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Notation
Gx Oy, Oyz  — stresses
of, w5tk — stresses in each layer
Fa B Fy — body forces
Ny Ny, Ny, - — strain forces

Qu Q) Qy — shear forces
M, My, My, — bending moments

F*, f* — functions, describing the distribution of the shear stress along the
thickness of the layer

Ey — Young’s modulus

My — Poisson’s ratio

G* — shear modulus

p* — material density

n — viscosity coefficient of the covering layer

c =\/E—k755 — velocity of the wave propagation in the k-th layer

D, — flexural rigidity

Yizr Yyz — shear deformations

o, B — bending deformations

h* — thickness of the layer

H — thickness of the plate

I i, — lengths along X and Y axis

I* — inertia moment

Vo — initial velocity of the impact

Q, -— amplitude of the impact force

# This article is a part of the paper presented at the XVII international Congress on Theoretical
and Applied Mechanics, 22—27 Aug. 1988, Grenoble, France.
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Introduction

Recently, the inverse problems in linear and nonlinear dynamics of different
structures have become subject of increasing interest and they are considered by many
authors [1, 2]. ‘

In the case of direct problems the response of the system has to be found out
for given input data, while in the most general case of inverse problems the response
of the system is known, but either the equations modelling the process or the input
data are unknown. Although the inverse problems are more difficult for solution they
are applicable to cases where complete measurements cannot be done. Because of these
reasons considerable attention is paid to the problems of identification properties and
of the input data and to the methods of their solution [3-8].

This paper presents some properties identification problems in the dynamics of
layered systems, A method is proposed for determining the unknown coefficient in the
governing equations of multilayered plates which depend on the properties of the ma-
terial. It is based on Fourier series expansion with respect to the spatial co-ordinates.
A numerical example is presented too for determining the parameters of the visco-
elastic covering of multilayered plates at limited displacements under a pulse load.

1. Formulation of the direct problem

A multilayered plate composed of an arbitrary number of isotropic layers is con-
sidered. In the case of beams, plates and shells the equilibrium equations in three-di-
mensional elasticity in Cartesian co-ordinates

ds, Oo,, do,,
ox t oy t 5 TF=9
do, Jo do

o4 E4 2y -
doy, do,, 0o,
5% T oy T tH=0

could be integrated with respect to thickness of thinwalled structures. The co-ordinate
system is placed in such a way that x¢[0, L], y€[0, L], 2€[—%, Ay, and 2=0 coin-
cide with the midplane of the plate. Then neglecting the body forces Fi, F,, F, and
integrating to corresponding thickness of the layers gives:

?;—? + 0—1:5’1+'r§—t§—‘=0,
2) afy + %fi+r§—r;-l=o,
053 + %-}—Gﬁ—c’;“l:O;
9§§+ ogv;,':y_ Qk+ btk — R g1 =,
©® oM, oMk

Y Ok kgl  ph—1l ekl _
dx + ay Q,v+h Y R Ty 0,
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where % is the number of the layer.

The equilibrium equations for bending a plate in the (x, y) plane resulting from
lateral loading are denoted by (3). In the dynamic problem the inertial forces due to
rotation and deflection have to be added to the right of Eq. (3).

Ok Qy B k1 kot 02
=t ol — ot = B R o
aMi aMk I3 k ok k1 k—1 _ Jk k"’“
(4) 5 T oy — Qb +RF Tk~ = [ ph o
‘)Mﬁy 42 aMk Qk +hk1k pE—1 gh—l [k r9°B
ox y 0P o

On the boundaries between the layers the following conditions are satisfied in
the case of a contact without slipping:

k— sk—1 Rk — ck—1
5) 62_62 ! cxz_cxz .

The plate is taken out from static equilibrium by impact with duration £*, provid-
ing that the mechanical contact between the touching surfaces during the impact is
not disturbed. Then the problem (4), (5) is integrated under the initial conditions:

() w(x, 3, 0)=Vi(x, ) w(x, y, 0)=0.

