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AXTAL MOTION EFFECT ON DYNAMIC RESPONSE OF
VIBRATING TWO-SPAN BEAM, SUPPORTED ON AXITALLY
VIBRATING COLUMN

G.MICHALTSOS AND D.S. SOPHIANOPOULOS

1. Introduction

The need of establishing the effect of moving loads on the dynamic behaviour
of structures first appeared 150 years ago in the case of railway bridges. The greatest
difficulty in solving this problem is the large number of parameters which enter into
it. Thus, in order to face such a problem, significant simpifying assumptions should be
done, in particular as far as the nature of the moving load is concerned. The ralatively
simpler assumption one can make is to consider a single concentrated load moving with
a uniform velocity. On this assumption was based the excellent treatment of Inglis 1],
followed later by numerous investigators ([2-6]).

The present study is an extension of these analyses to the case of a two-span
beam supported on axially vibrating column, acted upon by a constant force, moving
with constant velocity across the spans. Analysis based on the well known normal
modes technique leads to closed form solutions for the evaluation of the modal ampli-
tudes.

Numerical results in both tabular and graphical form are presented herein,
which compared with the existing ones [7,8] confirm the discrepancies which may occur
between the classical dynamic analysis and the one used in this investigation.

2. Mathematical formulation

The geometrically perfect two-span beam, supported on a column shown in
Fig.1, is made of homogeneous, isotropic and linearly elastic material with modulus
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Fig. 1. Geometry and sign convention

of elasticity E. FEach span is of length /;, constant cross-sectional area A;, constant
moment of inertia I; and mass per unit length m;(: = 1,2), while the corresponding
properties of the column are h, A, I and m respectively.

2.1. Free motion

Neglecting the effect of structural dumping, taking into account the axial inertia
of the column and letting w;(;,1) be flexural deflection of the center line of the i-th span
(i = 1,2), while u(y,t) is axial displacement of the column, the differential equations
governing the free motion of the beam are: )

(1) Eli'wgiv)(wi, t) + miwi(zi,t) =0 (i =1,2),

(2) EAW(y,t) - mi(y,1) = 0,

subjected to the following boundary conditions

w1 (0,1) = wa(ly, t) = u(0,t) = wi(0,1) = wy(lz,t) = 0,

wy(ly,1) = we(0,t) = —u(h,t), —ELw{(l,t)= —ELw}(0,1)

(3) ELw!"(ly,t) — ELwy'(0,t) + EAv/(h,t) = 0.
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For a free motion we can assume that

wi(wi, t) = Wiz)e™  (i=1,2)

(4) u(y,t) = U(y)e™, ;%= -1,
Introducing the dimensionless quantities
e oy o W T, Ay o, A,
= = 1= T = T /\i:~—l17’\“_]a
TE VTR YT YT 7 I
w2l y  mwrh? I L I h
5 ’C‘}:“-—--—lnhc“)1 2:-— :—2 ::—2 = — = —
) ‘T TEL EAFTI PR TR 0T
Egs. (1) and (2) become
(6) ™) - k() = 0 (1= 1,2),
(7) a"(g) + V*a(y) = 0.

while boundary conditions (3) can be written as follows:
@1(0) = wy(1) = 7(0) = @}(0) = w(1) = 0,
w1(1) = pw2(0) = —ou(1), wi(1)=wy(0), wy(1)= %’@3(0)
(8) p""'(1) - B g 0) + 83"(1) =0
0" p2u ( (1) =0.

