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1. Introduction

Let a viscous drop being in an ambient viscous liquid with diluted surfactants
begin to move under the action of gravity force g(f) depending on time £ Due to the
dilatation of fluid-fluid interface T bounding the drop, the thermodynamic equilibrium
is disturbed and an additional reactive capillary force arises, which decelerates the
drop motion [16]. In other words the well-known Le Chatelier’s principle is valid here.
This conclusion is based on the fundamental thermodynamic laws whose successive
application leads to the symmetrical form of heat and mass transfer equations provided
that they are written in intensive thermodynamic variables [2, 3).

The motion of viscous drops driven by buoyancy and capillary forces in an amb-
ient flow field, have been the subject of a number of studies (see, e. g. [1, 2, 5, 7,
12, 13, 14, 16, 21-23]). Most of the studies have concentrated on the interaction bet-
ween the drop and the ambient flow, with a view to predicting the drop’s speed and
deformation. The present paper is devoted to the further development of the approach
given in [2] where the symmetrical form of capillary fluid mechanics equations has
been first obtained for a special case, and the influence of variable surface tension on
the transient motion of a drop has been calculated.

The principal idea of symmetrization of gas dynamics equations has been enun-
ciated by Godunov [9). His approach has been further expanded for magnetohydro-
dynamics [10], theory of elasticity [11], and effectively exploited for solving the stabi-
lity problems for shock waves, and for the finite difference scheme design. The general
mode of symmetrization of interface dynamics equations, including phase transitions
equations, is given in [2-4].

2. Thermodynamics of interface

From mechanical point of view, the capillary forces have an internal nature, and
their determination is a problem of the multiphase liquid rheology. The principal difie-
rence of capillary fluids and the Newtonian ones is connected with the anisotropy of
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stresses in the contact layers of liquid phases, i. e, the Pascal’s law is not true here.
In actual practice, the interphase region has very small thickness being constant during
processes of fluid flows. Consequently, the interphase layer could be approximated by
the Gibbs’ dividing surface I', supplied by distributed abundant extensive thermody-
namic variables such as surface internal energy &, concentration y of surfactants, and
entropy 7 [8]. Of course, the temperature 0 and the chemical potential { of surfactant,
which are intensive thermodynamic variables, must be continuous everywhere includ-
ing T. Interface T is identified with an open thermodynamic system being in contact
with bulk phases which play a role of a reservoir of heat and surfactant molecules.
The briefly-described Gibbs’ approach allows us to eliminate the rather complex subject
of structure and thickness of the interphase layer, and to apply effective methods of
thermodynamics to capillary phenomena.

To remind the definition of the surface tension, let us consider a closed thermo-
dynamic system of two liquids separated by a homogeneous interface I' of area A.
Let £ be the total internal energy, /V be the total number of surfactant molecules,
S(E, N) be the entropy of the bulk phases, and An(e, v) be the abundant entropy of
surface I' (the given dependence n(e, y) determines completely the interface thermody-
namics). The entropy maximum principle

S(E—Ag, N—Ay)+ An(e, y)—max,

under conditions Ae<FE, Ay<N (the reservoir is much more larger than the open
system T'), leads to the variational problem

n(e, y)—e/0+v{/0—max,
where the well-known equalities
1 _OS(E N) L 9S(E N

8 T 9E ' e oN

0 oE ]
for the bulk phases were taken into consideration [17].
Under some mild assumptions, such as concavity and smoothness of n(0, {), the
equilibrium extensive variables are computed in the following form

2.n N=—0c/00, y=—0dc/d¢, €¢=0c—0d5/06—0c/0C,
where

o(6, C)=r§i§1 {e—6n(e, 1)—Cv}

Having in mind that ¢ being a minimum of linear functions, is a concave function of
{6, ¢}, the following inequalities hold

02 02
(2.2) °<0, ac—;f <0,

026 0% 02c \2
- (35

002 902 = \ 960¢

Consider the reversible process of the surface I' dilatation that implies the entropy
maximum principle fulfillment at each instant of time. Hence, the formulae

de—0dn—Cdy=0, &—On—Ly=c
are valid, whence
0d(An) = d(Ae)—Ld(Ay)+odA.
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The last term of this expression coincides with the dilatation work, that is why o is
the surface tension coefficient.