In the case of a contact without slipping of the layers and provided that the
shear deformations are proportional to the shear module in the respective layers, a
summation over the number of the layers could be done in Eq. (4). Thus, the prob-
lem is reduced to a system of three partial differential equations. Accounting the
effects of the shear deformations and the rotatory inertia, the governing equations
and conditions on the layer boundaries could be written with respect to the displa-
cements:

o2t -, g2g* 1+u, o8*  EFe (0w,
DigatDi—a @ t0v 3 axoy ~ quad \ox T
E fk fk_l 3 3 I3
B B % L _L__. nd k—1 kok 90"
+h 2(T+n,) ( ax T¢ ) k AT+n, ) ( + o ) I*o* <m
k
2B 1— A-p, a2p® l+uk F Al EfF, N
(7) Dk ayz Dk 2 axz Dk dxay 2(1 +uk) + B

Ef: (ow 5t ( ) ap*
B y k k—1 k 17y k—1 Rk
ik 2(l+—u")( P ) L Era | E A

EF: (om | ok EoFt (o  0BE Pw
kX 7T - k__ pk—1 _ pkakt T,
2(1+1o) (6x2 ax ) ity \az Tay ) TP —P Ko 5

Let us assume that the considered plate consists of a viscoelastic layer on the
impact surface. All layers deform without slipping and the shear deformations y%, and

vk, are proportional to the shear module G*,
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Tk, =Gk, 15, =G°/G"Y,,

where the layer in which the midplane of the plate is located, is denoted by 0. In this
case Eq. (4) could be summed over the number of the layers. The viscoelastic pro-
perties of the covering layer are described by Kelvin’s model. The governing equations
of a multilayered plate with covering viscous layer are:
0% 0% 028 d [ 0% Jd (0%
D]l()_xﬁx-'-Dl?a_ﬁ-{_DlSm +DI4E(W)+DI567(3‘;2)
a{ 02 ow 0 [ow 0%
+D16 "a‘z‘(—a‘—xgy')'—"DIT ( 5}“‘{"‘ (1) _DIS W( 5;'1—&) =15t—2‘7

02 02 02 o /02 3 /0%
(®)  Disgs+Du s +Dus g5 +Duu g (53 )+ Do 3 53)

0 [ 62 Jw 0 [ow 02
+Dlﬁ"52‘(m) _017(5}—"‘3) “DJSW(@ +B) =155
0’w Jda 02w OB 0 [/02w oa 0w 0B\] _ 02w
o
where
Du:Z Dy, Dy =2(h%)3 Eo/[3 (1 —p) (1 +1p)],
&
Dyy=X D, (1—1)/2, 01322 Do(1+1,)/2,
%
D,,= D, Dy =2ME R [3E; (1 —p3)),
D= Dig = Dy (1 —p,)/2, Dy =EH[[2(1+po)],
Dig=nE,/E,, Djy=Dsy= Dy, HP=2 hkp*,
3
Dgz=nEohy/[2(1 + po)l; 1=2HH,[3.

Conditions (5) are taken into account in Eq. (8). The extent of the deformation energy
absorption could be governed by the change of n.

2. Identification problem solution

The problems of medium parameters determination on the basis of data obtained
as a result of observation on the system behaviour in time are of considerable prac-
tical interest. Then, as a whole, the system response could be approximate in an
appropriate way and be substituted in Eq, (8) after which these equations will be
solved with respect to n(x, y).

_ Egs (8) are considered by introducing new variables: w=w/H, H=Xh,,
x=nx/lx,y=mny/l,and t=fc,/H (all bars are omitted below):

auaxx‘f‘ ai2 ayy+ a13 ﬁxy — a14 w,\:"f— a19 o

+1 (@5 Oxx + G Oy + Ayq Bry — @15 Wrt0ay300) =0,
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© A Brx+ Aoy Byy+ Agg Ccy— Aoq Wy + Ao
+ M (ag Bex -+ Qg Byy + as'.dry ‘%s";”y = a21oB)? B,

A3 Wy -~ Qgg Uy -+ g3 wyy+a34l3y
+ N (AgsWex+ Agels + A3 Wyy+ a3 By) — g=7w.

The boundary conditions are as follows: at y=0, n the plate is clamped and at
x=0, = it is simply supported:

w(0, ¥, H=w(r, y, £)=0, w(x, 0, f)=w(x, n, £)=0,
(10) o,(0, ¥, )=aym, 3, £)=0, olx, 0, H=o(x, m £)=0,
B0, y, t)=B(n,_ ¥, =0, B(x, 0, £)=B(x, m, £)=0.

The plate is subjected to blast loading with an initial velocity V, and duration
t* in the central zone. At £=0 it is not deformed.

w(x, ¥, 00=0, ao(x, y, 0)=PB(x, y, 0)=0,

(11a) a(x, ¥, 0)=0, B(x, ¥, 0)=0
_ { Ve x, y€[n/3, 2n/3]
’&’(x, J” O)= O’ x, y¢(1t/3, 2n/3),
(11b)

Qo= x, y€[n/3, 21;/3]} .
g(x, ¥, t)—”:g 0, x, yé(rn/3, 2n/3) tef0, ¢*]
0, x ye[o, n], >t~

2. 1. n=const

It is necessary the viscosity coefficient n to be determined in such a way that

the maximum deflection of the plate centre should not be greater than a given de-
flection w.