Integration of Eqs.(6) and (7) and application of boundary conditions (8) lead to a
non-trivial solution of the frequency equation:

(9) : [aij] =0,
where a;; are given by

arp = sinky, arp =sinhky, aj3 = ptank,, ayq4 = ptanhk,

A2 A2
az1 = —sinky, agy =sinhky, ay; = —p:\—— tan kg, agq = ,uj\—- tanh k-
1 1

az; = kycosky, aszy =sinhky, azy = —ky, azq = —k,
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and solving numerically Eq.(9) we obtain values of the dimensionless eigenfrequencies
kin, corresponding to the n-th mode. Thus the flexural and axial shape functions of
the n-th mode are given by:

wln({il) = Aln sin klnil + C’1n sinh klnil

@271(3—72) = A‘Zn sin k’gnl_fg + B‘Zn sinh k'z”.’i"g + C"'Zn sinh k‘gni'g + D‘)n cosh kznfg

(11) ﬂn(y) = Rln sin Vn’l_,

where Ay, Cin, Aon, Ban, Cony Doy, Ry are determined by properly adjusting Eq.(7)
and using the Gauss-Seidel method for solving the consequent algebric system, for any
mode desired.

2.2. Orthogonality condition

Using Eqs. (6), (7) and boundary conditions (8), after some manipulation, we
obtain the following orthogonality condition

A2t pAipa
5 ’U_)‘)n’lffgkdfg + —
At Jo At

1 1
(12) p/ Wy, W1 dEy + pp? / Uptndy =0 (n # k).
. D 0

2.3. Forced motion

Equation (12) enables us to investigate the forced motion of the system, due to
a given dynamic loading. For instance, if the beam is subjected to a moving load of
constant magnitude P and constant velocity v, one can proceed in solving this particular
problem as follows:

a. The force moves in the first (left) span (0 < ¢ < %)

In this case, one can write the following equations of motion:

(13) EIlwgiV)(z],t) + may (z1,t) = Pé(xy — vt).
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(14) E]QUJ.giv)(IL'g,t) + mivy(zo,t) = 0.

(15) EAu"(y,t) — mii(y,t) = 0.

Using relations (5) and introducing the dimensionless velocity @, time 7, load position
3, and modal amplitude T},

mol2 t S vt 9T - El
T o B N = i = —a, n =
EL’ T b TR PB

(16) D=0 Ty,

one can express the lateral and axial components in dimensionless form as follows:

(17) Din(Zi,7) = Y Win(2:)To(7)
n=1

(18) U (7 Z u,
n=1

where W;y,, i,, are given in relations (11).
Using boundary conditions (8) and orthogonality condition (12) we reach the
following differential equation for dimensionless modal amplitude T, (7):

: = Win(pY
(19) To(7) + V2T (1) = ~(,n—-‘—k%’yﬂ
where
(20) - l”;‘n/k
and ) -
) ; 5 A pA? .
(21) G:l= p/ w?, di; + ;Lpzxé w3, dTy + /\;,9(7 / aldy.
0 170 1 0

If the beam is initially at rest, the general integral of Eq.(19) for the time period
0<y, < —1e 0<7< 2‘ is given by:

.2
Ynk 2 -

,U(J'n [ A

. . i)+
Plk‘lil - Qfl P

(. b o Qo .
SIN K1, pYp — —— Sin
Y,

n

(22) To(r) =

Cvl n
Yi+ Q7

(sinh k1n¥p — ? sin Yjﬁl j”)]

n
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where

k1,pv
21
l li+1
b. The load moves in the second (right) span (;1 R -: 2).
. 1 1 k3 1, k2 .

In this case — < §, < 1+ — or = < 7 < (14 =)—= and the equations of mo-
_ p p - pu p’ pv
tion are:
(24) Ellwliv)(zbt) + maby(x1,t) =0
(25) Elgw.giv)(ilf-z,t) + maby(zy,t) = Pé(zy — vt + 1)
(26) EAu"(y,t) — mii(y,t) =0

Nondimensionalizing and following a procedure similar to the one used in case a we
obtain the solution for the modal amplitude

To(r) = TR(7r) + TX (1)

with H standing for homogeneous and P for particular.
Thus, the resulting expressions for the two parts of T"(T) are:

2. 2 «
T b‘) Y, k2 k2 Y, k2
a pY . 7 - 7 n -
(1) T = ,(, sin 2815, - 1)) + 7, (422 cos [ 215, — )|
while