Note that the positivity condition ¢ >0 is necessary for the stability of interface T’
which could be only tensile. On the contrary, liquids in contact with c<0 must be
mutually soluble. Nevertheless, the abundant quantities n, ¥ and £ are not necessarily
pasitive becamse of the inactive substances which tend to leave surface I' and should
be included in the etass of surfactants. Therefore, the signs of do6/d6, do/0C may be arbitrary,
but conditions (2.2) must be always valid because they express the entropy maximum
principle. At first sight, the first of inequalities (2.2) contradicts to [15], where the
surface tension minimum with respect to the temperature has been established for the
aqueous long chain aicohol solutions. In fact, it was obviously measured that the com-
pound function o(0)=0(6, {(0)), where the variable chemical potential {={(0) of alcohol
is to be computed from the condition N=constant. Of course, o(f) could have a mi-
nimum for the concave function (8, {) provided that chemical potential { decreases
rather fast when temperature 0 increases. In other words, the rise of the temperature
could also initiate the concomitant process of leaving of surfactant molecules off the
surface T, which causes the resulting increment of o. This proves the contention.

Conformably to the bulk phases, let us introduce the specific internal energy e
and concentration ¢ of surfactants, and define the following concave function

1, §)=miﬁ {e—0s(e, c)—Cc},

where specific entropy s=s(e, c)isregarded as a given function ot extensive variables
e, ¢. Function f(0, {) coincides with the specific Gibbs potential [17], and the use of
the entropy maximum principle leads to the formulae

(2.3) §=—0fj08, c=-—0f/dC, e=f—00f/06—Lof/d.

Assuming the strict concavity of f(0, {), one obtains the important inequalities
o2 f af 92f o2 f 02 f \2

L <0 <0 5 > (s0kr)

Since formulae (2.1), (2.2) are completely similar to (2.3), (24), the surface tension
coefficient ¢ coincides with the surface Gibbs potential,

3. Governing equations

For simplicity, let us conjecture that the temperature and the small concentration of
surfactant molecules do not influence the dynamic characteristics of the ambient and
drop fluids, i. e. the fluid density p and viscosity p have piece-wise constant values
with the discontinuity surface I'. The Navier-Stokes equations and boundary conditions,
written once in non-inertial coordinate system (X, f) connected with the position z(¢)
of the drop mass centre in an inertial coordinate system, take the following form:

(3.1 P Z—::pg—ij:—div P, divv=0 outside T,
. d
(3.2) [P.n]=div, (67 X), 5 =V, [V]=0onT,
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(3.3) V_’_ZTZ’ p—x.vVp—0 when |x|—oco,
(3.4) v=0, 2=0, 2%=0, I'={ x|=a} when {=0.

Here the denotations for velocity v, pressure p, pressure tensor P=pl—2u(VV)gym
normal n, and average radius a of the drop are introduced. Square brackets denote
the function’s jump on I" (outer minus inner), viz.,

(Fl=F, —F_, Fi(x)= Sl—i»TO F(x+dn(x)).

Subscript T corresponds to the surface differential operators.

In virtue of the well-known formula A x=xn, where % is the sum of the principal
curvafures of T, the Laplace formula [p]=o% in an equilibrium state follows from the
first equation of (3.2) [19]. In a general case, the surface gradient of o evokes the
Marangoni convection [18]. The second equation (3.2) implies the surface I' to be ma-
terial, and, in particular, phase transitions to be absent.

Let q, j be the heat and surfactant fluxes in the bulk phases, and q, j- be the
corresponding surface fluxes along the interface I'. Then, the differential conservation
laws of energy and surfactant molecules take the following form [19, 20]:

(3.5) p gti: 20 (7 V)sym [P—divq outsideT,
(3.6) pi=—divj outside I,

3.7) —3784—8 divp,v=ocdiv.v—[q.n]—div,q. on T,
(3.8) %-}—ydivrv: —[j.n]—divy jp on T.

Assuming that the Onsager principle [6] is valid for both the bulk and surface fluxes
one can obtain the following phenomenological relations

—~h=K"gy0+K2v(, —j=K"v0+K2yL,
—h=w1Y 04027, —j=u T 0+%2y L,
where the bulk and surface entropy fluxes
h=(q—Cj)/6, hp=(qr—Cj;)/0

are introduced, and matrices {K%/}, {#/} are symmetrical and positive definite.
Using the new more suitable denotations

=8, 1,=C = )

y_. 9 i %°c i 90
Al=—peo Y= "maw, OF o’
OL—{K| TO 2K 0. TL+K®| VL2 (7 V)aym YO,
OL={x"| 7rd 2+2%27 0. Trl+%* | 7rl[*}/6,
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®2=0, O2=0,
eqs (3.5)-(3.8) become

dr, . .
(3.9) pA"f—d;L=div (K¥gt;)+ @ outside T,

d ot ; . .
3.10 a“fi:c"div v + K"f—r’ + div (w7 1)+ ®L, [t]=0 on T,
dt r on r rv r

where Einstein’s summation convention on repeated indices is adopted. The continuity
conditions for {0, {}, following from the local thermodynamic equilibrium principle, and,
in particular, giving the Langmuir formula [2], are also added in equations (3.10). It is
obvious that the system of equations (3.9)-(3.10) has a symmetrical form with positive
definite matrices {4%}, {K¥}, {a¥}, {x¥}.

