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AUGMENTED LAGRANGIANS FOR GENERAL OPTIMAL
CONTROL PROBLEMS!

S. GROZDEV

Abstract. The paper is devoted to the Multiplier Method (known as Penalty
Shifting Method or Augmented Lagrangian Method) independently introduced by
Hestenes [1] and Powell [2]. It is considered an optimal control problem in a general
form including state equations of elliptic, parabolic or hyperbolic types with final or
distributed observations. An augmented Lagrangian is introduced and it is shown that
its unconstrained minimization is equivalent to finding the saddle points of the ordinary
Lagrangian function, which corresponds to the primal constrained problem.

Introduction. To state the idea of the Multiplier method we consider the
equality constrained nonlinear program: find min f(z), subjected to g(z) = 0, where
[:R* - R and ¢:R" — R™, m < n are functions of class C'* with a suitable k. The
classical Lagrangian function associated with the nonlinear program above is {(2,)) =
f(z) + ATg(z), A being the dual variable. The standard primal and dual problems
corresponding to the nonlinear program are formulated in terms of the Lagrangian
as: find igfsupl(x,/\) (or find sup il;fl(:b,A)), which is equivalent to the nonlinear

A A

program problem. If the pair (z,A) is a saddle point of I(z,A), then z is a solution
of the nonlinear program problem with A being the multiplier vector. However, the
converse is not always true. For example, in nonconvex problems the dual problem
may not have a solution or even if it has, a duality gap appears usually. The idea of the
Multiplier Method is to remove the gap by passing to an augmented Lagrangian, which
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involves for instance quadratic penalty - like terms. Thus, a primal-dual equivalence,
in the nonconvex case can be achieved by a corresponding parametrized penalty term.
In particular, the idea of the Multiplier Method is to prove that a local solution of
the nonlinear program problem and its multiplier vector A form a saddle point of
the augmented Lagrangian. The practical use of the Multiplier Method has been of
great importance. Various computational algorithms, which alternately update z and
A to find an approximate saddle point of the augmented Lagrangian have been solved
successfully and usually this has been achieved by proving a corresponding equivalence
between the saddle points of both the ordinary Lagrangian function and the augmented
Lagrangian.

The present investigation is inspired by the papers of G. Di Pillo and L. Grippo
[3,4], the second one of which considers boundary and distributed control problems in
a bounded open set @ € R™ and a Sobolev space H!(2). It turns out that the main
ideas of the cited papers are well working in abstract Hilbert spaces too. Thus, the
present paper is devoted to an optimal control problem in such spaces. However, the
aim is not to solve the optimal control problem itself, but to introduce an augmented
Lagrangian, which corresponds to it and to show equivalence between the saddle points
of that Lagrangian and the ordinary Lagrangian function.

Problem formulation. If A is a Hilbert space, then (z,y)y, with z,y € H,
denotes its inner product and ||z||y = \/(z,z) its norm correspondingly. Let Y be a
finite — or infinite — dimensional real Hilbert space and A be a positive — definite, self
-~ adjoint, bounded operator on Y. Then, (Az,y) = (z, Ay) and m||z||? < (Az,z) <
M||z||? with suitably chosen positive constants m and M.

Let U be a second real Hilbert space and let B € L(U,Y). We consider the
following general state equation:

(1) Ay = f + Bu,

where u € U is the control and f € Y is given.

Due to the assumptions, if u is known, then it defines an unique state y, which
depends on u continuously. In the simpler case when B is the zero operator, the
solution of (1), which is y = A~!f, affords a minimum on Y to the function Fy =
%(Ay,y)y — (f,y)y- Since F'(y,h) = (Ay — f,h)y, with b € Y, then F'(y) = Ay - f.
If now K is another positive — definite, bounded and self — adjoint operator on Y,
then < z,y >= (K~ 'z,y)y, with z,y € Y, is a second inner product, topologically
equivalent to the first one. The negative gradient g of F' at y relative to this new inner
product can be defined by the relation F'(y,h) = — < g,h > for all h € Y. Hence,
g(y) = Kr(y), where r = —F'(y) = f — Ay is the negative gradient of F' at y relative
to the primal inner product. To solve (1), when B is the zero operator, one can use the
generalized gradient method, which takes the form y,41 = yn + @, K7, with suitably
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chosen a, > 0 and 7, = —F'(y,). The ideal choice of K would be K = A~!, but it is
impossible, since A~! is not assumed to be known.

In the general case let A be an isomorphism in Y and let £ and G be convex
and semi — continuous real functions in Y and U, respectively. A further assumption
for F is taken from [4]. Let X be arbitrary Hilbert space, z4 € X and C € L(Y, X).
Then, F(y) = 3||Cy — z4||%. Instead of F, an affine function can be taken too.

We consider the following optimal control problem:

- (2) find min I(y,u) = F(y) + G(u), when y and u verify (1).

Let Y’/ be the dual space of Y and A be the dual variable. Then, the classical
Lagrangian function, associated to (2), takes the form:

(3) l(y,u,A\) = F(y)+ G(u)+ < A\, Ay — f — Bu > .

