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1. Introduction

Based on the discrete vortex method introduced by Rosenhead [1] for appro-
ximate representation of the continuously distributed vorticity in an inviscid incomp-
ressible fluid by a discrete line vortices, a number of numerical studies have been
carried out concerning the time development of the separated flow around a circular
cylinder. The weakness of these methods lies in the mechanism of introducing vorticity
into the flow. The detachment site of the shear layer from the circular cylinder surface
is not fixed and this is the reason why various assumptions about the separation points
are made. A review of the suitable numerical techniques applied to match real fluid
effects is given in [2, 3].

For sufficiently high Reynolds numbers (laminar regime 10'*—10%) the flow may
be divided into two subregions: a viscous inner flow near the cylinder, described as
boundary layer and an essentially inviscid external flow outside this area. The external
flow consists of an irrotational flow outside the boundary layer and the wake.

The paper deals with numerical simulation of a two-dimensional incompressible
time dependent flow past a circular cylinder in an impulsively started uniform stream
of an inviscid fluid. The approach is based on the potential flow model and its exten-
sion covering viscosity effects indirectly by the artificially fixed mean position of the
flow separation depending on the Reynolds number. Applying the well-known discrete-
vortex method a relatively simple model has been formulated for unsteady separated
flow past a circular cylinder with vortex shedding. For the sake of simplicity all re-
sults are presented in terms of nondimensional quantities. The dependent and indepen-
dent variables are normalized as follows:

W (2)= W(2)UuR?, 2=2/R, T'=TIU.R, t=Uut|R, t=ujUu,
o' =0fU., 0'=8, Cp=DipRUZ, C,=L/pRU2, S=2fRIU.., Re=2RU.|v,

where dimensional quantities are represented by W — complex velocity potential,
U, — uniform flow velocity, R — cylinder radius, 2 — complex variable, ' — cir-
culation, £ — time, u, v — Cartesian velocity components, D — drag, L — lift, p—
density of fluid, f — vortex shedding frequency, v — kinematic viscosity of fluid,
respectively, and nondimensional quantities are respectively represented by 6 — polar
angle, C, — drag coefficient, C; — lift coefficient, § — Strouhal number, Re — Rey-
nolds number. Further on, primes are dropped from the symbols dimensionless variables.
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2. Mathematical representation of the flow field

_ The complex velocity potential W (2) in the physical plane z generated by the
uniform flow in the positive x — direction, a dublet at the origin of the coordinate

Fig. 1. Simplified model of the flow

system to simulate the cylinder, N real vortices in the wake, and N image vortices in
the cylinder (Fig. 1) can be written down as

(1) W(z)=z+-i——§";ﬁ’ r, [ln(z——zn)~—ln <z—%>}

n=1 n

where z=x-+iy, i=\/——1

whilst T',, and 2z, represent the strength (positive when rotating counterclockwise) and
location of the nth vortex, respectively, the overbar indicates a complex conjugate.
Each vortex has an image of opposite sign at its inverse point to ensure that the
normal component velocity on the cylinder surface vanishes everywhere and that the
total vorticity in the flow is always zero. There are no images at the centre of the
cylinder because the vortices having beed shed from it, leave circulation opposite to
their own on the cylinder [4, 5]. Hence, the total vorticity is equal to zero. The com-

plex velacity at any point z=x-+iy is given by
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where z and v respectively are the x and y velocity components.

3. Generation of vortices and the separation condition

Shortly after an impulsive start the boundary layer approaches the quasi-steady
state. It is known [6, 7] that at subcritical Reynolds numbers the separation points do
not fluctuate perceptibly. Thus, the mean position of flow separation point (depending
on the Reynolds number) can be determined from experimental data [8]. In the nume-
rical model the generation of vorticity in the boundary layer at the upstream section
of the cylinder surface is simulated by introducing new vortices at a constant frequ-
ency, e. g. at each time step of computation two new point vortices with opposite
sence of rotation are introduced into the flow at the boundary layer separation points
6=0, [4, 9] obtained from experimental data {10, 11].