Under the given boundary conditions the functions w, o, B, ¢ and V, could be
expanded to Fourier series in the interval [0, «]:

w(x, ¥, t)=2 W*n(t) sin (nx) . sin (ky),
n, k

a(x, ¥, t)=2’ Afn(f) cos (nx) . sin (ky),

nok

Blx, ¥, t)=2 B¥(t) sin (nx) .sin (ky),

(12)

glx, ¥, t) ~2’ Q*(¢) sin (nx) . sin (ky), Vol(x, ¥) 2 V* sin (nx) . sin (ky).

Substituting these equations in (9) the following system of ordinary differential
equations with respect to ¢ is obtained:
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(13a) v8h AR(E)+mpii AR(E)—nay WA (§)+nag WH() = AR(Y) ;

(130) Pas B¥(t)+npis B = B¥(t) ;

(13c) P35S W)+ npis WE(E) — nagy AR () +nas AR (t) — Q¥(t) = W*(¢) ;

for i=1, 2 pii=—(asr®+ak? +a;0), pri=—(@yn*+ay, b + ag), and for i=3 pf3
= — (a5 N%+ag;k%), pos= — (A3 N>+ a33k?).

These are two equations per each couple W** and A*" and a separate equation
for B¥., The initial conditions for the coefficients in the expansion correspond to the
initial conditions for w(x, y, 0) and a(x, y, 0):

(14) AF(0)=0, W*(0)=0, A#0)=0, W*0)=V{§"
Analyzing the equations
M =4pl — (AR (p)?<0, (=1, 2, 3),

where A" are the determinants of the characteristic equations, n could be determined
for each (kn). In the case when the system gets back into its initial equilibrium state
without oscillations 1 is defined as n,=max (n*").

In all other cases the damping of the system will be realized by oscillations near
to its equilibrium state.
2.1.1. Let n<min(n®"). It is necessary n to be defined under the provision that

w(n, t) is smaller thalm w, Solving Eq. (13) for each n¢[0, min(n/")] a solution w(x, y

t, n) is found out.
The behaviour of the function w(n, t) at the given point (x, y,) is sought by
the condition

(15) IT{la}X (2 [ W (¢) sin (nx) sin (ky)])<w,
A nk

in the period £¢[0, 2/A/"]. Parameter 1 is numerically obtained from Eq. (15) using
the algorithm for determining real zero of functions, published by Dekker [8] and
improved by Brent [9]. This algorithm combines the bisection method, method regula
falsi and inversed square interpolation. In this way n* is determined in which case
w(n/2, n/2, {)<w, Consequently, if the viscosity coefficient of the plate covering is
1%, then the deflections will not be greater than the permissible one at given loading
and properties of the materials.

2.1.2. Let the loading g(x, v, ?) is given and the system response at x=mn/2 and
VE[O, n] as a function w(y, £) is known, Then these functions may be expanded in
Fourier series and substituted in Eq. (13). For each £ and n=1a couple of equations for
A¥(¢) and W/(f) are obtained. A¥(¢f) can be expressed by W#(f) and n from the first
equation and substituted in the second one. In the general case, a system of £ ordi-
nary differential equations is given for W*i({) and n* (W*(¢)) are known). The viscosity

coefficient 1, is found out as n0=(2 11")/’%» where &k, is the number of Fourier
k
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series members, which are taken into account. This is the first approximation of n.
Putting n, into the governing equations (8) the direct problem can be solved. The
least squares error is expressed as

b

(16) s = [ w2, 3, H—wdn2, v, 4 )P dy,

0

where 7 is the given response, w, is the direct problem solution and j is a number
of approximation. The problem is to minimize the function 8 over the sequence m;:

8(¢)=min (v, £).
{

This problem is reduced to
8(l"ﬂx)=min (Tlf' tis)s

where £, is a time when maximum w(r/2, y, f) is realised. For determining the mini-
5 g

mum of & in respect to m an algorithm similar to this one used for solving Eq. (15)
is applied. This algorithm combines the method of gold section and successive square
interpolation [9].