4. Linear problem

Let us denote the piece-wise constant kinematic viscosity coefficient v=p/p for
each liquid, and introduce the dimensionless parameter 8=max {|[p]g|a3/uv} which is
supposed to tend to zero. For =0, the evident prime solution of equations (3.1)-(3.4),
(3.9), (3.10) is

2c/a for |x|<a

, T=const, '={x|=al
0 for [x|>a t {x|=a)

v=0, p_—-{
Expanding the origin solution in a power series about §=0, substituting it in the go-
verning equations, collecting the terms in 8", and requiring them to vanish, the infi-
nite recurrence system of equations is resulted. In order to obtain the first linear term
of the series, it suffices to linearize equations (3.1)-(3.4), (3.9), (3.10) at the prime sp-

lution. Retaining the same notations for the disturbed quantities 1, p, and P, the
following linear problem becomes

ov d?z

1 . .
W:g_W—TvP"'VAV’ divv=0 outside T,

[P.n]=div (0’ 1,7X), [v]=0, v.n=0 on T,

dz
Vo——5 P—X.vp—>0 when |[x|—oo,

.0ty 5
pAY - =KAt; outside T,

l..a"-'j . .‘017]- .,
at <=0l divpv +| K7 = |+ %A 1, [%]=0 on I,

v=0, z=0, %:0, 7;=0 when £=0,
Matrices {A%}, {K*}, {a¥/}, {#¥/}, and values {o?}, computed at the equilibrium state, are
constant. At once, the existence of the exact solution with spherical interface I'={|x|=a}
was taken into consideration [1].

In order to avoid the cumbersome calculations, let us temporally limit our scope
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of investigation by assuming that g—= g(f)w, where w is a constant unit vector. Having
introduced the spherical coordinates (7, 9, ¢) defined by r=|x|, cos3=w.x/a, and
supposing the axial symmetry of the flow field, one obtains the following representa-
tion of the solution

1 o{ry(r, £)}

2 .
M= e 7w(r, f)cos 3, Vg=— —— —sin 9,

T=%;(r, £)cos Y, z=z(H)w,

whetre y(r, £), y;(r, £) z(f) are the unknowns. After using the Laplace transformation
with respect to time (denoted by an asterisk), we obtained the following coupled system
of equations

(4.1) I3(vL2y*—dy*)=0 for r==a,
y*=0, [v*]=0, [0y*/dr]=0,
(4.2) [no*y*/or?] =ciy;ja atr=a,
4.3) oy*[or, y*[r—A2*/2 as r—co,
(4.4) p?»A"fx;..—_ KL%y for rea,
(4.5) roily =2{cioy*[or+ %y jalja+ KT ox)/or], [x]]=0 at r=a,
(46) alpl(g*—1%2") = [J{r(uL?y*— phy*}orl—20'x}ja at r—a.
Here L?f :—rlg—{o—ar( r? %)—2 f}; normal n is equal to X/a (that defines completely a

jump); the initial conditions (3.4) were taken into consideration.
. Equation (4.6), which follows from the normal component of the dynamic condi-
tion, can be rewritten in the compact form

@7) a'[pl(g*—1%2")= G,
where
. g1
G= tim 72 (uLoy*—phoy))

Actually, the integral identity

G= f r3L3 (WLPy* — phy®)dr +at [%{—HML“‘W*-— pAy™) }]
0

gives the following expression of the right-hand side of equation (4.6)
Gla®+ 2{[uL2y*— phy*] —o'y;/a}.

Rearranging, and using (4.2), one obtains (4.7).

The solution of equations (4.1) could be obviously represented in the following
form {1, 23]
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vHrA)= Az*(\)r/2+ C,(A)r2+Cy(MH(r A Jvy) for r>a,
vi(r, \)=Cs(\)r +Cy M)H(rJA/v_) for r<a,

where the function H(0) is to be chosen as (e~“/w)’ for r>a, and as (sin o/w’) for
r<a (the primes denote the derivatives); v, v_ are the viscosities of the ambient and
drop liquids respectively (in accordance with the choice of the normal n). Bound-
ary conditions (4.2)-(4.3) are to yield the unknown functions C,(}) in terms of 2*(%)
and x}(r, A). Note that G=3p,AC,(X), therefore, in order to obtain the equation for
2(%), it is necessary to find Cy(A), and to substitute it into equation (4.7).