The position and strength of each new introduced vortex are determined by ap-
plying the no-slip condition at the separation [12]. Each separation point is indepen-
dently considered. The rate of vorticity shedding into the wake may be closely ap-
proximated by [13]

where U, is velocity of the external flow at 6=0, on the cylinder surface in the
absence of the new vortex influence. This the strength of the nth point vortex is
given by

(4) I,=050U%At¢,

where A¢ is the time increinent. The new vortices are introduced into the flow at
points

(5) 2,=(1+3)exp(i6,),
where

. 2
(6) =TT

S

— ; _ 1

ni

is the dimensionless radial distance from the cylinder at 6==6, determined by the re-
quirement of zero tangential velocity component at point 2=exp(i0,) on the cylinder
surface [12]. It is required that the no-slip condition is exactly satisfied only at the
instant of each new vortex introduction. The images are simultaneously created to
satisfy the condition of zero normal velocity at the surface. The generated vortices are
convected with the local flow velocity at z, at the time of their introduction.

4. Convection

The vortices are convected with the local velocity at their current position, e. g.
under the action of the uniform flow past the cylinder and the velocity field generated
by all other vortices. The induced velocity of each vortex, is determined by local com-
plex velocity potential, which is being excluded (individual vortices do not contribute
to their own velocity) which yields
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) dz | aw,, i
(7) un(tk)'!—lﬂn(tk):—&t—i[::tk:—:— ’

| _—
dz 7=z,

where #, and v, are Cartesian velocity components of the nth convected vortex at
time £,. The new position of the nth vortex is specified from the difference scheme

@®) 2, (81 ) =2, (L) + [ua(t) + v, ()] A
with A? being the time step and £,,,=¢,+A¢

5. Lift and drag

Within the framework of an inviscid model the forces acting on the cylinder can
be directly determined using the Lagally theorem. Lift and drag coefiicients are com-
puted from the positions, velocities, and strengths of the vortices and their images
following the formula

N N
(Q) CD'T"iCL:Z 1-‘n (ill,,—-‘U,,)——Z l—n (ill,,i—‘l'm-)
n=1 n=1

derived by Sarpkaya [14]. The suffix { in Eq.k (9) denotes the image vortex. The
velocities of real and image vortices are interrelated by

(10) ity = 22

6. Inducement of asymmetry

The symmetric vortex structure is unstable at high Reynolds numbers and asym-
metry develops soon after an impulsive start which promotes the alternate vortex
shedding [15, 16]. In numerical simulation of an impulsively started symmetrical flow,
with no vorticity in the wake at the beginning, the flow pattern develops symmetrically.
Thus, it is necessary to introduce disturbances of limited strength and duration into
the flow in order to induce the shedding of the first vortex and the formation of an
asymmetric vortex wake. In order to perturb the flow field the same sign point vorti-
ces in the wake are subjected to a small translation

(11) 2, (bei1) =2, ()[4, (t) +iv, @) AL+ A X
of the magnitude

i .
(12) Ax=0.04[1 — CoS (n k4 )] for 5<f,<9

gradually increasing with time [17].
7. Wake

The wake is modelled by a set of point vortices superimposed onto the potential
flow about a cylinder. Under the assumption of an inviscid flow, the point vortex
moves with the velocity determined by the local flow field and its strength remains
constant in time. In real fluid the vortices which too closely approach the cylinder
will be dissipated by the action of viscosity. In the absence of viscosity and the no-
slip condition, imposed on the cylinder boundary, the individual vortices can approach
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Fig. 2. a, b — positions of vortex centres at successive stages of wake development. [} and ® denote
point vortices with clockwise rotation and counter clockwise rotation, respectively; c—A — positions of
vortex centres at successive stages of wake development; {3 and B denote point vortices with clockwise

rotation and counter clockwise rotation, respectively
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one another or the cylinder surface (the images) very closely. However, in the neigh
bourhood of the point vortices, the fluid velocity tends to infinity.