22. n=n(y)

Let it be assumed that the viscosity coefficient n changes along y. Equations (9)
obtain the form

Ay O+ Ayallyy + AyaPry — By Wt ayg0 + N(Bys0x + Byallyy + 17 Bay
—QygW, + Ay100) + Ny (@110 + A139Bx) = @,

A19B e+ APy + Aagtley— A9y By + dagB + 1N(@asPrx + a26ﬁyy + ay &Xy

- —QagWy + g0 B)+Ny(ag11By + @212 02) = B,
gy e+ ag O + A3y Wyy+ Aoy By +7 (B35 Wax + Bgllx + Bg Wyy+ Aefy)
+ Ny @3y + 310 B)— g = .
The response of the system is given at x=n/2 as
(18) w(n/2, ¥, h=w(y, t) =2’ Wk(t) sin (ky).
k

The function n(y) is presented in Fourier series expansion {sin(ky)}. The govern-
ing equations for the first mode of oscillation with respect to x(n=1) are:

(194) AR = (—ayy— 19 B+ A1) AR (£) — a1 WH(D)
+ 2 {Nml(— @5 — Baye + ayy0) (A" — A=) —ayo(WHH™ — W]}
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(198)  BF'=(—tyy— gy K3+ ag) BHE)+ 3 (N [(— Cas—K2 135 + ay10) (B — B}

(19¢) WA = (— gy — gy k) WH(E) — a5y AR ()
+ 2 {nm [(—ass—k2az +as) (Wk+m—‘ ‘;Vk—m)—‘ass (AHm—Ak—m)]}— Q*.

This problem may be solved by method of successive approximations under con-
ditions (10)and (11). n?=mn, are accepted for the first approximation. {Putting these

values of n™ and Eq. (18) into (194) a system of (k+ m) ordinary differential equations
with respect to All(#) is obtained. After solving this system A!(¢) are substituted

into (19¢). A system with respect to N7 is obtained. This system may be integrated
for the given time interval (e. g. duration of the period of free vibrations).The resulting system
is algebraic. The determined approximation Ny is substituted into (192) to find out

A%(#). After that from Eq. (19¢) the next n? is determined. This procedure is repeated
while the obtained n’; do not satisfy the condition

(20) | [ X ntsinedy— [ 37 ntsin()dy| <.
0 & 0 k

p>0, p<l.
So the coefficients in the Fourier series expansion are determined and

Miy) = 37 njsin (ey).
k

| Substituting this function into Eq. (17) the direct problem can be solved. After
that n(y) is changed by An, as

N =no+ANe= 3 (nf+p*Any) sin &y,
k

where p* are weight coefficients. The squares error is expressed as

@1 8({n}, &) = [ [w(n2, y, §) — wy(m/2, v, t, n)}*dy.
0
The problem is to minimize the function 8 over the sequence of {n}:
(22) 8(t)= min( [ w2, 5.0 —wm2, 3t 3 nf +pran)sinE)P dy).
{n}i 0 k

The minimization of the several variables function 8({n}, #ux), is done using the
finite difference modified method of Levenberg-Marqaurdt. This algorithm is numerically
realised in IMSL computer codes.
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3. Example

The identification problem for the viscosity coefficient is solved in the cases of
n=const and n=n(y). A three-layered squared plate of two elastic (Steel-Al) layers

z

Fig. 1

Q,

Fig. 2. The displacements w(f, n) at the plate cenlre
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Fig. 3.a—the displacement w(t) 0.6}
at the plate centre for n=0,5. ¢
- known response, 0.4k
inverse solution; '
b—the displacement
w(n(2, y) at £=38, 0. 0.2
---------- known response !
inverse solution 0] o !
0 3 35 4
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and a visco-elastic polymer layer is considered. The plate is subjected to a blast load-
ing of duration £* in its central zone (Fig. 1). The dependence of w(n/2, n/2, ) on
n=const is presented in Fig. 2. It is seen that the restriction of w, at (x, y)=(n/2, n/2)
is sufficient to determine the limit value of n. A comparison between the given system
response @y, t) and the solution w(y, #) obtained by solving the inverse problem is
shown in Fig. 3a, b. The solution in the case n=mn(y) for several values of Q, and
V, is shown in Fig. 4.

Fig. 4. Solutions for n(y) for different values of Qp and V.
1 — Qy=0.4 kgjcm2, V(=600 cm/s:
2 — Qp=0.3 kgjcm?, V=650 cm/s;
3 — Q=03 kg/cm?, V=600 em/s

4, Conclusions

The proposed method is very applicable to the solution of the considered class
inverse problems. The bases restriction which should be observed is that functions used
in the equations should permit expansion in Fourier series.

At given restriction for w only in one point of the plate the maximum values
of n=const can be easily obtained-

It is seen from the comparison made between the given system response w(y, £)
and the direct problem solution w(y, f) with n=const determined in the inverse
problem, that n is obtained with sufficient accuracy.
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The method permits the unknown coefficient n(y) to be determined too, by
reducing the problem to a system of algebraic equations with respect to the coeffi-

cients in Fourier series expansion. .
Under the appropriate boundary conditions the proposed method can be applied

to the case of n=n(x, ¥).
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