Analogous to the preceding, the solution of equations (4.4) has the representation
H(ryAA_y
—-ﬁ)F‘mD,-(k),
m
where {A,} are the roots of the characteristic polynomial det(prA¥—K¥); matrix {E7}
is defined by the equations

*(r, M)=FE™
xilr M=E; Hia Jx/n

(PhmAT—KH)ER=0,
and {F! }={E”}~. It is obvious that such matrices as {£"}, {F.,} exist and the num-
bers {A,} are positive, because the constant matrices {4%}, {K"/} are symmetrical and
positively definite. Of course, this construction is to be independently done for the
ambient and drop liquids. The functions D,(A) equaling to x}(a, A), are determined
from boundary conditions (4.5) which involve y*(r, A).
Omitting stereotyped, but cumbersome calculations, totally analogous to those

in [1], let us write the ultimate formula for the Laplace image z*(A) of the mass centre
position

(48) m*MAPZH (M) = (po— P)ZT(R)-

Hereafter subscript “zero” corresponds to the drop characteristics, and the following
denotations are introduced

gM*(L
)=+ D

1 1 t
M)~ X (alR) | 2nt BueXolayh v+ 200
Q)= Q(M)o’c/,

where the matrix {Q;;} is inverse to the matrix with elements

Ri() = Mo/ 4 —is 4 2K E Z(a\ M) Pyt K EZ (a\ N o)y

+a?)o—3(2+w?) tanh @
3[(3+?) tanhow — 30]

X@)=1+0, X 0=

(2+w?) tanh 0—20
o—tanh ®

Z(@) Zo(0) =

w2
=1+ 21 +w)’
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5. Discussion

First of all, we would like to note that the assumption of the axial symmetry of
the flow is not necessary because the principle of superposition is surely valid for
linear systems [21]. Consequently, formula (4.8) may be rewritten in a vectorial form.
It is worthwhile to remark that formula (4.8) could be also interpreted as Newton’s law

a4z
(5.1) m* 25 =(po—p)g,

where the “drop mass” m(f) plays now a role of a nonlocal convolution operator
with the Laplace image m*(\), viz.,

4
(m * %i;)(t) = (,Po + —;-)Z% @+ 525 f M(E—E)d2(E),
0

where M(t) has the image M*(A). This formula transfers to the usual expression for
the augmented mass when the viscosities vanish and the surface tension is constant.
Matrix {R¥) is positive definite, therefore, Q(1)>0 for whichever values {c?} not
equal to zero. That leads to the increment of M*(X) and, consequently, to the dece-
leration of the drop motion in comparison with a drift in a pure ambient liquid. In
other words, Le Chatelier’s principle due to the fundamental thermodynamic laws, is
proven for arbitrary surfactant. Moreover, this approach does not depend on the num-
ber of variables {t;}, i. e., formula (4.8) retains for the case of several surfactants.
Taking into consideration the identities

X(0)=X,(0)=Z(0)=Z(0)=1,
and using (4.8), the large-time asymptotics of the mass centre speed is readily computed
for the constant gravitation g

; d 3u4-3uy+2B 242
(52) e o (Po— P) g+ O,

where
B=Q(0) and R¥(0)=—-x/+2K'i+ K.

For B=0, (5.2) is the well-known formula obtained by Hadamard [13] and Rybec-
zynski [22]. In another extreme case Pp—oo, the limit of (5.2) coincides with that
when p,—co, i. e, the reactive capillary forces make the effect of the drop viscosity

increment (see the detailed discussion in [16]).

In conclusion, note that the equation for the mass centre of a drop driven by
both the buoyancy and capillary forces, could similarly be derived. Using the principle
of superposition, one obtains Newton’s equation like (5.1) whose right-hand side contains
the additional active capillary force f, having the Laplace image

fi= — 2 RHM)SW,(),
Here
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R*O\') — UX(H\/W) s
2u+pX(ayAv)+ 3 Xo(ayRivy) + 2Q(0)

; W) =w;+ Q, (A)K” k‘—K{;")Wk:
and w; is a constant initial gradient of t; (i. e, 1,=w;.x at £=0) being supposed to
be sufficiently small, more precisely, max {| o'w; |a/c}<1. Note that f. tends to carry

away the drop to the region of the smallest surface tension, i. e, it minimizes the
Gibbs thermodynamic potential.