Therefore, such vortices can acquire extremely high velocities. To avoid unreally high
velocities in numerical simulation, the point vortices are elimminated from the flow field and
calculation whenever they cross the cylinder or come closer to its surface than the
radial distance of 0.04 [17], and they coalesce after having approached one another
too closely. The following coalescence scheme is applied [18]: for x<I3 the vortices
coalesce if they come closer than 0.05, and for x>3 — if they come closer than 0.1
of the cylinder radius.

Most of the computation time is used for calculation of velocities. The computer
time required to calculate the velocities of vortices increases almost proportionally to
the square of the number of vortices [9]. In order to reduce the computer time for
modelling the fully developed flow, the number of point vortices is minimized by
coalesced ones which yields an equivalent velocity field (e. g. some vortices are replaced
by a single point vortex of equivalent strength and situated at their gravity centre
[5, 12]). The strength and position of the resulting vortex are given by

DAL AT M WS
(13) = 1Fn, X == 2 y .

- i 2

n

Besides, those vortices which drifted too far away from the cylinder are combined into
a single vortex.

8. Discussion of numerical results

Some flow characteristics calculated for the angle of separation 6,=80° and time
increment A£=0.2 and 0.3 (time interval between the introduction of vortices) are
shown in figures. Fig. 2a—#% show the distribution of all point vortices at various
time. The evolution of the two-dimensional wake is followed over a long time period
after the start point. The newly introduced vorties leave the cylinder in two streams
which interact and begin to form two symmeiric coherent vortex stuctures behind the
cylinder. Then the subsequent asymmetry develops and the vortex structures are alter-
nately shed from either side of the cylinder. Finally, a configuration of point vortices
develops, forming a rotational wake of alternate vorticity distribution. The average
dimensionless spacing of the vortices in the completely developed region of the wake
has been found equal 9.6 in the longitudinal direction and 2.9 in the transversal one.
The lift and drag coefficients and the rate of vorticity shedding from two separations
are plotted in Figs 3-5 as functions of time. The drag coefficient slightly fluctuates
about the mean value of Cp=1.3. The lift coefficient oscillates with the mean ampli-
tude of about 0.55 and oscillation frequency of 0.094. The fluctuations of dI/df and
C,(¢) for £>5 roughly have the same dominant frequency, which can be expressed by
means of the Strouhal number, of about S$~0.19. Figs 4 and 5 show that |dT/d¢|
for the upper surface approximately is in phase with C,(f). After the initial transition,
up to about £=05, these curves reflect clearly the periodic formation of vortices, and
a comparison with Fig. 2 shows their correlation with the flow development. The mean
drag coefficient and the Stouhal number of the vortex shedding (determined from the
frequency of lift fluctuations or the fluctuations in the rate of vorticity shedding) are
in a reasonable agreement with the experiment [8, 19]. The lift coefficient is rather
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overestimated. However, it is generally difficult to estimate it properly because of a
large scatter of experimental results [19]. Plots of the velocity induced at each point
vortex in the flow at time point £=6.0 and 25.0 are shown in Fig. 6. The length of
the sections in the figures corresponds to the magnitude of the vortex velocity and
the orientation indicates the direction of the movement. Fig. 7 consists of computer
graphs of velocity vector field behind the circular cylinder at various time in the
flow development. The length of the sections in the figures corresponds to the speed
of the fluid at that point, and the orientation indicates the direction of the flow. The
velocity vector fields shown in Fig. 7 correspond to the situation shown in Figs: 28,
2g, and 6, respeetively.

9, Comments

Potential flow theory modelling and application of fhe discrete vortex method
gives the main characteristics of the flow past a circular cylinder at high Reynolds
numbers. Some results are in agreement with the experiments. A reasonable simulation
of the real flow has been achieved assuming fixed separation points. The inviscid
model simulates the physical situation in terms of vorticity. Therefore, the main influ-
ence on the vortex formation is exerted hy vorticity itself.
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