, this numerical approach can be extended to other
inequality evolution problems of structural mechanics and mathematical physics.
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