References

I.Antanovskii, L. K., B. K. Kopbosynov. Nonstationary thermocapillary drift of a
drop of viscous liquid. — Zn. Prikl. Mekh, Tekhn. Fiz., 1986, No. 2, 59-64.
2. Antanovskii, L. K. Influence of capillary forces on the transient motion of a drop in
homogeneous fluid. — In: Hydrodynamics and Heat/Mass Transfer under Weightlessness,
Novosibirsk, 1988, 95-102.
. Antanovskii, L. K. Symmetrization of capillary fluid mechanics equations. — Zh. Prikl.
Mekh. Tekhn. Fiz,, 1990, No 6, 128—131 [in Russian].
.Antanovskii, L. K. Symmetrization of the phase transition equations. — In: Dinamika Splo-
shnoi Sredy, Novosibirsk, 1990, N. 96 [in Russian] (to appear).
.Bratukhin, Yu. K. Thermocapillary drift of a droplet of viscous fluid. — Izv. Acad. Nauk
SSSR, Mekh. Zhidk. Gaza, 1975, N. 5, 156-162. {in Russian].
.de Gxi 86% t, S. R, R.Mazur. Non-Equilibrium Thermodynamics. North-Holland, Amsterdam,
.Dukhin, S. S. A dynamic absorbed layer and the Marangoni-Gibbs effect. — In: The Mo-
dern Theory of Cappillarity. The Centennial Gibbs’ Theory ¢f Capillarity. Khimia, Lenin-
grad, 1980 [in Russian].
. Gibbs, J. W. Collected Works. — Yale University Press, New Haven, 1, 1943,
. Godunov, S. K. An interesting class of quasilinear systems. — Dokl. Akad. Nauk SSSR,
139, 1961, 521-525 {in Russian}.
10. Godunov, S. K. Symmetrical form of magnetohydrodynamics equations. — Chislen. Metody
Mekh. Sploshnoi Sredy, 3, 1971, N. 1, 26-34 [in Russian].
11. Godunov, S. K, E. . Romenskii. Unsteady equations of nonlinear elasticity theory in
Eulier coordinates. — Zh. Prikl. Mekh. Tekhn. Fiz., 1972, No 6. 124-144. [in Russian].
12. Golovin, A. A, Yu. P. Gupalo, Yu. S. Ryazantsev. On the chemothermocapillary
effect caused by the motion of a droplet in liquid. — Dokl. Acad. Naux SSSR, 290,
1986, No 1, 35-39 [in Russian].
13. Hadamard, J. Mouvement permanent lent d’une sphere liquide et visqueuse dans liquide
visqueux. — C. R. Acad. Sci., 152, 1911, 1735-1738 [in French}.
14. Happel, J, H Brenner. Low Reynolds Number Hydrodynamics. Prentice-Hall, Englewood
Cliffs, 1965.
15. Legros, J.C, M. C. Limbourg-Fontaine, G. Petre. Influence of a surface tension
minimum as a function of temperature on the Marangoni convection. — Acta Astronaut.,
11, 1984, No 2, 143-147.
16. Levich, V. G. Physico-Chemical Hydrodynamics. — Prentice-Hall, Englewood Cliffs, 1967.
17. Morse, P. M. Thermal Physics. — Benjamin, New York, 1964. A
18. Myshkis, A.D.,, V.G. Babsky, N. D. Kopachevsky, L. A Slobozhanin,
A.D. Tyuptsov. Low-Gravity Fluid Mechanics. Mathematical Theory of Capillary
Phenomena. — Springer-Verlag, Berlin etc, 1987.

~N O G e W

©w o

19. Napolitano, L. G. Thermodynamics and dynamics of pure interfaces. — Acta Astronaut.,
5, No 9, 1978, 655-670.
20. Napolitano, L. G. Thermodynamics and dynamics of surface phases. — Acta Astronaut.,

6, No 9, 1979, 1093-1112.
21. Rednikov, A. E, Yu. S. Ryazantsev. Towards the question of unsteady motion of a
drop under the action of capillary and mass forces. — Zh. Prikl. Mekh. Tekhn. Fiz., 1991
[in Russian}] (to appear). . L
22. Rybczynski, M. Uber die fortschreitende Bewegung einer flussigen Kudel in einem zahen
Medium. — Bull. Int. Acad. Pol. Sci. Cracovia. Ser. A, No 1, 1911, 40-46 [in German].
23. Sy, F, E. N.Lightfood. Transient crsefping flow around fluid spheres. — Amer. Inst.
m. . J., 17, No 1, 1971, 177-181.
Cheat Bng. , 17, N ¢ Received on December 22, 1990

4 JKypHan mo TeopeTHUHa M IpHJOKHA MeXaHuKa, kKH, 4