'R ILG’IL A27L . — 1 On s )/nk%l _ 1
2 P sin kyy, e -
) T pki, { Y2-02 [m : (yp p) v, \P )T
B‘Zn . _ 1 Y"kgl _ 1
vi-a [“ (””” ,,) T\
C‘Zn . _ 1 On i }/”k‘gl _ 1)
_ 22 einh o {5, — = | = 2 sin 2 _Z
Y [Sm ’ (y” p) v, T\t

2n — 1 nkg1 = 1
_ Do kon, _-)-c ! 4 — -
+Y"2 : [cosh 2 (y,, p) cos —— Up >
k

—iygﬂ and G, given in (21).
21

-+

where O, =
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¢. The load has left the beam (t > ¥ 12).

v
1 k2

For this case (T >1=(1+ —)—f—l—) of free vibrations of the beam, the follow-
p. v

ing solution is valid.

3 Tu(r) o Yok ! ; Y.k3 1
(29) Tu(r) = }57'2) sin 2 (ﬂp = _'};_"3> + Tn(73) cos —2 (gp - _+_p_) .

n v v

3. Numerical results and discussion

In order to achieve linear response, the major interest of this investigation is
focused on the metal structures. Thus, the beams considered have spans made of solid
cross-sections (structural I), while the columns are made of latticed cross-sections (two
equal U sections). The total length of the beam is kept within reasonable dimensions
(< 16m), while in all cases h = 0.3/; and I = 0.5I}(¢ = 0.30,0 = 0.50). The beams
considered and their properties are shown in detail in Table 1.

3.1. Free motion

For the beams of Table 1, the three first eigenfrequencies are computed and
shown in Table 2. Their values have been compared to the eigenfrequencies of the cor-
responding two-span continuous beams (Euler-Bernoulli theory), obtained from Timo-
shenko equation [9].

As expected, the L — M (longitudinal motion) effect of the column, in general,
decreases the values of the system’s eigenfrequencies. This decrease, practically negli-
gible for the fundamental one (< 4%), can well reach 25.56% for the 2nd and 36.18%
for the 3rd one (case 4a) and cannot be omitted.

No [ Beam 1 [ Aj(em?) | [i(em®) [ L(m) | A Beam 2 | As(cm?) | Ir(cm?) [ I5(m)
la | IBP 240 106 11260 3.09 | 30.00 | IBPv 320 312 68130 9.28

1b 1320 70T 12610 | 3.81 | 30.00 | IPE 450 98.8 33740 | 11.42
lc | IBP 260 118 14920 | 3.37 | 30.00 | IBP 260 118 14920 | 10.12
2a 1425 132 36970 | 5.02 | 30.00 | IBP 600 270 171000 | 10.04

2b | IPBI 360 143 33090 | 4.56 | 30.00 | IPBI 450 178 63720 | 9.13
2¢ | IBP 260 118 14920 | 3.37 | 30.00 | IPB 260 118 14920 | 6.74
3a | IPBI 220 64.3 5410 3.29 | 35.87 | IPBI 260 86.8 10450 | 3.29
3b | C200 32.2 1910 2.31 130.00 | C 160 24 925 2.31
4a | IBP 260 118 14920 | 6.74 | 60.00 | IPB 260 118 14920 | 3.37
4b | 2C 280 106.6 11267 | 8.22 | 80.00 | IPBI 400 159 45070 | 4.11
5a | IBP 260 118 14920 | 9.00 | 80.00 | IPB 260 118 14920 | 3.70
5b | 1B 180 64.7 3750 6.09 | 80.00 | IPBI 260 86.8 10450 1.83
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No | X T p Column | A(cm?) [ I(em?) | h(m) | a;(cm) A

