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On Planar Oscillations of Gyrostat on Elliptic Orbit

1. Introduction

We consider the motion of gyrostat around its centre of mass O in Newtonian
force field. We assume that rotors are aligned along satellite principal axes and mass
centre O follows the elliptic orbit aroung attracting centre O, (Fig. 1) and

Fig. 1
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where p=0,0 is the polar radius vector, v — the true anomaly, P — the parameter
of orbit, e — the eccentricity, p=Mf, f gravity constant and M is the mass of the
attracting centre. ,

-

Except the inertial reference frame O,&ng, we consider also two reference frames
(with origin in mass centre O) — a moving reference frame OX;XyXs with axes along
satellite principal central inertia axes and an orbital reference frame OX;X,X; which
is introduced as follows: OX; is along radius vector of the orbit, axes OX;, OX, are
along transfersal and normal to the orbit, respectively.

In the restricted case of the problem, equations of motion around mass centre
are [1]:

) Ao+k+oxXA 0+ axk=2X;XA. Xy;
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®3) k+lo=m;
(4) X, =X X0—0Xs, Xq=Xyx0, Xs=XzXo+nX;,

where o is the angular velocity of gyrostat, k — gyrostatic torque, m — controlling
torque applied to the rotors. The inertia tensor A about satellite mass centre in the
moving reference frame takes from A=diag(4,, A; A;) and the inertia tensor of
rotors I=diag (/,, 1, /3), respectively.

Eliminating k from (2) and (3) we have

©) Ba+m+8XA.g+an=%‘X3XA.X3,

where B=A—L

It is shown in [1], that availability of rotors in satellite implies existence of rela-
tive equilibria positions i. e. positions in which satellite is fixed in orbital frame, and
k and m are calculated for each equilibria (control via rotors).

Let us consider the solution of equation (4), (5) given in [1] in which axes of
orbital and moving frames coincide

1 0 0 (D1=0
® 010 =0,
00 l~ W;3=0;
m1=0 k1=0
(7) mgz —(!)0(.43——13) kngo—woAg
my=0 k3=0 (A,=const.).

We fix this regime of rotors (7), that supports equilibria (6). Suppose that there is a
perturbation in the plane of orbit (OX;X3) which corresponds to a certain turning
around Ox, (OX,) in angle o (Fig. 2). The components of angular velocity and vec-
tors of orbital frame in moving reference frame are

o,=0 cosa O --sina
®) Dy=0y+0 0 1 0
w3=0 sina 0 cosa
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After substituting (7) and (8) in (5) a single scalar equation is obtained
(AQ—IQ)&=-%‘;—(A1——A3) sin a cos a.

Denoting n=3(A,—A)[(A;—1L), 20=0 and having in mind that d/df=0.d/dv, the
equation for the planar oscillations is reached

,,  2esinv ,, sinf ('._f_).
9) 6 " 14ecosv o T e sy Ty

It may be also presented in Hamiltonian form
dp __OH do _OH

1 2
where HzT-m-—(l—i-e cosv) 7 cos 0.
For comparison, the equation of planar oscillations of rigid satellite [2] is also given:
;_ 2esinv 3(A4—4y) sin® _ desinv
ki & o'+ A, I+ecosv  l4ecosv

T 1+ecosv

Therefore, the presence of rotors in the satellite (only one of them is active in this
case) suppress the member on the right side of (11) and makes it homogeneous. It
can be also seen that the inertia moment /, of the rotor is included in »n, so this is
an additional opportunity to change it.

2. Quasi-harmonic oscillations

In this paragraph we assume that e<1 and |sin0—0]| is a small value i. e. the
oscillations do not differ much from linear ones. These oscillations are called quasi-
harmonic [2] and there they are studied via averaging methods for equation (11).
Here, we apply the same methods and algorithms as in [2] for studying quasy-harmo-
nic oscillations of equation (9). Denoting n=m? (9) is transformed into the fol-
lowing form

(12) 0" +-m¥—e[2sinv.0'—cosv. 8]+ m? (0—sin @) =f (v, 0, &, 0"").
According to our assumptions the value ;
(13) f=e[2sinv.0’—cosv.0"|+m2(0—sin0)

is small and nevertheless the small parameter is implicit, average methods may be
used. The following formulas introduce new variables:

(14) O0=acosy, O'=—amsiny, y=0¢+mv.
After certain calculations, the result is the system

d 1 .

T;’; =— fsinvy,
(15) d 1

T=—mr fcosv,

which is not in normal form, because of the existence of the term 6" in f. But since
we restrict the calculations to the first approximation, 8"’ =—am?cosy is taken. De-
noting f,=f(v, acosy, —amsiny, —am2cosy) the system (15) is presented in a
normal form.
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da 1 ;
=" fosiny
d 1

(16) %.—.-m—afocos v,
avjdv=1.

