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1. Introduction

A principal difficulty in the mathematical modelling of casting formation is
the simultaneous treatment of hydrodynamical, thermomechanical and
crystallization ~ processes in moulds of = complicated geometry. Sometimes this
difficulty is enhanced further, when the shape is non-stationary, e.g. when the
solidification begins during the filling of the mould, etc. Well known are the
methods for the' numerical solution of heat and mass transfer problems, in which
a curvilinear boundary fitted coordinate system is constructed, [1,2]. The
coordinate  surfaces are obtained as equipotential solutions of an elliptic
system of differential- equations with boundary conditions of a Dirichlet’s type
imposed on them. In these methods the coordinate system is not adapted to the
peculiarities of the physical process; besides, the method may become too
cumbersome and unpractical, when the geometry of the region is non-stationary
and the coordinate system has to be updated many times during the process. In
[34] another method for treating of such problems was proposed - they are-
described and numerically solved in a Riemannian coordinate space, which is
obtained by a metric mapping from the space of the. real process. The mapping is
constructed in such way, that a boundary fitted coordinate system is obtained,
and the hydrodynamical equations, describing a laminar filling of the mould with
a non  compressible fluid, can be factorized under certain conditions over a
family of coordinate surfaces S. These surfaces are congruent to the boundary
surfaces of the region, and may have nonstationary metric on them. In this
coordinate system the various problems of heat and mass transfer, related to the
formation of the casting, could be treated simultancously. In addition, the
coordinate system is generated by algebraic methods, which makes more feasible
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the problém of it’s updating in the case of non-stationary geometry.

2. Construction of the Riemannian space

Further the Greek indices a,8,.. take values a, B..=12; the Latin
indices ijk,...=1,23. Let us consider a medium, bounded by two surfaces S J
and 82 at a distance h(xa,xﬁ), measured on the normal of Sl, where Xy and xﬁ
are the curvilinear coordinates on S1 (Fig.1). The metric space is constructed

as a direct product of a one parameter family of surfaces S with a metric,
congruent with the geometry of S . and S " and the field of the normal to the S,

vectors. Let r, are vectors in S > tangent to the coordinate curves x : r_ =

a a
dR

. Q
i where R is the vector from an external coordinate system K0 to the point Q
ax .
on Sl. The metric on S A will be 8uf ( g ) where the scalar /product is

T Xl‘ﬂ '
1/2 Q
g /

defined by the external Euclidean metric in KO. Then N = is the unit

vector at the point Q on S The components of the second quadratic form on the
basic surface are b ﬂ_'(N’ ,rﬂ ). We parametenze the intermediate surfaces S by
x0=<x<1. Then for two points A and B on S located over P and Q on Sl’ is
deduced:

RA - RP +thP : RB = RQ +thQ R
Let P and Q are located on the coordinate curve x. It follows that on S:
A ’ (hPNP h N ) . .
O lim ——M— =r,- xhbarc + xN(Vh,ra)
P a|[P-Q]]

The metric Ga B on S is derived :
_ A A - - y
Gop = (g Fp)=8,p 2uhb g +xhb bp +X X(Vhie )(Vhr 5

We choose x as the third coordinate. The metric of the Rlemanman space bccomcs:
. P _ 1 /2 2
1) Gaﬂ = (ra,rﬁ), G = -xh(Vh,r )/G G, = h

The equations of heat and mass transfer in mctncs should be obtained in a
covariant way in order to account for the effects of boundary curvature and

nonstationarity. They are derived from the conservation laws of the
energy-momentum tensor in space R

(2  mass QNG )8 (\/_ p) + V(pv) =
momentum p(av + vVv + 21“v) ’k = pF
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Fig. 1. Stages in the construction of the metric
mapping to Riemannian space R.

3. Filling of a 3-D form

We shall describe the filling by a heavy uncompressible fluid of a 3-D form
with small deviations from the cylindrical symmetry. The following restrictions
are imposed on the geometry of the form: The size across the form  h(tx) is
smaller than the characteristic length scale 1, h/l=eg<<1; The velocity at which
the size across the form is changing, is smaller than the velocity of filling;
There are no .great horizontal parts of the form with length 1 >> h, where
surface waves can emerge during the filling. With these conjectures accounted,
it follows from the continuity equation in the space R, 1V/G Bt/G_ + Vivl = 0

1
V| < |ah| + ef|u*{dd < |ahn| + &|u®
t 0 t

where u® is the maximal velocity of the flow in a cross-section of the form.
With the use of the small parameter &, the velocity could be written down in the
form of power series:

Vv +e +ev o+
: )+

-

3
v=2¢8& + .
1

w

In this approximation the Navier-Stokes equations were obtained in [3,4,6]
from the conservation equations (2) in the form:
ah + Va(hva) =0

ab C bo, a a_ 2, a l a l ) a
p(G at(Gva) + v,Vbx‘) + Vp =n(4Av + hzv 133 + 2R v o+
bc a bm a bm a ~a
3) Gv . h,b /h -G (h,m/h),bv 3 h,r h,bG v + G t)
G" = 26¥ + 26°G6¥ G + G*G™ G , - G* (G/G),
t 1 ] is msi i
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The term G‘: describes the inertia effects, which appear when geometry changes
with time; R is the scalar curvature on S.

S ¢ g e P e A b cm— o— ol

Fig. 2.

4. Filling of a mould with molten metal

We shall apply further this method to describe the filling of a mould by
molten metal with simultaneous cooling and crystallization of the casting,
including the case of nonstationary metrics too. Through the metric coefficients
G, we shall take into account the changing geometry of the form when the crust
is formed, and its influence on the process of filling. The heat problem is
solved in two regions - the cavity of the mould and the mould itself. For both
regions we construct a mapping from the real physical space to the Riemannian
space with deliberately designed metric as pointed out above. In the mould the
heat .conductivity equation is:

@ cp&tT = A4T

In the mould cavity the heat equation is considered also in two regions - the
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one with the frozen metal, where equation (4) is solved, and the one with the
molten metal where the heat equation is:-
5) plc + La_[,x )atT = A4T - pcv.VT

Here v(tx) is the velocity obtained from (3). The components of the metric
from (1) are computed with the help of the functions g(tr) and  h(tr) , which
on their turn are obtained as solutions of equation (5), because the growing
crust creates a new geometry of the form influences the flow. The heat problem
was described in [5,6].

The results from. the numerical simulation of the cavity filling of an
axially symmetric form, with simultaneous cooling and solidification, is shown
in Fig2. Shaded area presents the solidified metal and dotted area - the two
phase region. These examples show that the proposed method can be used for a
simultaneous description of a whole complex of processes connected with the
formation of a casting in forms and moulds with complicated and non-stationary

geometry.
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