la | 62.73 | 6.05 2C'40 x 20 7.32 3378 1.55 | 42.96 7.20
Ib | 6130 [ 270 | 3 [2C40x20| 7.32 375 1.91 | 45.29 | 8.41
Ic | 90.00 | 1.00 2C 50 14.24 4476 1.69 35.50 9.50
2a | 39.89 | 4.63 2C 65 18.06 11091 | 2.51 50.00 | 10.13
2b | 48.10 | 1.93 | 2 2C 40 12.40 9927 2.28 | 56.50 8.06
2¢ | 60.00 { 1.00 2C 50 14.24 4476 1.69 35.50 9.50
3a | 30.00 | 1.93 2C40 x 20 7.32 1623 1.65 30.00 | 11.05
3b | 3721 | 048] 1 | 2C40x 20 7.32 573 1.16 17.70 | 13.05
4a | 30.00 | 1.00 - 2C 50 14.24 4476 3.37 35.50 | 13.63
4b | 24.41 | 4.00 | 0.5 [ 2C'40 x 20 7.32 3380 4.11 43.00 | 19.13
5a | 24.00 | 1.00 2C 50 14.24 4476 4.50 35.50 | 25.38
5b | 14.37 | 2.79 | 0.3 | 2C40 x 20 7.32 1125 3.05 25.00 | 24.56

Table 1: Dimensions and properties of various metal beams. (For all cases ®

*ap =21 cm

= 0.30 and o = 0.50)

Pl p A Ay A EIGENFREQUENCIES difference %
lst(lcll) 2!1(1(]612) 3rd(k13) ku klg ](,‘13
6.05]30.00|62.73| 7.20 | 1.3084986 | 2.4122365 | 3.0755295 | 1.16 | 4.85 | 15.49
(1.3238488) | (2.5352554) | (3.6390937)
3 [2.70]30.00]61.80 | 8.41 | 1.3853477 | 2.5463815 | 3.2794702 | 0.26 | 1.56 | 8.18
(1.3890142) | (2.5868018) | (3.5781077)
1.0030.00190.00 | 9.50 | 1.2233561 | 2.1950353 | 3.1415927 [-0.83| 0.58 |[13.83
(1.2133440) | (2.2079053) | (3.6268025)
4.6330.00 | 39.89 | 10.13 | 1.9809157 | 3.3957750 | 3.6809020 | 1.78 | 6.18 | 10.52
(2.0168235) | (3.6194928) | (4.1137960)
2 | 1.93]30.00(39.89(10.13 | 1.8814591 | 3.2347625 | 3.4218878 | 1.39 | 4.20 | 12.96
(1.9079611) | (3.3764432) | (3.9313246)
1.00 {30.00 | 60.00 | 9.50 | 1.7659743 | 3.1415927 | 3.3551599 | 0.13 [ 15.43 | 31.87
(1.7782042) | (3.7147066) | (4.9243963)
1.93 | 35.87(30.00| 11.05 | 3.3008564 | 3.5358887 | 5.4259587 | 0.05 | 13.44 [ 17.31
(3.3026567) | (4.0848823) | (6.561853)
1 10.48]30.00|37.21{13.05| 2.9932825 | 3.5053039 | 5.4833310 [-0.01| 5.22 | 7.53
(2.9929251) | (3.6983929) | (5.9298965)
1.00 | 60.00 | 30.00 | 13.63 | 3.4242417 | 5.5308092 | 6.2851853 | 3.72 [25.56 | 36.18
(3.5564085) | (7.4295413) | (9.8487926)
0.514.00|80.00|24.41|19.13| 3.6699989 | 6.1029888 | 7.0061688 | 3.10 | 9.79 [17.06
(3.7874767) | (6.7652596) | (8.4474921)
1.00 | 80.00 | 24.00 | 24.38 | 3.5898210 | 6.4155239 | 8.6100086 | 2.00 [ 3.74 {10.26
(3.6630114) | (6.6644884) | (9.5975436)
0.3[2.79]80.00 | 14.37 | 24.56 | 3.6991090 | 6.4626631 | 8.7010268 | 2.82 | 5.85 | 12.03
(3.8062919) | (6.8640682) | (9.8913364)