A system with two fast variables (¢, v) and one slow a is obtained. In the absence of
resonance between the fast variables, an average of them is taken and in first appro-
ximation we have

2r 2n

d, 1 :
d—: = —Wfffosm ydydv=0
00

or a=a,=const. The second equation gives y=y(a) which means nonisochronity.
If resonance is considered

dy dv
a7 vy ="

a new variable x=y—v (y=x-+V)is introduced in the neighbourhood of the resonance
(17). Then the system (16) takes the form
da 1 ;
v = —7f0 sin (% +V),
dxn

(18) = m-—l——,—n%f0 cos (x+V),

av_
dv

L.

The system (18) already has two slow variables @ and » (according to our assumption
m—1 has the same order as f,). After averaging by v, we have

2
2 - —ﬁffosin(mw)dv:o
0

i. e. again a=a,=const. Thus, no matter if we have resonance or not, quasi-harmonic
oscillations in first approximation of (9) do not differ from linear. This result is natural
because availability of one active rotor suppresses member 4esinv/(1+ecosv) of (11)
which is responsible for all effects in resonance case.

3. Stability

After linearising the equation (9), change of variables 6=1v/(1+ecosv) is perfor-
med. Then the equation (9) obtains form

(19) v’ +g(v)1=0,

where g(v)=(n+»ecds v)/(14+ecosv), g(v+2m)=g(v). Therefore, (19) is Hill equation.
It is equivalent to the system

(19) 2i=2q, Z,=—g(V)2.
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Sufficient condition of unstability is g(v)<0 (g(v)==0), which gives n+ecosv=<0.
Expressing condition for the maximum of left side function to be <0, we obtain
3(A1—4;)

A1) +e<0.

When e=0, (20) converts in the sufficient condition for unstability of trivial solution
of small oscillations in circular orbit i. e. A;<A,. For sufficient condition for stability
is used Liapunov’s integral criterion

(20) nte<0 or

on
g2(v)=0, OSang(v)dvsél.
0

Both conditions give

T S —
esn=<l-T \/l -—-e2, where

7‘2
21 .
@ e<e* = %w.mm (Fig. 3)

One may say that this picture is not satisfactory with respect to stability, because it
is known that every point from (n, 0) n>>0 corresponds to a stable system. Here we
use the assumptions from the previous paragraph: n=m? and e<1. Qur purpose further
is to consider in the plane of parameters (m, ¢) domains of dynamical unstability
which approach (m, 0). It may be done in one of the following ways: to express con-
dition |tr4|=2 which gives the boundaries of unstability domains (here A is the mat-
rix of the mapping for period for system (19')) [3] or direct computation of these
boundaries in first and second approximation [4]. As the frace of A is calculated
explicitly in special cases and equation |tr A|=2 is solved approximately, we use se-

%

Unstability —— """

Fig. 3
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cond approach and restrict calculations with first approximation of the boundaries of
unstable regions.
The system (19°) takes form

(22) z'=[C+eB+ - - -]z,

where z=(2,, z5)7 and C= 8 1 , He= 0 ;
—m2 0 (m2— 1)cosv o)

The eigenvalues of C are A= Fio,=tim(o,=m) and eigenvectors are ¢;=(1, mz)
€_,=C¢,;. Resonance values of m are obtained from the condition 20,=%, k=0, 1, 2..
Therefore, when

(23) m=Fk/2 k=0, 1, 2.

the trivial solution of (22) is unstable (parametric excxtatlon) According to the basic
theorem ([4], p. 193) boundaries of unstability regions in first approximation which
approach the point (%/2, 0) are given with

Lt e + 0 ()< m< 5 + yPe + 0(e%), e>0,
where

—X—1, —1—X1,1 F2 ' Ay ’
2 2

and where
X—1, —1=(BOC_y, € )y m=rr X1, 1=(BOCy, €1)jm=rs2
XE%J:(B(MC—D c1)|m=k/2; k:O» 1: 2) v

B®) are Fourier coefficients for matrix B(m, v). As B®), k<=1 are nill matrices, %—;, —

=X12=0,[x4, , 18, =0, k==1. Therefore,
ke
___________ |ex1 = Unstabi h'y
D— e l ‘ s & 9 ;
! 3 5 % g
2z 1 3 2, m
Fig. 4
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Thus, in first approximation unstable regions are
m=ki2 k=0, 2, 3 <.,

24 .
@) %———g—e + O(e2)<m<—é—+—g—e+0(eﬁ). (Fig. 4)
The analysis confirms remarks in [3], that although theoretically parametric excitation
is observed in infinately many points m=£k/2, £=0, 1, 2, ..., practically it appears
in small £ and strongest when 2=1. If & is large, unstable regions are very narrow,
even not existing at all [4].
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