If F'(y) denotes the G-differential of F' at y, then we consider the following
augmented Lagrangian:

(4) L(y,u,A) = I(y,u, ) + al|Ay — f = Bully + Bl|A"A = F'y|l3,,

with suitable constants « and .

It is studied in the sequel the relationship between in the points minimizing (4)
and the saddle points of (3). We note that in the particular case, when A(y) is defined
by A*A(y) = F'(y), the Hestenes [1] augmented Lagrangian is obtained. Using (4),
it takes the form L(y,u,A(y)). In addition, using the notations form [4], let Q be a
bounded open set in R™ with boundary I, [0, T] a fixed time interval, Q@ = Q@ x (0,T)
and ¥ =T x (0,T). By H(Q) it is denoted the Sobolev space:

provided with the norm:

s
0z;

(@) = {2, 52 e L)},
el ) = (H‘P“i"’(ﬂ) + Z
=1

oz;
5 1/2
L2(9)> ’
and by H}(Q) the subspace of H!():
Hy(Q) = {p:p € H'(Q),¢/T = 0}.
If we take now Y = L%(O,T; H(Q)), the second order parabolic operator

_ 0 =y @ - dy
A=oit L o (W’”azj)v

1,7=1
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with a;; being given functions in @, such that

n

3 aij(z,t)El; > @y €, a>0, G ER,
=1

1,j=1
and U = L(X), then (1) could be interpreted in a form studied in [4].

Results.

Lemma. Let X be a Hilbert space, x4 € X and C € L(Y,X). If F(y) =
%HCy — 24| |%, then it exsists § > 0, such that
F(y2) > Fy)+ < F'(y1),92 — 1 > +81|1F'(1) = F'(w2)ll¥,

Joryi,y2 €Y.
Proof. We have

. ‘
F(y2) = F(y1)+ < F'(31), 92 — 1 > +§”C(y2 -k,

and F'(y2) — F'(y1) = C*C(y2 — 1)
Since C' is continuous, it exists ¢ > 0, such that

I1F'(y2) = F'(y)Il} < ellCwa — )lI%-

. . . £
Now, the Lemma is verified, if § < 3"

Theorem. Let L(y,u,\) be the augmented Lagrangian defined by (4). When
B > 0 is fized, then it exists v > 0, such that for a > 7 the set of all triples (y,u, ),
which minimize L(y,u, ), coincides with the set of the saddle points of I(y,u, \) from
(3).

Proof. Let (y,u,\) be a saddle point of {(y,u, ) and let (7, %) be a solution of
(2). It is well known that there exists X € Y, such that (7,@,A) is a saddle point of
I[(y,u,A) too. We shall use the notation

D = L(j+ Ay, i+ Au, A+ AN) = L(§, 1, A)

and prove that D > 0.
Since L(§,1,A) = F(§)+ G(§) and A(§+ Ay) - f - B(@ + Au) = AAy — BAu,
then
D = F(j + Ay) — F(§) + G(i + Au) — G(i)- < A+ A\, AAy — BAu > +
+allAAy — BAull} + BlIA* (A + AX) = F'(5 + Ayll}-
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Using the Lemma and the identity A*X = F'(§), we get
F(j+ Ay) = F(7)~ < X, ADy >> 8| F'(7 + Ay) = F'§)II}
)

for a suitable § and G(@+ Au) - G(@)+ < A, BAu >> 0. The simple calculation shows
that '
A*(A+ AN = F'(5+ Ay) = A*AX = F(7+ Ay) + F'(§).

S D > §||F'(§+ Ay) = F'(§)||}— < AN, AAy — BAu > +
+allAAy - BAu|f}, + B|ATAN — F/(§ + Ay) + F ()]}
Let € > 0 be arbitrary. Then,
— <\ AAy — BAu >> —%HA)\ 2, _ %HAAy — BAu|)2.
We get

- o i € .
D> 8lIF G+ Ay) ~ F@)IF - SIANE.+
1 ’ . e
o = 5l AAy = BAu|ly + BIIA"AN = F'( + Ay) + F (@)l
Since A* is isomorphism, then there exists & > 0, such that
AN < k| A*AN|[.
We deduce that for all ¢ > 0
€ . ke .. ;
~SIANE, > S lATBA >
> —ke([[A"AX = F'(§+ Ay) + F'@DIF + [1F'(5+ Ay) - F'(D)II§)-
At last we get
o v 1 .
D > (6= ke)llF'(5 + Ay) = F'(@)ll}r + (a = 5l AAy = BAw|[p+
+(B = ke)l|AAN = F'(§+ Ay) + F' (@I}

0 1
It is sufficient to chose in{—,= = —
is sufficient to chose 0 < ¢ < min (k’ k) and 7y 52

Let us assume that D = 0.Now we have

A7+ Ay) - f = B(i + AQ)
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and )
A (A + AN = F'(§ + Ay),

which means that the state equation and the dual one are satisfied simultaneonsly. At
the same time

D= F'(§+ Ay) - F'(§) + G(a+ Au) - G(a),
which implies I(§+ Ay, @+ Au) = I(§, @). Thus, the couple (§+ Ay, &+ Au)) turns out
to be a solution of the control problem, while A + A the dual state. The conclusion
is, that (§ + Ay, @ + Au, A+ A)) is a saddle point of I(y,u, A).
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