Table 2: Values of the three first dimensionaless eigenfrequencies for all cases of the beams shown
in Table 1. (The numbers between parentheses are the dimensionless eigenfrequencies obtained by
Euler-Bernoulli theory for the corresponding two-span continuous beams).
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3.2. Forced motion

The forced motion of the system, based on the three first eigenmodes, consists
of a load of constant magnitude P(= PI2/EI,;) moving across the spans with a con-
stant velocity ©. The chosen values of for each beam case — presented in Table 3 —
correspond to the true velocity, which the load must have, in order to cross the spans in
a time t = 10,5,2 and 1 sec respectively, while o7, is the dimensionless velocity, which
imposed on the load causes the passage time  to turn equal to the fundamental period
T, of the beam considered.

No v
t=T, |t=10sec |t=5sec|t=2sec |t=1sec

la 2.28 0.475 0.950 2.375 4.75
1b 2.51 0.576 1.151 2.878 5.76
1c 2.86 0.744 1.488 3.719 7.44
2a 2.48 0.367 0.735 1.837 3.67
2b 2.73 0.404 0.809 2.021 4.04
2c 2.98 0.371 0.742 1.856 3.71
3a 2.90 0.242 0.483 1.208 2.42
3b 3.54 0.105 0.210 0.525 0.97*
4a 1.40 0.186 0.371 0.928 1.86
4b 1.03 0.184 0.368 0.921 1.84
Ha 0.80 0.215 0.430 1.074 2.15
5b 0.59 0.081 0.162 0.404 0.81

\ -
Table 3: Values of the dimensionless velocity v, for four characteristic values of ¢ represents
the time needed for the load to cross the beam, while T; is system’s fundamental period).
*t = 1.082sec

Furthermore, the L — M effect of the column is discussed on the values of the
maximum transverse deflection for certain characteristic cross-sections of both spans,
in comparison with the ones obtained from the static case (o ~ 0.00) [10], as shown in
Table 4, where the dynamic load factor (D.L.F) is also presented.

From this Table it is clear that the increase of the load velocity o increases
the max values of w, and the variation of this increase depends mainly on the relation
between ¥ and v71. Thus for beams with large p and p (cases la,b,¢) and for v < o7
the DLF varies from 1.2 to 1.85, while for p ~ 1 and p > 1 the effect is more pronounced
for cross-sections of the second span (cases 2 and 3).

This factor is larger in cases 4 and 5 (p < 1) and if o > o1y it can reach 360%
having a devastating effect on the beam’s load bearing capacity. So we can be lead to
the conclusion that if the load travels with a ©# > v7; and the beam is not symmetrical
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z, = 0.50 Zs = 0.50
No | 011 v |maxW| | DLF load |maxW| | DLF load
z10~2 position | z1072 position
0.000 | 1.5034 0.867 4.0504 0.840

la | 2.286 { 0.950 | 1.7979 | 1.196 | 0.733 5.0277 | 1.241 | 0.706
2375 | 2.7690 | 1.842 1.106 7.4810 | 1.847 1.160
0.000 | 0.8434 0.720 1.9257 0.853
1b | 2.618 | 1.151 1.1409 | 1.353 | 0.773 25769 | 1.338 | 0.773
2.878 | 1.4964 | 1.774 | 2.106 3.4720 | 1.803 1.226
0.000 | 0.3446 0.746 0.9420 0.866
le | 2.163 | 1.488 | 0.4507 | 1.308 | 0.773 1.3723 | 1.457 | 0.866
3.719 | 0.5545 | 1.609 1.609 1.5964 | 1.695 | 2.186
0.000 | 2.5019 0.915 6.7384 1.005
2a | 2487 [ 0.735 [ 2.7964 | 1.118 | 0.945 7.3509 | 1.091 1.020
1.837 | 4.3855 | 1.753 1.800 13.0805 | 1.941 1.170
0.000 | 1.1533 0.870 3.3773 1.020
2b | 2.728 | 0.809 1.2254 | 1.063 | 0.945 3.6944 | 1.094 1.020
2.021 1.8026 | 1.563 1.815 6.3874 | 1.891 1.200
0.000 | 0.6420 1.140 1.9838 1.035
2¢ | 2977 |1 0.742 | 0.6954 | 1.083 1.185 2.0100 | 1.013 1.125
1.856 1.0980 | 1.710 1.140 3.4061 1.717 1.125
0.000 | 6.0799 0.500 5.0229 1.460
da | 2901 | 1.208 | 9.8372 | 1.618 | 0.560 5.7904 | 1.153 1.340
2.416 | 10.4890 | 1.725 | 0.900 9.4400 | 1.879 | 2.700
0.000 | 1.3915 0.500 2.3568 1.540
3b | 2.636 | 0.525 | 1.5325 | 1.101 0.540 2.5656 | 1.089 1.540
0.968 | 1.6860 | 1.212 | 0.400 2.3008 | 0.976 1.660
0.000 | 11.5259 0.960 8.0330 2.400
4a | 1.400 | 0.928 | 20.0024 | 1.735 1.320 11.5005 | 1.432 | 2.460
1.856 | 18.2824 | 1.586 | 4.020 7.4154 | 0.923 1.710
0.000 | 36.3962 0.930 8.4993 2.370
4b | 1.033 | 0.921 | 63.7395 | 1.751 1.590 11.8775 | 1.379 | 2.190
1.842 | 42.2473 | 1.161 | 5.100 30.9300 | 3.639 | 2.430
0.000 | 46.4590 1.560 7.8079 1.733
5a | 0.300 | 1.074 | 76.2836 | 1.635 | 5.980 11.7343 | 1.503 | 6.023
2.148 | 49.2055 | 1.055 | 4.463 13.7448 | 1.760 | 4.550
0.000 | 116.5073 1.516 121.7876 2.860
5b | 0.601 | 0.404 | 206.2311 | 1.770 | 2.166 172.0609 | 1.413 | 2.470
0.808 | 171.9003 | 1.475 | 6.716 | 248.5963 | 2.041 2.946

Table 4: Absolute maximum dimensionless flexural deflection and corresponding load position at two
characteristic beam cross-sections (middle of first and second span) and three load velocities. (Note
that ¥ is the dimensionless velocity, for which the load leaves the beam after a time equal to the

beam’s fundamental period).
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Fig. 2. Dynamical influence lines of flexural deflextion @ for
the beam of Case 4a at the middle of the first span (A) and
second span (B).

(in geometry and properties ), there is a distinct danger of resonance and the dynamic
response cannot be predicted. This danger is not vissible for the classical two-span
continuous beam [5,6].

Finally, in Figs.2-4 one can see the dynamic influence lines of M,Q and @ of
one characteristic beam case at the middle of both spans, when column’s L — M effect
is accounted for.

(It must be noted that in reality the moving load appears mainly as a sprung
mass: the difference in the result is small, depending on numerous parameters, such as
beam load bearing capacity, masses ratio etc.]
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4. Conclusions

The most important findings, based on this model, are the following:
1) The effect of the column L — M on the fundamental eigenfrequency of the
system is small and can be omitted, while for higher modes this effect may be consid-
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Fig. 4. Dynamical influence lines of shearing force Q of
Case 4a at the middle of the first span (A) and second span

(B).

erable, even for relatively slender members, under certain combinations of geometrical
parameters.

2) In spite of the first’ conclusion, the variation of the load velocity in close
relation with the system’s fundamental period not only increases the max w, M, and
@ but may lead to unavoidable resonance phenomena, which can be dealt with only by
means of symmetrical beam design.

3) Mathematical difficulties due to multi-parametric analysis (although linear),
cannot be overcome even with the aid of electronic computation and advanced numerical
methods, indicating that the need of experimental data, especially in getting to know
dynamic phenomena, are and will remain evident.
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